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Energy Spectrum of y-Quanta from the Decay of 7°-Mesons 
Produced by 660 Mev Protons on Hydrogen Nuclei 


IU. D. BAIUKOV AND A. A. TIAPKIN 
Joint Institute for Nuclear Studies 
(Submitted to JETP editor October 26, 1956) 
J. Exptl. Theor. Phys. (U.S.S.R.) 32, 953-956 (May, 1957) 


The energy spectrum of y-quanta from the decay of 7°-mesons produced by 660 Mev pro- 
tons on hydrogen nuclei has been measured. The angular and energy distribution of 
m°-mesons produced in p — p collisions has been obtained by analyzing the y-quantum 


spectrum. 


IN THE AVAILABLE INFORMATION on meson 

generation, there has been absent up to now in- 
formation on the energy spectrum of 7°-mesons prod- 
uced in p — p collisions. This can be explained by 
the difficulty of investigating the y-spectrum prod- 
uced in the decay of 7°-mesons, formed in this reac- 
_ tion with relatively small cross section. 

The investigation of this y-spectrum becomes 
possible at a proton energy of 660 Mev, because of 
an increase in the cross section for the formation of 
7°-mesons on hydrogen nuclei. In the present work, 
a differential method was used to measure the gam- 
mas from targets of polythene and carbon, continu- 
ously bombarded by protons in the integral beam of 
the synchroton. Relative y-intensities from the tar- 
gets were measured by a magnetic pair spectrometer 
described in Ref. 1. 

The basic difficulties in investigating the spec- 
tra by the differential method were due to the small 
cross section for 7°-formation on hydrogen compared 
to the formation on carbon. The necessary precision 
of measurement was achieved in the present work 
by applying the method of cyclic interchange of tar- 
gets. The change of targets located inside the vac- 


uum chamber of the accelerator was performed auto- 
matically every minute. The method of automatically 
changing targets was developed and applied previ- 
ously in work described in Ref. 2. Synchronously 
with the change of targets, the registering system of 
the spectrometer was also switched, permitting sep- 
arate counting of y- quanta formed on separate tar- 
gets. In this way measurements were made in dif- 
ferent parts of the spectra, of the y-intensity ratios 
from the polythene and carbon targets. Simultane- 
ously with this, the total y-intensities from the two 
targets were measured by means of a telescope con- 
taining a scintillation counter and a Cerenkov coun- 
ter. The telescope registering equipment was also 
switched in synchronism with the targets. 

This method of measuring relative y-intensities 
greatly reduced the errors associated with changes 
in efficiency with time of the registering apparatus, 
as well as errors due to normalization of the results 
of separate measurements in different parts of the 
spectra. 

2. The y-spectrum formed on hydrogen Fy (ey, 9), 
is expressed as follows in terms of the y-spectrum 
formed on carbon, Fc(ey, @), and the ratio of 
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y-intensities from the polythene and carbon targets: 


Fu (ey, i) = 


— - Fe (oa 


Here (do? /da)/(doX/da) i is the ratio of the differ- 
ential cross or for y-production on hydrogen 
and carbon as measured at an angle 6; k(ey)i is the 
ratio of the y-intensities from polythene and carbon 
at energy ey and angle @; k, is the ratio of the 
total y-intensities from these targets at angle 0. 

In the present work the measurements of y-inten- 
sities were carried out at an angle of 0° with the 
direction of the incident protons. The spectrum of 
gammas formed at 0° by 660 Mev protons on carbon 
has been measured previously®. The magnitude of 
the relative cross section (do? /da)/(doe /dw) for 
the angle 0° was taken from Ref. 4. The magnitudes 
of the ratios k(ey ) and k, were measured simultane- 
ously by means of the pair spectrometer and the 
y-telescope. 


The y-spectrum of the 7°-decay, due to 660 Mev 
protons on hydrogen, is shown in Fig. 1. The error 
bars include the errors in all quantities entering Eq. 
(1). The gamma energy from the decay of 7°-mesons 
formed on hydrogen should not exceed the maximum 
possible energy, which for a bombarding energy of 
660 Mev is 470 + 


ly obtained spreads to a somewhat larger energy be- 


7 Mev at 0°. The spectrum actual- 


cause of errors in the measurements. 
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wfic. Ll. Energy spectrum of y-quanta from the decay of 


m°-mesons produced in p — p collisions at a proton energy 
of 660 Mev. 
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3. The measured spectrum of y- quanta permits 
one to determine the energy spectrum and angular 
distribution of 7°-mesons formed in p — p collisions. 
The analysis of the y-spectrum formed on hydrogen 
is similar to the analysis of the spectrum formed on 
carbon, and described in Ref. 3. It differs from the 
latter in that approximations concerning the motion 
of nucleons in a complex nucleus need not be made. 

The gamma spectrum, transformed to the center of 
mass system of the colliding nucleons, and repre- 
sented on a semi-logarithmic plot, is almost symme- 
trical about an energy one half the rest energy of the 
7°-mesons. This means that the angular distribution 
of the 7°-mesons is close to isotropic. In order to 
determine the energy distribution of 7°-mesons cor- 
responding to the hard gammas (e., > mgc*/2) repre- 
sented in Fig. 1 by the smooth curve, the angular 
7°-distribution was assumed isotropic. The 7°-ener- 
gy distribution in the center of mass system found 
by this means is shown in Fig. 2. 
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FIG. 2. Energy spectrum of 7°-mesons in the center of 
mass system of the colliding protons. 


The 7°-energy distribution corresponding to the 
hard y-spectrum was then further used for a more 


accurate determination of the 7°-angular distribution ~ 


corresponding to gammas in the energy region 

ey <mc*/2. We took a7°-angular distribution of 
the form 1 + 6 cos? 6, with different values of the 
constant b, and computed the resulting y-energy 
spectrum (Fig. 3). Comparison of the computed 
with the measured curves shows that the 7°-angular 
distribution is 1 + (0.3 +0.1) cos? 6, and conse- 
quently only (9 +3)% of the total number of 7°mes- 
ons are distributed according to cos? @. 
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FIG. 3. Energy spectrum of y-quanta in the center of 
mass System of the colliding nucleons, o — Experimental 
points. Dotted curves — spectra computed with different 
values of the constant 6 in the meson angular distribution: 
7—b=0; 2—b= 0.2; 3— 6=0.3; 4—6=0.4; 

5— ~(@)~ cos’ 6. 


This 7°-angular distribution could in turn be used 
for an improved estimate of the 7°-energy distribu- 
tion. However, the calculation of the 7°-spectrum 
with the above determined deviation from isotropicity 
of the angular distribution leads only to an insignif- 
icant change in the energy distribution, substantially 
smaller than the uncertainties in the spectrum due 
to measurement errors in the y-spectrum. 

4. It is known that at small collision energies 
m-mesons are effectively formed in p-states, while 
the nucleons are emitted in S-states. In the meson 
angular distribution the term proportional to cos’ 6 
plays the main role, and because of the strong nu- 
cleon interaction in the final state, the meson ener- 
gy is close to the maximum possible. However, for 
the production of 7°-mesons in p — p collisions, 
conservation of angular momentum and parity forbids 
the transition, basic at low energies, wherein the 
mesons are created in p-states, the nucleons in 
S-states. The fast increase with energy of the cross 
section for this reaction means that the transition in 
which mesons and nucleons are both emitted in 
s- and S-states cannot be of basic importance. Thus 
one has to assume that in the reaction 
p+p->7° +p +p, the mesons or nucleons are emit- 
ted with higher angular momenta. It is clear there- 
fore that the angular and energy distribution of the 
7°-mesons may differ from distributions correspond 
ing to emission of 7’s in p-states and nucleons in 
S-states. The small transition probabilities for high 
angular momentum transitions at low collision ener- 
gies constitute one of the reasons that the 7°-forma- 
tion cross section in n — p collisions is considera 
bly larger than in p — p collisions. 
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On the basis of the y-spectrum analysis in this 
work, we conclude that the angular distribution of 
7°-mesons formed in p — p collisions is nearly iso- 
tropic. This result is in agreement with the data of 
7°-angular distributions in Ref. 2 and 5, obtained by 
investigating the angular distribution of gamma 
quanta. 

From the 7°-spectrum formed in p — p collisions, 
as obtained in the present work, it follows that the 
7°-mesons are emitted with energies considerably 
smaller than the maximum possible: the mean kinet- 
ic energy of the mesons is about 45% of the maximum 
possible. One can try to explain this fact by the ab- 
sence of strong nucleon interactions in the final 
state. If all the particles (two nucleons and 7°-mes- 
on) would not interact strongly in the final state, 
then the free energy of the reaction would be distrib- 
uted among them according to the statistical factor. 
In this case the 7°-spectrum would be a semicircle 
on the abscissa with its maximum at an energy equal 
to one half of Ex max °. The angular distribution 
would be isotropic. 

The 7°-spectrum due to 660 Mev protons incident 
on hydrogen has a maximum at an energy E,~ 75 Mev 
(Fig. 2), but it looks different from the one described 
above. The meson angular distribution also deviates 
somewhat from isotropic. Consequently, at this pro- 
ton energy, the final state particle interactions 
should not be neglected. Of special interest in this 
case would be the analysis of 7°-energy distribu- 
tions on the basis of a strong bond between the 
meson and one of the nucleons. 

We are grateful to M. S. Kozodaev and Iu. D. 
Prokoshkin for their help in this work and for discus- 
sion of the results. 
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Structural Characteristics of Antimony Sulfide Layers 


Vv. N. VERTSNER, B. V. GORBUNOV AND IA. A. OKSMAN 
State Optics Institute 
(Submitted to JETP editor November 27, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 957-961 (May, 1957) 


The nature of the sensitization processes in Sb,S; layers was investigated by means of 
electron diffraction. It was established that when a layer condenses on a heated backing 
it consists of an amorphous mass of antimony sulfide and a thin surface film of Sb,0s. The 
dependence of the orientation of the small oxide crystals on the condensation temperature 
was deterinined. It is suggested that the photosensitivity of the investigated layers is de- 
termined by the crystalline oxide which provides additional trapping centers for the current 
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carriers. 


HE PHOTOELECTRIC PROPERTIES of anti- 

mony sulfide layers produced by vacuum evap- 
oration are determined principally by the condensa- 
tion conditions. In distinction from the majority of 
sulfides and selenides, the properties of the layer 
are well reproducible; this suggests that the sensi- 
tization processes in this instance are less com- 
plex than in PbS, for example. 

Since photosensitivity is principally dependent 
on temperature two thermal activation mechanisms 
can be conceived. The first process is associ- 
ated with crystallization of the basic material; the 
second is associated with the formation of oxides. 
The experiments which will be described here were 
intended, first, to determine the character of the 
activation processes and, secondly, to indicate the 
relation between the structural characteristics of 
the layers and their photoelectric properties. The 
second purpose required a study of the photoelectric 
properties of the layers. The principal results of 
our investigation will be presented here. 

The resistivity of the layers lies between 10*° 
and 10** ohm-cm and shows little dependence on 
the temperature of the backing or the subse quent 
heat treatment. The material of the contacts has 
almost no effect on the resistance of the specimens. 
The sign of the thermal emf indicates the predomi- 
nance of p-type conductivity. Photoconduction is 
observed only in layers evaporated on a backing 
which had been heated to 100—120°C, or ona 
backing at room temperature but subsequently heat- 
ing for 1 to 2 minutes to 250—300°C in air. The 
latter method of activation yields less stable and 
less reproducible results. 

The curves in Fig. 1 give an idea of the spectral 
characteristics of the photosensitivity at room 
temperature. These curves were not converted to 
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FIG. 1. Spectral distribution of photosensitivity in a 
layer of Sb,S; at room temperature. 1—field along the 
specimen; 2—field at right angles to specimen; 3—optical 
transmission of specimen. 


units of incident energy (an incandescent lamp be- 
ing used as the source). The most important prop- 
erty of the curves is that in the strong absorption 
region they are independent of the direction of the 
electric field. If it is assumed that the carrier drift 
distance is considerably smaller than the layer 
thickness, then when the photoconductivity is 
measured perpendicular to the surface layer, under 
strongly absorbed radiation, the resistance will 
vary only on the surface of the specimen. Measure- 
ments along the layer should not be influenced by 
the same circumstance and in this case the photo- 
conductivity curve in the strong absorption region 
should reveal a smaller decline. 

Since the short-wave ends of the curves are of 
identical character we can assume that carrier drift 
in this case exceeds the layer thickness (1—2u). 

A temperature rise from 20 to 100°C results in 
an exponential rise of both the dark current and 
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the photocurrent. The corresponding activation en- 
ergies are approximately 0.3 and 0.1 ev and vary 
with the specimens. 

The photoconductivity relaxation time measured 
transversely is usually somewhat greater than when 
measured along the layer; its absolute value under 
low illumination amounts to a fraction of a second. 
Relaxation is characterized by both a fast and a 
slow process; as with all high-resistance semicon- 
ductors the latter process is apparently associated 
with the thermal liberation of carriers from deep 
traps. 

The introduction of donors (Cu, Sb, Cd) does not 
essentially alter the properties of the layers. A 
small quantity of antimony oxide in the evaporated 
material increases the dark resistance. 

It should be noted that antimony sulfide layers 
are of considerable practical interest because they 
are used extensively in “vidicon” photoconductive 
television camera tubes }»”. 

We have investigated two kinds of antimony sul- 
fide layers: thin free films and ordinary layers on 


glass. The thin films were prepared by vacuum 
evaporation of Sb,S, which condensed on organic 
backings at room temperature, 100°C and in some 
instances a little above or below 100°C. Back- 
ings at room temperature are designated as “cold”. 

All electron diffraction patterns from such layers 
are characterized by a common strong background. 
As the temperature of the backing was raised there 
was an increase in the definition, intensity, and 
number of observed reflections. Fig. 2 is the elec- 
tron diffraction pattern of a layer of Sb,S, evapo- 
rated on a hot backing (100°C). Table 1 gives the 
interplanar spacings that were calculated accord- 
ing to diffraction patterns from thin Sb,S, layers 
evaporated on cold and 100°C backings. The inter- 
planar spacings of Sb,O, found in structural tables 
are also given. A comparison shows that in both 
cases the reflections were produced by small Sb,O, 
crystals. 

Thus thin films produced by vacuum evaporation 
of Sb,S, contain amorphous Sb,S, and crystalline 
Sb,0O,. The presence of amorphous Sb,S, in the 


FIG. 2. Electron diffraction pattern of a Sb,S,; film 
evaporated on a cold backing. 


FIG. 4. Electron diffraction pattern of a Sb,S; layer 
evaporated on cold glass and heated at 300° C for 2 
minutes. 


FIG. 3. Electron diffraction pattern of a Sb.S; film 
heated at 300° C for 2 minutes. 


FIG. 5. Electron diffraction pattern of a Sb,S, layer 
evaporated on hot glass and heated at 300° C for 2 


minutes, 
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TABLE I. Interplanar spacings calculated from electron diffraction patterns 
of thin Sb,S; layers evaporated on cold backings and backings heated to 100°C. 


Neen ee eee eee ee 


Sb2S; layer on cold backing 


Sb2S; layer on hot backing 


Tabulated values (Sb203) 


d, A Intensity d, A Intensity d, A Intensity in % 
6.4 strong 6.4 10 
3.26 strong 3.22 v. strong 3.22 100 
2.78 weak 2.82 medium 2.78 30 
2.58 medium 2.56 8 
Zook v. weak 
2.16 v. weak 
1,96 weak 1,98 strong 1.96 50 
1.68 weak 1.70 strong 1.68 50 
1.64 weak 1.61 10 
1.58 medium 1.56 10 
1.45 2 
1.39 v. weak 1.39 6 
1.36 4 
1.29 v. weak 1.28 15 
1.26 v. weak 10 


1.25 


TABLE II. Interplanar spacing calculated from electron diffraction patterns 
of Sb,S; films heated at 309° C for two minutes. 


T abul ated values 


Calculated 
values Sb20, Sb2S, Sb 

d, A Intensity ae eee io yard aN apne 
8.2 6 | 

7.95 medium 

6535 strong 6.4 10 | 

5.61 medium 5.6 293 

5.02 medium 5.0 46 

3.93 | medium 3.97 2.3 

3.64 medium Biehl 15 

Soe medium 3.57 100 

3.46 medium 

3.22 Ve Snoue Seo 100 

Soli2 medium ' 

3.04 v. strong 3.02 86 ee at 

2.82 weak 

2.76 strong 2.78 30 Bolles 86 

DRO medium 2.66 34 

2.60 medium 2.60 6 

Zar medium 2.56 8 2.50 34 

2.42 medium 2.42 23 

a8 weak o 224 63 

sn a2 
ac ghia 29 2.14 63 
2.10 strong 2.09 40 


original films is confirmed by electron diffraction 
patterns of antimony sulfide films heated at 300° C 
for 2 minutes (the original films were produced by 


condensation on 100° backings). Fig. 3 and Table 2 
show that the amorphous antimony sulfide of the 
original layer is well crystallized under these con- 
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ditions. In addition to the Sb,S, the layers contain 
Sb,0,, possibly some metallic antimony and still 
unidentified compounds, whose interplanar spacings 
are also given in Table 2. 

Thick antimony sulfide layers on glass are crys- 
tallized somewhat differently than the condensate 
on organic films. The reflection patterns show a 


TABLE III. Interplanar spacings calculated 
from electron diffraction patterns of Sb,S; 
layers on glass heated for 2 minutes at 300° C. 
ee ee eee 


Calculated Tabulated values 
values for Sb,03 

g : 5 Intensit 
a4,A Intensity a,A in % yy 
4.08 extr. weak 
3.20 v. strong Ba) 100 
2.84 strong 2.78 30 
25 medium 2.56 8 
Dees weak 
2. 16 weak 
1.96 v. strong 1.96 90 
1.91* extr. weak 
1.70 v. strong 1.68 50 
1.62 extr. weak 1.61 10 
ast medium 1,56 10 
1.46 weak 1.45 2 
1.39 extr. weak 1.394 6 
1.37 medium 1.36 4 
a2 extr. weak 
1.28 medium 1.28 15 
les weak-med. 125 10 
1.18 extr. weak 1.18 i 
1.14 medium 1.138 4 
1.08 strong 1.073 8 


*For Sb2S, the d = 1.92 reflection has 100% intensity. 


very strong background which is evidently caused 
by scattering from amorphous Sb,S,. The reflec- 
tions are very broad. The broadening and the back- 
ground are much less apparent for layers evaporated 
on hot backings. When both types of layers are 
heated for 2 minutes at 300°C the diffraction pat- 
terns show reflection arcs, which are evidence of 
the formation of oriented crystals on the surface of 
the sublimate. Table 3 and Figs. 4 and 5 show that 
the Sb,O, crystals have different orientations in 
these layers. 

In the case of samples produced by heating sen- 
sitive layers previously evaporated on a hot back- 
ing the crystals of cubic Sb,O, are oriented pre- 
dominantly with the (111) atomic planes parallel to 
the backing. Heating of insensitive layers orients 
the oxide crystals with cube faces (100 planes) par- 
allel to the backing. The orientation of Sb,O, crys- 


tals which we observed in heated sensitive layers 
of Sb,S, coincides with the orientation of BiO crys- 
tals in oxidized thin layers of similar compounds— 
Bi,Se, and Bi,Te,°. 

We also obtained Debye X-ray patterns of the 
original material and of the material of layers in the 
form of powders scraped from glass and containing 
the original and oxidized Sb,S, sublimates. The 
X-ray patterns of the original sublimates revealed 
only individual and very diffuse reflections. This 
is confirmation that the material of such layers is 
amorphous. After heating, the powder taken from 
the glass produced X-ray patterns with clear strong 
reflections. The system of reflections was identi- 
cal with that obtained in X-ray patterns of the orig- 
inal material and corresponded to Sb,§S,. 

The absence of Sb,O, lines in the X-ray patterns 
and the absence of reflections from Sb,O, in the 
electron reflection patterns is confirmation that the 
oxide phase is a small fraction of the layer mater- 
ial and is mainly concentrated on its surface. 


CONCLUSIONS 


Structural studies show that thin layers of photo- 
sensitive antimony sulfide consist mainly of amor- 
phous Sb,S,, an oxide surface film composed of 
cubic Sb,O, crystals, and possibly metallic anti- 
mony. Heating of the sublimates is accompanied 
by growth of the crystals. Crystals of the oxide 
phase which form on the surface have very differ- 
ent orientations depending on the temperature of 
the backing during the condensation process. It can 
thus be assumed that photosensitivity is associ- 
ated not with crystallization of the bulk of the layer 
but rather with the processes that accompany the 
formation of the oxide. The literature contains de- 
tailed studies of the sensitization of layers by im- 
purities which increase carrier lifetime’. It is also 
known that in many sulfides and selenides oxygen 
acts as such an impurity. It is thus reasonable to 
interpret our findings as follows: 

The formation of a thin film of definitely oriented 
oxide crystals on the surface results in the appear- 
ance of new recombination centers in antimony sul- 
fide layers. The influence of the oxide surface 
film on the volume photoconductivity of the photo- 
layers can be attributed to the thinness of the lay- 
ers and to the large carrier drift length. 

Any free antimony contained in the layers is un- 
likely to act as a sensitizer, as experiments with 
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the introduction of donor impurities have produced 2 Forgue, Goodrich and Cope, RCA Rev. 12, 335 (1951). 


35. A, Semiletov and Z. G. Pinsker, J. Tech. Phys. 
(U.S.S.R.) 25, 2336 (1955). 
4 4. Rose, Phys. Rev. 97, (1955). 


negative results. 

In conclusion the authors must thank Academician 
A. A. Lebedev for his interest and valuable sug- 
gestions. The authors are also erateful to G. V. 
Anan’eva and A. I. Kuznetsov for their assistance. 
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The neutron energy spectra were measured at angles of 0 and 18° in the laboratory system. 
A peak not observed at lower primary-proton energies was detected in the 100—400 Mev re- 
gion. The existence of this peak is explained by 77-meson production processes. 


HE PRESENT NOTE is to describe one of the 

experiments carried out to investigate the main 
characteristics of the fast neutron beams formed 
when beryllium targets are bombarded by 680-Mev 
protons. 

In the present experiment the target was placed 
inside the synchro-cyclotron chamber and was 2.5 
cm thick. The experiment was performed at angles 
6 = 0° and @ = 18° between the neutron beam and 
the direction of the velocity of the protons imping- 
ing on the target. The neutron energy distribution 
was investigated by determining the energy spectra 
of the recoil protons, emitted at a 30° laboratory 
angle, as aresult of elastic n—p scattering. For 
this purpose, paraffin or graphite scatterers were 
placed in the path of the neutron beam; the effect 
due to hydrogen was determined from the difference 
between the effects of these two scatterers. 

The measurements were performed principally by 
the differential method. In this case the detector, a 
telescope with four scintillation counters (three 
were connected for coincidence, the fourth for anti- 
coincidence), was used to measure the intensity of 
the recoil proton current in some relatively narrow 
energy interval. The width of this interval and its 
position on the energy scale were fixed by means 


of copper and tungsten filters, placed between the 
third and fourth and between the second and third 
counters, respectively. A system of controlling ex- 
periments made it possible to make all the neces- 
sary corrections, in particular to take into account 
the loss of protons in filters, their scattering in the 
scintillators, etc. 

The main source of error in our experiment could 
have been the admixture of charged particles emit- 
ted from the following reactions in the scatterer: 


n+p->e+t(n+p), n+p>r +p+p; 
n+porta+tn. 


The corrections related to meson production 


processes included only in the high energy part of 
the neutron spectrum (Z,, > 450 Mev), for which 
Kazarinov and Simonov, in a special experiment}, 
have measured the integral 7 meson yield from 
these reactions. Unfortunately, there are no exper- 
imental data on the energy spectrum of 7*-mesons 
formed in n—p collisions. These corrections have 
therefore been calculated on the assumption that 
the energy distribution of the 7 mesons corre- 
sponding to different incident neutron energies has 
a form similar to the spectra of 7*-mesons from the 
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reaction p + p> p +n +7, spectra which have 
been studied for 657 and 556 Mev protons. The 
same calculations indicate that the admixture of 
charged particles from the above-mentioned reac- 
tions constitutes, in the part of the spectrum with 
E, <450 Mev, an average of ~ 5% of the number of 
the protons emitted in elastic n—p scattering. 


The neutron energy distributions determined from 
the experiments are shown in the figure. The errors 
are statistical errors due only to the present meas- 
urements. One can see from the figure that for 
6 = (0° the maximum in the high energy region (600 
Mev) is ~ 80 Mev lower than the upper limit of the 
spectrum. This decrease of the neutron energy with 
respect to the maximum energy of the protons im- 
pinging on the target is mainly related to the proton 
energy spread. The latter is due mostly to the rad- 
ical oscillation of the synchro-cyclotron beam® and 


to the loss of energy by ionization during multiple pas- 
sage of the protons through the target. The mean value 
of the energy lost by such processes constitutes 20 
to 25 Mev. The angular spread of the beam due to 
multiple scattering and the angular spread of the 
proton incidence on the target are too small to af- 
fect this value. The additional energy losses 
should therefore be attributed to the proton-berylli- 
um interaction process itself. 

It is interesting to note that, in the impulse ap- 
proximating, owing to the energy and momentum con- 
servation laws, the pair collision of protons with 
nuclear neutrons should give for the neutrons’ emit- 
ted at an angle 0 = 0° a spectrum identical to the 


spectrum of the primary protons. In this case, how- 
ever, because of the exchange character of the p—n 
interaction, the nucleus is left out with a low ener- 


The probability of 


gy proton instead of a neutron. 
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such a process should decrease considerably be- 
cause of the Pauli principle. It is possible that a 
considerable role is played by multiple collisions 
and also by collisions in which part of the energy 
is carried away by a third particle. In this case, 
the restriction made by the Pauli principle can be 
removed and the energy of the neutrons coming out 
of the nucleus must then be considerably different 
from the primary proton energy; the neutron spec- 
trum will then be strongly smeared out. Quantita- 
tive calculations of all these processes are diffi- 
cult at the present time, and our remarks have only 
a qualitative character. 

A new fact observed when changing the primary 
proton energy from 480 Mev? to 680 Mev is the 
presence of a second maximum in the neutron ener- 
gy spectrum, located in the 100—400 Mev region. 
The presence of this peak is mainly due to neu- 
trons emitted in the reactions with 7-meson produc- 
tion on beryllium nuclei: 


ptportntp, ptn>h+n- p; 
ptn ew tn+a. 


The proposed explanation is confirmed by the 
following facts: 

1. The total cross section for neutron yield (cal- 
culated per nucleon) from the mentioned reactions is 
close to the total elastic p—n scattering cross-sec- 
tion. 

2. The position and the shape of the second max- 
imum of the neutron energy spectrum for 6 = 0° co- 
incides within experimental accuracy with the posi- 
tion and shape of the maximum of the spectrum of 
the protons emitted in the elementary process 
p+p27 +n+p at an angle close to 0° This 
follows from the comparison of our data with the 
proton spectrum from the above-mentioned reaction, 
which was carefully measured‘ for an emission 
angle of 7° 


3. As the angle is changed to 6 = 18°, the second 
maximum shifts towards lower energies; the part of 
the neutrons in the low-energy region of the spec- 
trum (from 100 to 400 Mev) decreases considerably 
with respect to the part of the neutrons in the high- 
energy region (from 400 to 680 Mev); this is in qual- 
itative agreement with the proposed explanation for 
the nature of these neutrons. 

4. For a proton energy of 480 Mev, when the 
cross section for 7-meson production in nucleon- 
nucleon collision is not large, an analogous (sec- 
ond) maximum is not observed (within experimental 
accuracy) >. 

These data also permit to say that the mechanism 
of nuclear emission in 7-meson production on nu- 
cleons bound in the nucleus retain in a definite way 
the character of free nucleon-nucleon collisions. 

In conclusion, the authors express their gratitude 
to V. P. Dzhelepov for discussions and constant 
interest in this work. 
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The equilibrium distribution of charges in a beam of nitrogen ions after traversal of films 
of beryllium, celluloid, nickel and gold was determined in the energy range from 0.95 to 
9.4 Mev. The dependence of the mean charge on the velocity was obtained. A small differ- 
ence was detected in the charge distribution after traversal of various substances by the 


ions, 


R ECENTLY PUBLISHED PAPERS on the equi- 
librium distribution of nitrogen ion charges 
after passage through matter ‘4, contain no data for 
energies from 1 to 6 Mev. The present experiment 
deals with the measurement of the charge distribu- 
tion in a nitrogen ion beam after its passage through 
plates of beryllium, celluloid, nickel and gold, in 
the energy range from 0.95 to 9.4 Mev. 

*“N+?, *N+3 and **N+* ions were accelerated in 
the 72-cm cyclotron. The beam was focused at a 
distance of 8 meters from the cyclotron, traversed 
the target, and was then analyzed by a magnet 
which deflected the ions in a horizontal direction. 
The beam was limited, in front of the target, by a 
1mm slit. The metallic target was prepared by 
evaporating the metal in vacuum on celluloid 
films. The thickness of the celluloid film was 
~ 10 pg/cm?, The thickness of the beryllium or 
nickel layer was ~ 10 pg/cm’, and that of gold was 
15 and 30 pg/cm’. The particles were registered by 
two consecutive proportional counters with an en- 
trance window in the form of a horizontal 110 x 0.1 
mm slit covered by a 70 pg/cm’ celluloid film. 
Particles of all charges passed through the first 
counter which acted as a monitor; only particles 
with a given charge were allowed to pass through 
the second counter, through a movable partition 
between the counters. The position and the degree 
of separation of the charge groups were determined 
by the measurement of the dependence of the num- 
ber of pulses in the second counter on the position 
of the 2 mm slit between the counters (Fig. 1). 
When measuring the intensity of the charge groups, 
the slit between the counters was widened to 
14 — 20 mm in order that the second counter regis- 
ter the entire given charge group. 

The error in the relative intensity ®; of the 
charge groups with ®; > 0.02 was caused, for large 
velocities, by the small differences in the thick- 


nesses of the entrance slit — in front of the first 
counter — and by the inaccuracy in placing this 
slit in the direction of the beam’s deflection; this 
error amounted to 2%. For small velocities, the 
error was principally due to the incomplete separa 
tion of the charge groups because of scattering in 
the target and amounted to 6 — 8%. This is related 
to the fact that there were no diaphragms between 
the target and the entrance slit of the counter to 
limit the beam in the horizontal plane. In order to 
reduce the errors in the comparison of the equilib- 
rium charge distribution after traversal of different 
elements, targets were prepared with different ele- 
ments on the opposite side of the film. By turning 
the target, it was possible to compare independently 
the distribution after traversal of Be and celluloid, 
celluloid and Au, or Au and Ni. With this method, the 
inaccuracy was due entirely to the statistical error 
which, in almost all the cases, was considerably 
smaller than the errors mentioned above. 

The velocity of the particles was calculated from 
the intensity of the magnetic field of the focusing 
magnet, which was calibrated using protons and 
deuterons of known energy. The error in the deter 
mination of the ion velocity, taking into account the 
energy loss in the target, did not exceed 1.5 — 2%. 

The results of the measurements of equilibrium 
charge distribution in a beam after the ions trav~ 
ersed a celluloid film are shown on Fig. 2 for dif- 
ferent velocities v. Fig. 3 shows the dependence of 
the intensity ratio ®;,1/®; of two neighboring ion 
groups with charges i + 1 and i on the particle ve- 
locities. As can be seen from the graph, our results 
for large velocities agree very well with the results 
of the measurement of charge distribution of a beam 
of ions passing through formvar (polyvinyl of for- 
mal), for energies above 6.2 Mev! 

On the basis of the obtained data, one can con- 


clude that ®; ,;/®, is proportional to v*i, where k; 
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FIG. 1. Dependence of the number of pulses N, in the second counter on the position 
of the 2-mm slit between the counters: a— v = 3.6 x 10°; b— v = 11.4 x 10° cm/sec. 
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FIG. 2, Equilibrium distribution and mean charge of 
nitrogen ions after passing through: e~celluloid (our data) 
and o—formvar (Ref. 1). 
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increases in general with i (see Fig. 3). The equi- 
librium distribution and the mean charge were com- 
puted in the energy range from 3 x 10° to 13 x 108 
cm/sec from the most probable values of kj (see 


solid lines of Fig. 2). 
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FIG. 3. Dependence of the ratio ®; , 1/9; on the veloc- 
ity after the passage of nitrogen ions through: @ — cellu- 
loid (our data) and o — formvar (Ref. 1). 
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When investigating the mean ion charge, one 
sometimes uses the coefficients y, and y, introduced 
by Brunings, Knipp and Teller, which equal respec- 
tively the ratio of the velocity of the least bound and 
of the most remote electrons of the ion to the veloci- 
ty of the ion. If the above mentioned velocities are 
computed from the Thomas-F'ermi model, it follows 
from the obtained mean value for the nitrogen ion 
charge that, as the parameter v/v,Z 4 (where 
v, = e?/h, Z — nuclear charge) is varied from 0.5 to 
1.5, y, changes approximately from 1.3 to 0.9; if the 
velocity is increased further y, increases again . 
As far as y, is concerned, it is of the order of 0.6 
in the mentioned velocity region and increases by 
about 10% as the velocity is increased. As the ve- 
locity is further increased, y, approaches the value 
of y,, i.e., it rises sharply. 

The equilibrium charge distribution after the ni- 
trogen ions pass through different elements turns 
out to be somewhat different. A decrease of the 


mean charge i with increasing atomic number is ob- 
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served in all the cases; in comparison with the cel- 
luloid film, the mean charge after traversal of Be is 
bigger by about 0.1 — 0.3%, whereas after passing 
through Ni and Au, it is smaller by 0.5% and 1 — 2% 
respectively, with the statistical error of i being 
approximately 0.1%. 

In the experiments using targets maintained in 
vacuum for a longer time, the observed difference is 
smaller; this is probably due to the thin film of oil 
from the diffusion pump forming on the surface of 
the target. One also observes a certain difference 
in the charge distribution with the same mean 
charge. In those cases where these differences ex- 
ceed the statistical errors, the charge distribution it} 
of the beam after the ions pass through lighter ele- \ 


ments turns out to be smoother, i.e., the relative in- 
tensity ®; of the most probable states decreases, 
while for the low-intensity group ®; increases. This 
law shows up most clearly in the comparison of the 
charge distributions of a nitrogen ion beam passing 
through beryllium and celluloid at large velocities 
(Fig. 4). For low velocities, the differences in the 
distribution are considerably smaller and do not ex- \ 
ceed the statistical errors. The smoother charge 
distribution in a nitrogen ion beam passing through i] 
beryllium corresponds to a smaller value of the ex- | 
ponent k; for beryllium compared to the value of k; 
for a celluloid plate. The difference between the 
exponents for beryllium and celluloid amounts to 


0.1 — 0.2. 


L001 gor 41 ‘G. 

FIG. 4. Difference between the charge distribution 0/ 
after passage of nitrogen ions through beryllium and the 
distribution D; after passage through celluloid at 
v= 11.4 x 10° cm/sec. The value i of the charge is in- 
dicated close to each point. 


In conclusion, we express our deep gratitude to 
C. C. Vasil’ev who initiated the work on multiple 
charge ions as well as to the cyclotron group, es- 
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An unusual electron-photon shower produced by an electron of > 10** ev initial energy 
has been detected in a stack of emulsion layers without backing, exposed in the strato- 
sphere. Experimental data obtained on the basis of a study of this shower are presented 
which indicate the occurrence of three cases of simultaneous formation of four electrons 


(two electron-positron pairs). 


HE INVESTIGATION of electron-photon showers 

by means of nuclear emulsions exposed in the 
stratosphere has considerable interest in view of 
the possibility of elucidating the details of high 
energy electromagnetic processes. Despite some 
contradictions in the existing experimental data on 
certain aspects of electron-photon showers, one can 
definitely say that anomalies exist with respect to 
accepted theoretical views. Among these one can 
mention problems such as the occurrence of multi- 
photon showers! and in connection with this, the 
question of the source of closely correlated gamma 
rays; the bremsstrahlung spectrum and its possible 
deviations from theoretical”. Indications® also ex- 
ist that the cross section for electron-positron pair 
formation directly by the electron without interme- 
diaries exceeds considerably the theoretical value 
at energies greater than 10*° ev. These conclusions 
cannot be considered final, however, because in 
certain other experiments similar effects have not 
been found’. The solutions to these problems have 
great significance, not only for quantum electrody- 
namics, but as noted by Heisenberg’, for quantum 
field theory in general. 

Examples of multiple formation of electrons de- 

tected in an electron-photon shower are described 


below. Information on similar cases, together with 
data on pair formation by electrons, will permit the 
evaluation of the role (at higher energies) of higher- 
order processes than pair formation by photons. 


GENERAL CHARACTERISTICS OF SHOWERS. 
EXPERIMENTAL DATA ON CORRELATED PAIRS 


During a systematic investigation of electron-pho- 
ton showers, using stacked emulsions without back- 
ing exposed in the stratosphere, an unusual elec- 
tron-photon shower was discovered. 

The emulsion stack consisted of 150 layers of 
type R, having a thickness of 400 p and a diameter 
of 10 cm. Irradiation took place at an altitude of 
20—24 km for about 10 hours. Grain density in the 
minimum ionizing paths was 37 grains (or 31 con- 
glomerates) per 100 p. 

The shower was initiated by a single electron 
entering the stack from outside. In each emulsion 
layer the electron travelled ~ 0.5 cm, its total path 
in the emulsion was 8 cm. On the first two radiation 
lengths from its point of entry into the stack are 
registered 2] secondary electron-positron pairs, of 
which 12 had energies E; > 10° ev. The most prob- 
able value of the primary electron’s energy, deter- 
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mined from the cascade curve, turned out to be 
Eo = (0.6 — 2)-10"* ev. 

The shower under consideration had the following 
peculiarity: six of the electron pairs formed were 
pairwise correlated. The appearance of two pairs 
in each case resembled, if one may so express one- 
self, a “quadrident”: one heavy track beginning not 
far from the axis of the shower, gradually thicken- 
ing and spreading out, and splitting into four sepa- 
rate tracks. The latter were in every case ascribed 


to electrons (positrons) because of the characteris- 
tic electromagnetic processes occurring along them. 
The following table gives the coordinates of the ver- 
tices of the quadridents (R—distance from the pri- 
mary electron track in microns, t—distance from pri- 
mary electron entrance point into stack, in millime- 
ters) and the energies of the individual electrons, 
determined by the relative multiple scattering with Ht 


an accuracy of 30—50%. i, 


t, mm R, p Ey; ev | Ey, ev | E;, ev | Ey, ev 
3.94 0.5 |2,4-103 | 0.8-109 |4.7-109 | 2.5.409 
31.02 0.4 |2,.0-408 | 2.7-108 | 3.2.109 ~1010 | 
40.54 2.0 |41,7-408 1-109 | 2.0-109 3.109 i 


Careful measurements of ionization were made a- 
long the quadrident tracks. Basically, a grain count- 
ing method was used. In the first two cases the total 
density of the primary and quadrident electron tracks 
was measured, since the distances between them 
were very small. In Fig. 1 — 3 the black dots indi- 
cate the results of measurements of ionization along 
the quadrident tracks, while the triangles denote the 
results of grain counting along the tracks of several 
relativistic electrons (evidently from the same 
shower). Because a diminution in grain density is 
observed near the emulsion surface, (sections a’ b’ 
in Fig. 1 and a"b” in Fig. 2) corrections have been 
introduced in the measurements (circles). The errors 
indicated are statistical. 

As an additional check on the measurements, the 
eraphic-photometric method © was used to measure 
track density (contours of the track grains, magni- 
fied 5500 times were traced on a fixed X-ray film 
and filled in with india ink, after which they were 
read with a photometer). The results obtained for 
the first quadrident are shown in Fig. 4. As can be 
seen from Figs. 1 and 4, the results of both methods 
are in complete agreement. In all three cases one 
observes the following pattern of change in ioniza- 
tion by the quadrident electrons: a jump to double 
(or somewhat greater) the value, a gradual increase, 
and a transition to a fourfold ionization 4/,. Figure 
5 is a microphotograph of the third quadrident (con- 


posite). 
INTERPRETATION 


Two different interpretations of the appearance of 
the quadridents are possible: 1) the pairs were 


formed sequentially at small distances from each 
other; 2) four electrons were formed simultaneously. 
From a detailed examination of the structure of the 
tracks and of the ionization curves, it follows that 
the distance between the points of sequential forma- 
tion of the pairs could not exceed 300-500 yu. From 
this one can estimate the probability w, of sequen- 
tial pair formation (first possibility). From the 
number of pairs with energy > 10° ev discovered in 
the shower within aradius R < 2 p, and assuming 
in first approximation that they are formed with 
equal probability volume-wise, one can obtain a 
value w; ~ 10°. (It was considered that in the plane 
perpendicular to the shower axis the coordinates of 
the pair formation points could not differ by more 
than 0.2—0.5.) If one assumes the second pair to 
be formed by the bremsstrahlung from the first pair, 
then taking into account the conversion and radia- Ika 
tion lengths in emulsion, the probability becomes ie 
w, ~ 107°. One must observe that consideration of 
all the electron-photon showers registered in the 
emulsion (in agreement with published data) cannot 
lead to a value w, > 10%. Furthermore, with se- 
quential pair formation one ought to observe step- 
wise changes in ionization along the quadrident 
tracks. 

The quadridents are therefore difficult to explain 
as sequentially formed pairs. This leaves the sec- 
ond possibility — the multiple process or simulta- 
neous formation of four electrons. In this case 
the gradual increase in ionization can be primarily 
attributed to mutual DS of the electrons and 
positrons at close distances »7 an effect discov- 
ered earlier in electron-positron pairs of energy 
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10*° — 10% ev.® Inthe second and third quadrident 
the track sections along which the ionization in- 
creases are approximately the same as those of the 
pairs, and in the first quadrident considerably 
longer. 


DISCUSSION 


If one notes that up to the present time about 150 
electron-photon showers have been examined, and 
that on the average some 15 — 20 pairs have been 
noted in each, then the appearance of the three 
quadridents corresponds to the evaluation of the 
relative probability of simultaneous two-pair pro- 
duction performed by Hooper and King? on the 
basis of two quadridents found by them among 
~ 1400 pairs. Yet the fact that all three quadri- 


dents were formed in a single shower, with energy 
E, > 10** ev, and that in each case the total energy 
of the quadrident electrons exceeded 5-10” ev, is 
remarkable. Moreover, the energy estimates are only 
lower limits to the actual values. The question 
presents itself whether quadridents are not formed 
by gammas with relatively greater cross section at 
higher energies? 

According to Heitler’s calculation !®, simultane- 
ous formation of two pairs is ~ 137 or even 1377 
times less fre quent than ordinary pair formation.* 

If this relationship is correct, one would expect 
three quadridents approximately for every 
(137/10)* = 2500 showers with energy E, > 10" ev. 
But up till now, according to published data, the 
detailed structure of the first two radiation lengths 
has been examined in not more than ~ 50 showers 
with energy E, > 10** ev. In addition, in a number 
of showers (notably at higher energy) the tracks of 
pairs were situated close to the shower axis, form- 


*More accurate calculations lead to a value of the rel- 
ative probability (1/137)? log (K/mc?), where K is the 


gamma energy, mc” the electron rest energy. 
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ing a continuous dense track and obscuring the pos- 
sible occurrence of multiple electron production. 

Hence the appearance of three quadridents in a 
single shower is something of an indication that 
multiple electromagnetic processes play an increas- 
ing role at higher energies. Of course the data from 
this shower are insufficient for any kind of quantita- 
tive deduction. But roughly speaking, the simplest 
explanation of this event is that the multiple proc- 
ess is 2 — 3 times more probable than theory pre- 
dicts. 

In conclusion the authors thank J. J. Gurevich for 
his interest in the work and for his valuable advice, 
M. L. Ter-Mikaelian, I. I. Gol’dman, and L. A. 
Maksimov for evaluation of the results, and L. A. 
Makar’in, A. S. Romantsev, and S. A. Chuev for help 


with the measurements. 
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The following quantities have been measured for Li? ions possessing energies between 
0.5 and 5 Mev: specific ionization in hydrogen and air, ranges in hydrogen, air and NIKFI 
la-2 photographic emulsions, and the equilibrium charge distribution after passage through 


a celluloid film. 


A’ THE PRESENT TIME there exists only un- 
systematic evidence about the drag of Li ions 
in various environments !*!!, Absence of full data 
about the average effective charge of Li ions makes 
it difficult to calculate the magnitude of their char- 
acteristic electronic interactions with matter. 

In this work, specific ionization in hydrogen and 
air were measured for Li’ ions. The equilibrium 
charge distribution after passage through a celluloid 
film, and ranges in hydrogen, air and photographic 
emulsion NIKFI-Ia-2 were also measured. The ener- 
gy of Li’ ions, accelerated in 72-cm cyclotron, was 
variable from .5 to 5 Mev. The velocity of the ions 
in the beam was determined from the intensity of 
the focusing magnetic field, calibrated by a-parti- 
cles and deuterons of known energies. The error in 
velocity determination did not exceed 2%. 

The focused beam of ions was passed through a 
retarding chamber 240 mm long after a passage 
through a system of collimating diaphragms and cel- 
luloid film 120 pg/cm? thick was used to measure 
the specific ionization. The pressure in the cham- 
ber was chosen so that the range of ions was fully 
within the chamber. The ions were registered by a 
proportional counter 6 mm thick, whose pulses were 
measured visually on the screen of a cathode-ray 
oscilloscope and the film of a loop oscillograph. 
The dependence of the number of pulses on the 
range of particles can be measured by moving the 
counter along the beam. ‘he specific ionization is 
obtained in relative units. The curves thus ob- 
tained for the specific ionization are normalized ac- 
cording to the initial energy of the particles, as- 
suming that the energy loss is proportional to the 
ionization. Figure 1 shows the results of the meas- 
urements (the solid curves are obtained by averaging 
several series of measurements). The extreme er- 
ror in the specific ionization for ion velocities 
v >3 x 10° cm/sec did not exceed 9% in air and 
13% in hydrogen. 


The ranges of Li’ ions of various velocities were 
measured simultaneously with the specific ionization. 
The points on Fig. 2 represent the values obtained 
for the ranges. These results agree within the lim- 
its of experimental accuracy with the solid line ob- 
tained by integration of the corresponding specific 
ionization curves shown in Fig. 1-A. 

The apparatus described by Nikolaev! was used 
to measure the equilibrium charge distribution. Cel- 
luloid films approximately 10 and 20 pg/cm? thick 
were used, and it became evident during the exper- 
iment that the equilibrium was reached with film 
thickness of only 10 pg/cm?. The results of the 
measurements of the equilibrium distribution (Fig. 
3) show that for v < 8 x 10° cm/sec the ratio of the 
intensities of the neighboring groups 0; +,/; 


with charges i + 1 and i is proportional to vi, 
where &; = 2.7, 3.9, and 5.1 for i = 1, 2, and 3 re- 
pectively. If at the same time we substitute 

®; +1/®; in the region v > 8 x 10° cm/sec, then k; 
can be decreased at most to 2.9 for i = 2 and to 3.4 
fori = 3. The equilibrium distribution and the 
average charge 7 calculated by using such a de- 
pendence of ©;+)/®; on v, are shown solid in Fig. 
3. The experimental values ©; and 7, shown in the 
same figure, are determined with an accuracy of 
+2% for ®; and 0.5% for 7. With the resulting vel- 
ocity dependence of the average charge one can 
hardly expect the breaks in the specific ionization 
curve, on the order of 20%, discovered by Kuznetzev 
et al. ®and interpreted as discrete charge redistri- 
butions of the Li ions at definite velocities. (Such 
breaks were not found in our measurements of the 
specific ionization in air and hydrogen.) 

The ranges of Li’ ions obtained in the photographic 
NIKFI-Ia-2 emulsion and shown in Fig. 4 agreed 
with the results of range measurements in the Ilford 
C-2 emulsion reported previously?~ 711 (the data 
for Li® and Li® ions were recalculated for Li’ ions). 
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The Locher and Stoll? range data for the Kodak with our data. We sought to explain the velocity 

NTA emulsion were apparently somewhat lower dependence of the range by using our experimental 

since in the process of developing the authors data on the charge of Li’ ions after passage 
through a celluloid film, since practically i does 


chemically lifted from the emulsion surface the 
tracks of singly charged ions, thus possibly af- not depend on the material !?~!4 in hard materials. 
The range was calculated from 


fecting the length of the measured tracks. The 
range data obtained in Refs. 8 and 9 do not agree 
Ros | modu/<iy? ea 


with the results of other experiments?~ 7+"! and 


dE/dx, Mev/cm 
o T ae 


Sy 


R, cm 


dE/dx, Mev/cm 
a 


v x 10% cm/sec 


b a 10 % 


FIG. 1. Dependence of the energy loss of Li’ ions in 
Mev per cm: A~—on the residual range; B—on the velocity; 


a—in air, b—in hydrogen (760 mm Hg). 
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v xX 10% cm/sec 


a 0 20 JO YO 50 ay 10 
Rum 
FIG. 2 Range vs. velocity for Li? ions at 760 mm Hg: 
a—in air, b—in hydrogen. 


7 2 3 4 § §6£ Mev 


FIG. 3. Equilibrium charge distribution ®; and average 
charge 7 of Li’ ions after passage through a celluloid 
film. 1—i=0, 2—i=1, 3 ~i=2, 4—i=3. 
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v x 107° cm/sec 
20 
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10 


g 5 0 i 20 25 


FIG. 4. Range vs. velocity for Li’ ions in a photo- 
graphic emulsion. Curve l—calculated curve. The re- 
maining curves and points correspond to the data from 
the following: 2—Ref. 3, 3—Ref. 8, 4—Ref. 9, +—Ref. 4, 
o—Ref. 5, A~Ref. 6, x—Ref. 7, @—our data. 


where m is the mass of the ion, f(v) =1.04v*"* Mev/p 6p, Cuer, J. P. Lonchamp, Compt. Rend. 232, 1824 
(cf. Ref. 3), <i> is the mean-square charge. Since (1951). 
Z is not known for low velocities, the calculated tt: Faraggi, Ann. Physik 6, 325 (1951). 
curve was compared with the experimental data on Kuznetzov, Lukirskii, and Perfilov, Dokl. Akad, Nauk 
ranges for v = 8.1 x 10°cm/sec. It is evident from SSSR 100, 655 (1955). 
Fig. 4 that the calculated curve (solid curve) agrees ? Ke llocher aud P. Stoll, Phys. Rev. 90, 164 (1953). 
both with our results and with the data obtained by mM S. Devons and J. H. Towle, Proc. Phys. Soc. 69, 
Livesey *, Barkas*, and others. 345 (1956). 
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A luminescent spectrometer was used to measure the energy and absolute intensities of 
gamma rays emitted by Co”, Rh*™, I'?7, Sm*?, Au!” and Hg*” nuclei capturing thermal 
neutrons. It is shown that the detected gamma lines which lie in the 50 — 500 kev energy 
range can be ascribed to transitions from the lowest excited states of the investigated 


nuclei. 


URING THE LAST FEW YEARS many investiga- 

tions were made of gamma rays emitted by nu- 
clei in the capture of thermal neutrons. Particularly 
valuable measurements were made with magnetic 
spectrometers by two independent groups of scien- 
tists in the U.S.S.R.’ and Canada”. Both groups ob- 
tained similar results. However, the softest gamma 
rays emitted in the (n, y) reaction have not been 
studied extensively. The energy data for soft-gam- 
ma lines given by previous experimenters e re quire 
remeasurement; the intensity of the soft gamma 
quanta have not been determined. 

In the present work a single crystal luminescent 
spectrometer was used to measure the energy and 
the absolute yields of gamma quanta in the energy 
interval of 50-500 kev, emitted by nuclei in the 
capture of thermal neutrons. Several preliminary 
results have been reported previously®. 


1, EXPERIMENTAL GEOMETRY AND 
LUMINESCENT SPECTROMETER 


An experimental physical heavy water reactor’ 


was used as a neutron source. A neutron collimator 
consisting of thick layers of B,C and Pb was placed 
in a horizontal channel within the reactor shield. 

A 12 emthick Bi shield to prevent the gamma rays 
from the reactor from entering the collimation chan- 
nel was affixed close to the reactor vessel. The in- 
tensity of the collimated beam of thermal neutrons 
brought out of the reactor was ~ 10’ neutrons/cm* 
sec. 

The geometry of the experiment is shown in Fig. 
L. In most of the experiments target 7 had the shape 
of an ellipse with semiaxes a = 18 mm and 6 = 10 
mm. It was placed on an aluminum stand at an 
angle a relative to the neutron beam. The target 


was placed above a duct 3 in the lead which was 
used as a collimator of gamma rays (the length of 
the duct was 75 mm and its diameter 10 and 15 mm). 
To protect the Nal(TI) crystal 4 from thermal neu- 
trons scattered from the target, the opening aperture 
of the gamma ray collimator was covered by B,C 2 
0.3 g/cm’ thick. In the experiments with Co, Rh and 
Au metallic targets were used. In the studies of 
powdered materials, such material was contained 
within aluminum foil .07 mm thick. The aluminum 
foil did not emit an observable intensity of gamma 
rays when placed in the neutron beam. 


10cm 


Concrete 


B,C 


FIG. ]. Diagram of the apparatus: J — target, 2 — B,C 
shield, 3 — y-ray collimationchannel,4 — Nal (TI) crystal, 


5 — lead filter. 


The luminescent spectrometer employed atype S 
photoelectric multiplier and a Nal(T) crystal of 
cylindrical shape 9 mm thick and 28 mm in diameter. 
The crystal was packed in a reflector made of MgO. 
The pulses from the photo multiplier tube had an am- 
plitude 0.5 V and were amplified to 100 V and ana- 
lyzed by a single channel amplitude analyzer with 
dead time of 3psec. 
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The spectrometer characteristics (resolution, the 
line shape and the absolute efficiency) were stud- 
ied as a function of y- quanta energy by measure- 
ments on Mo”, He*?, B‘°(n, a) Li’*, Cu%, Cs'?7, 
and Zn°*. The geometry of these measurements was 
similar to that in measurements of the energy and 
intensity of y-rays in the (n, y) reaction. The de- 
pendence of the resolution.of the spectrometer 7 on 
the energy of the y-rays Ey is shown in Fig. 2. 
Fig. 3 shows the spectrum of pulses from y-rays 
emitted in the B'°(n, a) Li’* reaction (the target 
in the neutron beam was made of B,C). A photo- 
peak for y-rays at 482 kev (peak 1) is particularly 
clearly evident. This peak corresponds to the max- 
imum energy distribution of Compton electrons, 
while peaks 2 originates in the apparatus and are 
due to y-rays passing through the Nal (TI) crystal 
and scattered back inthe apparatus. Peak 3 is due 
to the characteristic emission of lead and thus also 
due to the apparatus. Analogous spectra were ob- 


tained with other sources of y-rays, but the position 
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FIG. 2. Dependence of spectrometer resolving power 
7 (in %) on the energy of the y-rays (Ey is in kev). 


and the relative height of the peaks /, 2, 3 and 


also of the photopeak were substantially dependent 


on the y-ray energy. Graphs prepared from the ex- 


perimental data allowed determination of the remain- 


ing part of the spectra from the position of the pho- 
topeak. As a result it turned out to be possible to 
interpret the complex spectrum of pulses generated 
by the y-rays, by separating parts of the spectra re- 
lated to individual gamma lines. The area of the 
photopeak S, was determined most accurately. By a 
photopeak in a spectrum of monochromatic y-rays we 
understand a peak whose position corresponds to 
pulses of maximum amplitude (cf. Fig. 3). 


N/64 pulses per minute 


Y§Z Kev 


We introduce the absolute efficiency e, of the 
spectrometer for photopeaks: 


Sp = 
op = eee) (1) 
t 
where y is the absorption coefficient of y-rays in 
the crystal Nal (TI), x is the thickness of the crys- 


tal, S, is the total area of the spectrum of pulses, 
S, =5, +S¢ + Sem (S, is the area of the photopeak, 
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Sc is the area of the Compton distribution, and S,,, 
is the area of the peak due to the emission of 
iodine X-rays from Nal (TI) crystal). The experimen- 
tal values of the ratio S,/S, were found as func- 
tions of the energy of the y-rays (Curve 2, Fig. 4). 
For the sake of comparison, Curve ] shows the en- 
ergy dependence of the ratio 0, /(o, +,) for the 
Nal crystal (o, and o, are the cross-sections of 
photoelectric absorption and Compton scattering of 
the y-rays). The discrepancy between Curves 1 
and 2 is explained by absorption of the secondary 
y emission in the Nal crystal, which is due to the 
Compton scattering in the crystal. For y-rays of 
energy E. < 100 kev one notices the effect of the 
emission of X-rays from the crystal. The efficiency 
of the spectrometer ©, (Curve 3, Fig. 4) is deter- 
mined from Eq. (1) taking into account the experi- 
mental Curve 2. The spectrometer is only slightly 
sensitive to hard y-rays and it can be used for 
measurements of soft y-rays of Ey <500 kev even 
in the presence of the harder y-lines. 


1000 Ee 
FIG. 4. Spectrometer efficiency as a function of the 
y-quanta energy. 1 — dependence of the ratio 0p/0p + Oc 


200 400 600 = 600 


on E+; 2 — the experimental values of the ratio 
Sp/Stot? 3 — Ep: 


2. METHOD OF MEASUREMENT OF y-SPECTRA 


The spectrum of pulses observed in the presence 
of a target in the neutron beam was measured with 
an open beam of neutrons (/V,) and with beam cov- 
ered at the exit of neutron collimator (Fig. 1) by a 
layer of B,C 0.3 g/cm? thick (,). The foil of B,C 
absorbed thermal neutrons but did not change the 
flux of fast neutrons and y-quanta. N, did not de- 
pend on the presence of the target. The effect of 
thermal neutrons corresponds to the difference in the 
readings N = N, — N,. In the absence of a target, 
N was very small. In the great majority of experi- 


ments with a target, the integral count did not ex- 
ceed 2,500 pulse/sec with N, ~ 700 pulse/sec. 
When the beam of neutrons was obstructed by a thick 


layer of B,C which absorbed both thermal and fast 


neutrons, the counting rate dropped to 300 pulse/sec. 


Thin targets were used during the experiments 
since in measurements carried out with thick tar- 
gets, the photopeaks were considerably wider due to 
the Compton scattering of the y-quanta in the target. 
In several cases the photopeaks were somewhat 
wider because of slight instability of the spectro- 
meter. As an example of the distribution of pulses 
in the counts of N, and N,, the results of measure- 
ments with Co,O, target are shown in Fig. 5. Curve 1 
shows the spectrum of pulses with an open beam of 
neutrons (/V,), Curve 2 shows the results with the 
same neutron beam but shielded with a B,C foil (N,), 
Curve 3 shows the net effect of the thermal neutrons 
(NV). The spectrum of pulses measured in the open 
beam of neutrons shows peaks at 40—60 and 140 kev 
and a slight rise at 480 kev due to the emission 
from the boron shield of the spectrometer. The 
presence of peaks in Curve 2 makes it somewhat 
difficult to detect the low-intensity y-lines in the 
regions of these peaks. The maximum at 140 kev is 
interpreted as absorption of neutrons in the Nal(T1) 
erystal [y-rays of the I(n, y) reaction®]. The 
smeared out maximum at 450 to 550 kev, seen in 
Fig. 5 in the spectrum of y-rays from neutron cap- 
ture by the target nuclei is primarily due to y-emis- 


sion from the boron shield and annihilation emission. 


The target both absorbed thermal neutrons and 
scattered them. In a control experiment, it was 
shown that in measurements carried out with B,C in 
the y-ray collimator (2 in Fig. 1) the correction for 
neutrons scattered by thin targets used in this 
work was negligible in comparison with the effect of 
thermal neutrons captured in the target. 

Photopeaks of soft y-lines appeared on a “base 
of pulses caused by hard y-quanta. This fact lim- 
ited -the accuracy in the determination of the area 
of the photopeak in an effort to measure the abso- 
lute number of the y-quanta. To decrease the 
above-mentioned “base” and to separate more clearly 
the apparatus peaks and photopeak from y-quanta 
emitted from the target, measurements with lead 
filters 0.532 — 2.55 g/cm? thick were carried out. 
The filters were placed in the y-ray collimator. 
Fig. 6 shows the results of such measurements 
with Sm. Curve / represents the pulse distribution 
in the measurement without a lead filter, while 
Curve 2 shows the measurements with a 2.02 g/cm’ 
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FIG. 5. Spectrum of pulses from Co,0,: J — neutron beam open (N,), 2 — neutron beam 
covered by B,C (N,), 3 — effect of thermal neutrons N = N, — N,. 
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FIG. 6. Spectrum of pulses of Sm? (n, y) Sm*®° y-rays: 1 — without lead filter; 


2 — with 2.02 g/cm? lead filter; 3 — spectrum of pulses due to radiation absorbed 
in the lead filter. 
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lead filter. The areas of the photopeaks due to 
the 442 and 338 kev y- quanta decrease in the meas- 
urements with lead filters, corresponding to absorp- 
tion of the y-rays emitted by the target. Peaks 2 
and 3 do not disappear in the measurements carried 
out with a filter and therefore cannot be interpreted 
as photopeaks due to soft y- quanta from the target, 
but appear to be due to the apparatus. Thus, peak 
3 is caused by the X-rays from the spectrometer 
lead shield (cf. also Fig. 3) and peak 2 is caused 
by the y-rays from the I(n, y) reaction within the 
Nal (TI) crystal. The origin of the peaks 7 and 4 
will be discussed below (Sec. 3, Samarium). In re- 
ducing the results of the measurements, the pulse 
spectra of y-rays absorbed in the lead filters were 
utilized (Curve 3). 

Measurement of the area of the photopeak S, 
alone is not sufficient to determine the number of 
y-quanta emitted in the capture of neutrons by the 
target. To determine this quantity it is necessary 
to know the solid angle subtended by the target at 
the Nal (TI) crystal and the neutron flux. Independ- 
ent determinations of these quantities would serve 
as a source of additional errors. In an effort to ob- 
viate such errors in the present work, the area of 
the sought photopeaks 5° was compared with the 
area of the photopeak due to the 482 kev y-quanta 
which was determined in measurements with a 
B,C target in an identical manner as with the tar- 
get made of the studied material. The 3,C target 
was placed in the beam of thermal neutrons in 
place of the target prepared from the investigated 
isotope and its thickness was such that the absorp- 
tion of thermal neutrons was almost complete. Then 
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In Eq (2) ny; is the unknown number of y- quanta 
emitted per single captured neutron, m4, is the 
same number for B'° (n, a) Li’* (m4. = -93), 4; and 
kg, are correction factors for the absorption of 
y-quanta in the path from the target to the Nal (TD) 
crystal. The quantity O¢ap, pNo /A is the probabili- 
ty of the neutron capture by the target nuclei 
(o ,is the neutron capture cross-section, p is the 
mass of the target, L is the Avogadro’s number, 
and A is the molecular weight). The factor x takes 
into account the absorption of neutrons and y-quan- 
ta in a target of thickness 1: 
1— exp {—(u, + utane) l/sin a} (3) 
(u,, + u.,tana) I/sin a ; 
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where pz, and py are the absorption coefficients of 
neutrons and y- quanta, and a is the angle at which 
the target is oriented relative to the direction of 
neutron beam (Fig. 1). In the calculations of Hy 
the values of jy were taken from the work of 
Davisson and Evans®, 


3. RESULTS OF MEASUREMENTS 
Cobalt 


In the measurements on cobalt the target was 
prepared of powdered cobalt oxide (6.94 g) and met- 
al (2.21 g). The powdered cobalt oxide was packed 
in a cylindrical case made of aluminum foil. The 
metallic target had an elliptical shape. From the 
known contents of impurities in the targets it was 
concluded that the y-rays due to neutron capture in 
the target are practically entirely due to capture by 
Co**’. In the pulse spectrum from the Co,0, target 
(Fig. 5) there are two not fully resolved peaks of 
energies 226 +4 and 276 +4 kev, which are inter- 
preted as photopeaks due to y- quanta of the same 
energies. The possibility of the presence of peaks 
due to y-rays from cobalt with the intensity of the 
order of several percent in the 450—550 kev energy 
range cannot be excluded. The small peak at 120 
kev was shown by additional experiments on ab- 
sorption of y-rays in lead filters to originate in the 
apparatus. Four independent series of measurements 
were carried out on the y-ray spectra of cobalt ab- 
sorbed by lead filter 2.02 g/cm? thick: two with a 
cobalt oxide target and two with a metallic target. 
These measurements were combined with the meas- 
urements of the area of the photopeak from a B,C 
target. The resultant intensities of the y-lines were 
found to be n,,, = (23 +4)% and n,,, = (23 +4)%. 
The effective cross-section for capture of thermal 
neutrons in cobalt was taken to be 35.4 barns. 

The values of the y-transition energies obtained 
in the present work are close to the results of 
Hamermesh and Hummel? (220 kev) and agree with 
the results of Reier and Shamos* (237 and 289 kev). 
In these experiments the y-rays from the Co(n, y) 
reaction were measured by luminescent spectrome- 
ters. From measurements of hard y-rays of the 
Co(n, y) reaction® and the energies of proton 
groups in the Co(d, p) reaction '0 the energies of the 
excited levels of Co® nucleus were determined and 
found to be in good agreement with each other. The 
lowest of these energies are shown in F'ig. 7 to- 
gether with the y-transitions whose energies are 
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FIG. 7. Lowest energy levels of Co®. 


close to the energies of the y lines measured in our 
experiment. It is possible to have either a combina- 
tion of the shown transitions with transitions be- 
tween several high-energy levels of the excited nu- 
cleus with various relative intensities, or their in- 
dividual combinations. The case of a cascade tran- 
sition containing only one of the pair of y-rays of 
energies 280 and 220—230 kev is highly unlikely. 
Indeed, for nz., = 7, the transitions of cascades 
from higher levels to the intermediate levels would 
have to be considered in this case as forbidden 
without any reasons for such an assumption. Be- 
cause of the comparatively high intensity of the 
y-lines observed by us, it is most probable that the 
transitions corresponding to these lines take place 
between the lowest levels of Co, i.e., from the 

200 kev level to the ground and isomeric levels, and 
that the remaining possible transitions of similar en- 
ergies introduce only a small contribution to the in- 
tensities n,,, and n,,, (such an assumption is not in 
a contradiction with the values of the activation 
cross sections for the ground and isomeric states 

of Co®). In this case it is possible to make sev- 
eral assumptions about the characteristics of the 
280 kev energy level. In consequence of the equal- 
ity of transition probabilities from the 280 kev en- 
ergy level to the isomeric and ground levels, it is 
possible to assume that the angular momentum of the 
280 kev level is equal to either 3 or 4, since the 
characteristics of the ground and isomeric levels 
are 5* and 2¢, respectively +}, A comparison of the 
data reported previously?’ 10 -esults in the conclu- 
sion that there are no transitions from the initial 
state of Co® (which is formed after the capture of 
thermal neutrons by Co*) to the isomeric level. 
This fact shows that the initial state of Co” has a 
characteristic 4° and not 3 (the ground state of 
Co®* has a characteristic 7/2°).2 The transitions 
from the initial state of Co® to the ground state 
and to the 280 kev energy level have approximate- 
ly the same intensity, namely 3 and 4% respective- 
ly’. Since the transition to the ground state is £1, 
then the transition to the 280 kev energy level 
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should also be Fl, i.e., the parity of this level is 
positive. From the two possible values of the an- 
gular momentum for the 280 kev energy level the 
most preferred value is / = 3. In this case the tran- 
sition to the isomeric level with lower energy 
should be M1 and the higher energy transition to 
the ground state should be £2. 


Rhodium 


A metallic plate of elliptical shape 0.1 mm thick 
and weighing 0.669 grams was used as a target for 
experiments on rhodium. Rhodium has one stable 
isotope Rh*®*, so that the y-rays of the radiative 
neutron capture belong to Rh***. In this experiment 
the energy range up to 300 kev was studied in de- 
tail. Fig.8 shows the pulse spectrum of y-rays ab- 
sorbed by a 1.01 g/cm? lead filter. The separation 
of this spectrum into the individual components, 
shown in the figure by dotted lines made possible 
a determination of the areas of those photopeaks 
for which the experiments on absorption of y-rays 
reliably show their origin to be inthe target. An 
analogous technique was used for the pulse spec- 
trum of y-rays absorbed by a 0.532 g/cm? filter. 
The energies and absolute intensities of y-lines 
were found to be: £, = 96 +3, £, = 133 + 3, 

E, =176 + 3, E, = 217 t 4 kev and similarly 
n, = 17%, nz < 8%, nz = 19%, n, = 9%. The effec- 


tive cross-section for capture of thermal neutrons 
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FIG. 8. Spectrum of pulses due to y-rays from Rh (n, y) 
reaction, absorbed by lead filter 1.01 g/cm? thick. 
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in rhodium was taken to be 150 barns. The errors in 
the determination of n, — n, are 15 to 20%. For the 
133 kev line only the upper limit of intensity is 
shown since in that energy range there is a back- 
ground peak (Fig. 5), which is not entirely elimi- 
nated in the difference of readings with open and 
closed neutron beams. The energy peak at 45 kev 
did not disappear in measurements with lead filters 
and conse quently was due to the equipment. 

It was observed previously® that the 80 and 160 
kev y- quanta discovered by Hamermesh and Hummel? 
in the y-ray spectrum of radiative capture of neu- 
trons in rhodium apparently correspond to the most 
intense y-lines measured in the present work. The 
measurements of the hard y-rays in the Rh(n, y) 
reaction carried out previously ‘9 permit determina- 
tions of the energies of the lower levels of the Rh'™ nu- 
cleus. The characteristics of the ground and the 
first two excited levels are determined from the 
(-decay of Rh'* 4, It should be noted that only 
for 0°, the characteristics of the initial state of 
Rh’, produced by absorption of thermal neutrons 
by Rh*°3, and 2°* of the first excited level, is it pos- 
sible to explain the absence of transitions from the 
initial level to the first excited level **. The prin- 
ciples which were used in Ref. 13 to assume / = 1 
for the ground state should be reevaluated. 

The energies of y-lines found in this work do 
not fit directly into the energy level scheme con- 
structed from the data of previous experiments ances 
(Fig. 9, solid lines). If the presence of an addi- 
tional 230 kev level is assumed, then these y-lines 
are distributed in the scheme as shown by the dot- 
ted line in Fig. 9. In this case, however, there is 
a discrepancy between the intensity of the 96 kev 
y-transition to the isomeric level (17 +3)% and the 
probability of activation of the 4.3 minute isomer 
Rh? (8 + 3)%. This discrepancy exceeds the ex- 
perimental error. Furthermore, it is difficult to re- 
concile the approximately equal intensities of the 
96 and 176 kev y-lines with the values of the radi- 
ative transition probabilities for the values of the 
angular momenta and parities of the first and the 
second excited levels of Rh*®* shown in Fig. 9. At 
the most suitable characteristics of the introduced 
level (3°), transitions with these energies will be 
E2 and M2, respectively. The ratio of the transi- 
tion probabilities calculated by the Weisskopf 
formula!> is approximately 5. A satisfactory 
arrangement of the energies of the observed y-lines 
in the energy level scheme of Rh*®* can be accom- 
plished by introducing two additional levels. How- 


ever, the possible energies of these levels cannot 
be determined uniquely. 
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FIG. 9. Energy levels of Rh’. 


lodine 


A target of powdered iodine (3.96 g) was used. 
The y-ray pulse spectrum of the I” (n, y) I** reac- 
tion showed an intense 135 +3 kev y-line®. Exist- 
ence of low-intensity y-lines in the 255 kev energy 
range is possible*. The discrepancy with the data 
of Reier and Shamos* can apparently be explained 
by the fact that no shielding of the Nal (TI) crystal 
from neutrons scattered by the target was used in 
the luminescent spectrometer. It is important to 
note that the scattering cross section of neutrons 
by iodine is approximately equal to the capture 
cross-section. In the measurements with any target 
carried out without B,C in the y-ray collimator (2 
in Fig. 1) peaks at energies 85, 135 and 255 kev 
were observed. It is probable that for this reason 
the y-quanta of 135 kev energy were attributed by 
the authors of the above work to background noise 
while the 80 kev peak they attributed erroneously 
to y-rays from the I(n, y) reaction. 

From twelve distinct series of measurements, 
which included six measurements of y-ray spectra 
using a lead filter, the intensity of 135-kev y-lines 
was determined with an accuracy of 15%. This in- 
tensity is n = 32% per single captured neutron. The 
capture cross section in iodine was taken to be 
6.7 barns. The absence of other intense y-lines in 
the energy range up to 600 kev and the great inten- i 
sity of y-quanta of energy 135 kev shows that these | 
y-quanta are indeed connected with a transition 
from the first excited level of I*** to the ground 
state. 


Samarium 
The target in the experiments on samarium was 


powdered Sm,O, (76.5 mg), packed in an aluminum 
foil case in the shape of a disk 10 mm in diameter. 
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The spectrum of pulses from the samarium target is 
shown in Fig. 6. Two well resolved peaks of 

y- quanta at energies 442 + 5 and 338 + 4 kev are 
clearly visible in the pulse spectrum of y-rays ab- 
sorbed by a lead filter (Curve 3). A smaller maxi- 
mum appearing as a decrease in peak 7 in measure- 
ments with a lead filter was interpreted as the max- 
imum of the Compton distribution of electrons from 
y- quanta of 338 kev energy. ‘The origin of peaks 2 
and 3 was discussed in Sec. 2. The energy of 

peak 4 corresponds to the X-ray emission from Sm 
within the experimental accuracy. However, an in- 
tense peak due to the experimental equipment is ob- 
served in the spectrum at the same energy and its 
presence makes it impossible to measure the X-ray 
emission of Sm when its intensity is less than 10%. 
Thus, y-lines of observable intensities are absent 
at energies below 300 kev. From the experiments the 
intensities of the observed y-lines were determined 
to be (34 + 5)% (Ey = 442 kev) and 

(70 + 10)% (Ey = 338 kev) per single captured neu- 
tron. The capture cross section of neutron by the 
Sm'*? isotope was taken to be 66,200 barns!”. This 
result depends only very slightly on the error in the 
determination of the cross section since the target 
absorbed almost all the thermal neutrons incident 

on it. The energies of the y-lines are in excellent 
agreement with the data of other authors°®’!® who 
studied the spectra of y-rays in the Sm(n, y) re- 
action, while the intensity of the y-line at 338 
kev is approximately twice the intensity found 

by Adiasevich et al*®. The y-lines investigated 
should be attributed to transitions to two lowest ex- 
cited levels of Sm*®°, since the major contribution 
to the cross section for capture of thermal neutrons 
in the existing composition of Samarium isotopes 
is due to Sm’*’. The fact that the discussed levels 
appear in the decay of Pm'*° !8 adds to the likeli- 
hood of such an assumption. From the relationship 
of the y-line intensities it follows that the first 
excited level of Sm’®° is the energy level at 

338 + 4 kev. This conclusion is in agreement with 
the data of Ref. 18. The second excited level has 
an energy 777 kev’? !%. The low intensity of hard 
y-lines in the spectrum of Sm (n, y) Pah? 
that the radiative transition of the Sm’*® nucleus 
from the state originating by capture of a thermal 
neutron takes place through cascade y-transitions 
which result with equal probability in a ground 
state or in one of the two above levels of Sm'®°. 
The decay scheme of Sm’*° proposed previously /® 
thus appears to be incomplete. 


shows 
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Gold 


The measurements for gold were carried out with 
two metallic targets of pure gold: ] — 0.277 g/cm’ 
thick, (1.56 g) and // — 0.554 g/cm” thick. Figure 
10 shows the pulse spectrum of y-quanta absorbed 
in a 2.02 g/cm? lead filter. In this diagram one can 
identify three not fully resolved photopeaks whose 
energies are 252, 210 and 174 kev (target //). The 
accuracy of the energy determination was + 4 kev. 
In separating the spectrum into the individual com- 
ponents (the dotted lines of Fig. 10) a small remain- 
ing contribution in the energy region of about 140 
kev is probably due to the background noise (ef. 
Fig. 5). Table I gives the intensities ny of the ob- 
served y-lines measured with an accuracy of + 20%. 
The capture cross section of thermal neutrons was 
taken to be 98 barns”°. 
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FIG. 10 Spectrum of pulses due to Au (n, y) y-rays ab- 
sorbed in 2.02 g/cm? lead filter. 


Besides the photopeaks mentioned above, an 
additional maximum at 66 + 3 kev is clearly evident 
in Fig. 10. This maximum is also due to the capture 
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of neutrons in gold. The thin target (J) was used in * was determined from the decrease in the area of the 


the measurements of the intensity of this emission. 
The absorption of y- quanta in the target was deter- 
mined experimentally. Gold plates were used in- 

stead of lead filters 5 of Fig. 1 and the absorption 


peak. In this way the coefficient of y absorption 
66 + 3 kev y-quanta in Au was determined to be 
p= 2.9 + .2 cm’/g. The intensity of the considered 
radiation is shown in Table I. 


TABLE I. Soft y-quanta of Au (n, y) reaction 


No. of Y- Theoretical values of internal con- 
Eink quanta per sin- version coefficient ax in K shell 
TANT SEM gle captured 
neutron % Fe Mi M2 
252, 4 22 0.0955 ).447 1.66 
210 19 Oaulsy Oe 3.47 
174 44 0.278 1.47 7.42 
66 40 — — — 


Reier and Shamos* discovered 248-kev y-lines in 
the spectrum of Au(n, y), which correspond appar- 
ently to a summary peak composed of the three 
y-lines disclosed in the present work. From an ex- 
perimental point of view the conclusions of 
Bartholomew and Kinsey‘? that the neutron binding 
energy in Au’”* exceeds 6.5 Mev are hardly conclu- 
sive. A similar doubt has also been expressed pre- 
viously*. It is more likely, in agreement with 
London and Sailar?’, that the 6.494 + .008 Mev 
y-quanta are due to direct transition of the nucleus 
into the ground state. Then the lowest excited 
states of Au’®® (from the data of Ref. 13) have ex- 
citation energies 32 + 20, 184 + 16, 245 + 17, 

348 + 20, 518 + 20, and 792 + 20 kev. The y-lines 
discovered in the present work can be interpreted 
as due to transitions between the lowest levels of 


Au’*® (Fig. 11). At the same time the 210-kev 
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FIG. 1]. Transition scheme for Au 


y-quanta of energy cannot be considered as due to 
a transition between any one of the above levels, 
while the other two y-quanta can correspond to tran- 
sitions between somewhat higher levels. In our 
opinion, the transition scheme shown in Fig. 11] is 


the more probable. In our measurements, the 

42-kev y-rays were not observed because of strong 
absorption in the target and the presence of a neigh- 
boring background peak (cf. Fig. 5). 

The 66 + 3 kev gamma quanta cannot be recon- 
ciled with any transition between the lowest excited 
states. This emission was interpreted as X-ray 
emission from Au and due to internal conversion of 
y-quanta in the K shell of the atom. Taking into 
account the K fluorescence from Au(f = 0.94)?? we 
find the number of conversions in the K shell to be 
K = 42 + 6% per captured neutron. It is not possible 
in our work to attribute the X-rays to conversion of a 
soft line that cannot be detected because of its low 
intensity. Such an explanation is impossible since 
one would have to allow a complete conversion of 
such hypothetical line and the Au’** nucleus does 
not have a metastable state. It is most likely that 
the conversion is connected with the y-quanta de- 
tected in this work: K = K,,, + Ky. + K,,,- Table I 
gives the theoretical values of the coefficients ay 
of the internal conversion of y-rays by the K shell 
electrons of Au for dipole and quadrupole transi- 
tions”°. The higher multipoles do not enter be- 
cause of the long lifetime. The gamma-quanta in- 
tensity ny found in this work permits the use of ax 
to determine the number K of conversion events in 
the K shell of the atom, which depends on the mul- 
tipole order of all three y-lines. The multipole 
orders of the y-transitions were so chosen as to 


satisfy the experimental values of K. 
The experimental results exclude the possibility 


that all three transitions are of the £2 type 
(K = 7.6 + 1.5) or M2(K = 161 + 30). If the 
y-transition of 252 kev energy is attributed to M2, 
and the other two transitions to M1 or £2, then one 
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obtains a satisfactory agreement with the experi- 
mental data. However, this variant is rather improb- 
able, since the M2 transitions could not compete 
with M1 and £2 transitions in the above transition 
scheme (Fig. 11). A better agreement with the ex- 
periment is achieved if all three transitions are as- 
sumed to be 1 (K = 38 + 8). The case of two M1 
transitions (one of which should be the transition 
at 174 kev) and one £2 transition is also possible. 
Fig. 11 shows (in percent per single captured neu- 
tron) the total number of transition events from ex- 
cited states, equal to the sum of probabilities of 
transitions by y- quantum emission (Table I), and of 
the transitions by conversion of y-quanta conver- 
sion of atomic K electrons assuming that the transi- 
tions are of the 1 type. 

The Au’’* nucleus has negative parity and spin 
I = 3 in the ground state®. The excited levels shown 
in Fig. 11 should also have negative parity, since 
only M1 or £2 transitions are possible between 
them. According to Ket. 25, the initial state of 
Au’**, produced when Au’”’ captures a thermal neu- 


rr 


tron, has a spin 1*. Bartholomew and Kinsey ‘3 
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showed that the probabilities of transitions from the 
initial state to the particular levels of Au’®’ consid- 
ered here are of the same order of magnitude. The 
number of y-transitions from the initial state to the 
state corresponding to a given energy level is shown 
in parentheses of Fig. 11 in percent per single cap- 
tured neutron. The above facts can be brought into 
agreement by an assumption that the lowest excited 
levels have the same spin 3, even though such de- 
generacy seems unlikely to us. Furthermore, the 
transitions from the initial state to the considered 
levels, including the ground level, will be M2 tran- 
sitions, which should be suppressed by the £1 and 
M1 transitions. Here it is expedient to reconsider 
the conclusion of Titman and Sheer”® about the spin 
of the initial state. The results of a later work 7° 
disagree with the data used in their work to obtain 
1+ for the spin and parity of the initial state. If the 
initial state of Au’®® is 2+, the transitions into the 
considered levels will be Hi and the spins and par- 
ities of the corresponding states of Au’ will be 

1°, 2, and 3 for small excitation energies. 
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FIG. 12. Spectrum of pulses from y-rays of Hg: 1 ~ without lead filter; 2 — with 2.02 


g/cm? lead filter; 3 — with 0.5 mm lead filter; 


of lead. 


4 — emission spectrum absorbed by 0.5 mm 
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Mercury 


The measurements on Hg were carried out using 
a powdered target of HgO (1.2 g) packed in disc- 
shaped aluminum case 20 mm in diameter. The spec- 
trum obtained with this target (Curve / Fig. 12) 
shows a particularly noticeable photopeak due to 
372 + 5 kev y-quanta. Peaks corresponding to 
somewhat softer radiation are also apparent. Curve 
2 of Fig. 12 refers to measurements with a 2.02 
g/cm’ lead filter. From the spectrum of the ra- 
diation absorbed by the lead filter (difference of 
Curves 7 and 2) the area of the photopeak was de- 
termined, and ny, = 45 + 7% per single captured neu- 
tron was obtained for the intensity of the radiation 
at 372 kev. The capture cross section of thermal 
neutrons was taken to be 380 barns. From a com- 
parison of Curves / and 3 (the pulse spectrum of 
y-rays which passed through a lead filter 0.5 mm 
thick) it is evident that the 68 + 3 kev radiation 
originates in the target, while the 45-kev peak 
appears to be due to the experimental apparatus. In 
the lower left-hand corner of Fig 12 is shown a 
spectrum of radiation absorbed by 0.55 mm Pb 
(Curve 4). From this curve, the intensity of the 
68 + 3 kev radiation was determined to be 
1.4% <n, < 4% per single captured neutron. The 
apparatus peak makes it difficult to establish this 
intensity more accurately. 

The y-quanta observed in these experiments 


should be ascribed to Hg”®° since the isotope Hg*®? 
has the largest thermal neutron capture cross sec- 
tion of the mercury isotopes. The 372-kev y-quanta 
correspond here to the transition of Hg?°° from the 
first excited state to the ground state, well 
known”® from the radioactive decay of Au’ and 
TI’. Gamma quanta of similar energy were de- 
tected ’® in the study of y-rays emitted after cap- 
ture of neutrons in Hg, except that our measured 
intensity is greater by approximately a factor of 
two. A similar discrepancy from the above work !® 
has appeared in our data on the intensity of the soft 
line of the Sm(n, y) reaction. 


The 68 + 3 kev radiation can naturally be inter- 
preted as mercury X-rays and can be ascribed to 
372 kev y-ray conversion in the K shell of the atom. 
The experimental values of the internal conversion 
coefficient ax in the K shell is between the limits 
0.03 < ax < 0.09. A theoretical value can be found 
within these limits only for £2 transitions 
(Gy ~'0.04)?7; Consequently, the first excited state 
of Hg”°® should have spin 2 and positive parity in 
agreement with a previous work?°. 


SUMMARY OF RESULTS 


Table II gives the values of energies Ly and in- 
tensities ny of the y-lines (number of y-quanta per 
single captured neutron). The absolute intensities 
were determined with an accuracy of 15 + 20%. 


TABLE IL. 
No. of > quant a | No. of Y= quanta 
Emitting Energy E of | per ate c ap- Emitting Energy E of per single cap- 
1 the y-quan- |tured neutron, nicolas the tA oa tured neutron, 
‘ir ta in kev My, % ta in kev Ny, % 
60 226+4 23 Sm150 338+4 70 
a ee 2S 442+5 34 
Reo 96-+3 Av Au 663 40 
133+3 <8 17444 re 
176+3 19 210+4 19 
247+4 9 252-4 22 
128 2 He200 68-+3 1.4—4 
! 10-53 ; : 372+5 45 
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It has been found that the striking voltages for discharges in hydrogen, corresponding to 
the left-hand branch of the Paschen curve, do not obey the similarity rules, 

After an ignition on the left-hand branch of the Paschen curve, the resultant high-voltage 
discharge is characterized by electrode voltage drops which are independent of the current. 
In hydrogen discharges, this constancy of voltage drop is maintained over a very wide range 
of currents. For discharges produced by 4-s:sec voltage pulses, the transition from the high- 
voltage form to the arc takes place only at currents exceeding 1000 amp. 


[* UNIFORM ELECTRIC FIELDS, the striking 

voltage for a discharge satisfies the similarity 
rule; i.e., it is a function of the product pd, where 
p is the pressure and d the distance between elec- 
trodes. A number of investigations} >? have shown 
noticeable deviations from the similarity rule when 
the electric field at the cathode begins to exceed 


10°v/cm, and spontaneous emission of electrons be- 
gins. This situation may arise either at very high 
gas pressures, on the order of tens of atmospheres, 
where the electrode voltage reaches hundreds of 
kilovolts, or at very small gap widths where even at 
a few hundred volts the field strength at the cathode 
reaches the above-mentioned figure. In the work re- 
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ported herein, we first investigated the hydrogen- 
discharge striking voltage to study those deviations 
from similarity in the left-hand of the Paschen curve 
which were not of the nature of spontaneous elec- 
tron emission. In the second place, we studied 
those particular forms of discharge which had a 
high voltage drop at the electrodes. 


1. MEASUREMENT PROCEDURE 


The tube intended for the study of discharges un- 
der the conditions of the left-hand branch of the 
Paschen curve was constructed to prevent any dis- 
charge by way of the “long” path. To test the ap- 
plicability of Paschen’s law, a construction was 
used in which the electrodes could be kept fixed, 
or one electrode could be moved so as to vary the 
separation d between 4 and 32mm. The electrode 
diameter was 80 mm to make the interelectric field 
sufficiently uniform. Before use, the polished nick- 
el electrodes were baked out with a high-frequency 
current in vacuum, and conditioned by a glow dis- 
charge in hydrogen. Control of the hydrogen pres- 


sure was obtained by heating titanium hydride plated 


in a side-arm of the discharge tube. The voltage 
applied to the electrodes was supplied by a high- 
voltage rectifier circuit, provided with a filter to 
smooth out the voltage pulsations. This voltage 
could be regulated continuously from zero to 40 kv, 
and its value was measured with an electrostatic 
voltmeter. The ignition point was indicated by the 
needle kick of a microammeter connected in series 
with the low-voltage electrode. The striking of a 
discharge could also be detected visually through 
the fine mesh screen surrounding the discharge 
space. In a darkened room it is possible to estab- 
lish the occurrence of ignition at currents as low as 
about 10°’ ampere. 


2. TEST OF THE APPLICABILITY OF 
PASCHEN’S LAW TO THE IGNITION 
OF HYDROGEN DISCHARGES 


ltepeated measurements of striking potentials U, 
have shown the existence of very serious deviations 
from the similarity rule. Curves of U, = f(pd) for 
for different values of d are given in Fig. 1; these 
curves are quite widely separated. Such effects 
can be repeated reproducibly in tubes of different 
constructions, and also in tubes where both the dis- 
tance d and the hydrogen pressure p can be varied. 
In these tubes the cathode is kept the same during 
all changes; this avoids any errors which might 
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FIG. 1. Deviations from the Paschen law in hydrogen. 
Curves ol-U, = f(pd) at T= 20°C. l-d=4 mm; 
2—d = 8 mm; 3—d = 16 mm; 4—d = 28 mm. 


creep in during the exchange of one cathode for an- 
other, due to changes in the coefficient y, which is 
very sensitive to the condition of the surface. Re- 
peated experiments have also shown the absence of 
local effects at the electrodes, and that the results 
are the same when the electrode polarities are inter- 
changed. All this proves that the deviations from 
the similarity law are not experimental errors or 
peculiarities of the apparatus, but are inherent in 
the nature of the hydrogen discharge. In fact, if hy- 
drogen is replaced by air in the same tubes, the 
curves of U, = f(pd) taken at different distances d 
and pressures p coincide very well (cf. Fig. 2) 
whereas the same curves in hydrogen (Fig. 1) are 
widely separated. If, following Slepian and Mason® 
we plot log p vs. logd for constant U,, we obtain for 
hydrogen a family of straight lines intersecting the 
coordinate axes at a very nearly constant angle, dif- 
fering from 45° This implies that the striking po- 
tential is a function of the derived quantity pd”. 
This function is assumed to be of the form 


Cea (1) 


If U, is in kilovolts, the experimental data for 
hydrogen are well represented by the expression 


U, = 46-10-8/(pds8)8 (kV). (2) 


Formula (2), whose validity has been verified up 
to a potential of 30 kv, shows that U, is more sen- 
sitive to variations in pressure than to variations in 
the distance between electrodes. 

The data obtained at different values of d agree 
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FIG. 2. Curves of U, = f(pd) for air at T = 20°C. 
+—d = 20 mm; O—d = 8 mm; pressure varied. x—p=0.04 mm 
Hg; V—p = 0.06; O—p = 0.1; ®@—p = 0.14; interelectrode 
distance varied. 


well with the relation U, = f(pd°-**) as shown in 
Fig. 3. Quinn’s results for hydrogen*, shown dot- 
ted in Fig 3, give a value of U, which is lower by 
almost a full order of magnitude. Apparently the 
electrodes in Quinn’s experiments were not suffi- 
ciently outgassed, so that the coefficient y of his 
cathode was much larger than in the present work. 
This is also confirmed by the much lower values of 
U, which Quinn obtained in comparison with the re- 
sults of Dikidzhi and Kliarfel’d°. In the high sen- 
sitivity of its striking voltage to contamination of 
the cathode surface, hydrogen is similar to the inert 
gases or mercury vapor®’® and differs from the other 
molecular gases. 

The reasons why hydrogen discharges deviate 
from the similarity rule can be stated only in rela- 
tively general terms as yet. Field emulsion cannot 
be playing any part here, since the deviations are 
observed even when the field strength at the cathode 
is below 10*v/cm. Some reasons for the deviations 
might be: a) ionization processes in the gas space, 
which may arise in various ways in molecular gases; 
b) cathode surface effects, explainable by the fact 
that the coefficient y depends not only on the ener- 
gy of the ions, but also on the field strength at the 
cathode. 

Experiments which have been carried out by the 
probe method in the positive column of hydrogen 
discharges’ have shown that the mean mass of the 
hydrogen ions definitely exceeds the mass of a pro- 
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ton. A number of studies of hydrogen ions 
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FIG. 3. Striking voltage of hydrogen discharge as func- 
tion of pd°***, @—d = 2.8 mm; x—d = 16 mm; 
V—d = 8 mm; O—d = 4mm. Dashed curve is from data by 
Quinn. 


have indicated the presence of at least three differ- 
ent types of ions in the hydrogen discharge: H’*, 
I*, and H,’. When hydrogen is ionized by an elec- 
tric spark discharge the yield of fH, ions, at the 
maximum in the curve of ionization efficiency, is 
250 times larger than the yield of protons!!. The 
Hi, ion is formed from the H,’ ion by the reac- 

tion ?2+13 W* +H, -H,’ + H. The probability of this 
process falls off as the energy of the H,’ ion in- 
creases. The Hj ion thus formed can break up 
again during various types of collisions with hydro- 
gen molecules; hence the disintegration probability 
of H,’ increases with its velocity. Conditions are 
most favorable for the production and stability of H? 
ions when the surrounding medium is made up of 
other hydrogen ions. The value of y for different 
types of hydrogen ions increases with the number of 
atoms in the given type of ion!4. Thus a change in 
the composition of the hydrogen ion mixture striking 
the cathode will case corresponding changes in U,. 
It is entirely possible that some of the processes by 
which hydrogen ions of different types are formed or 
destroyed ‘5 on their way to the cathode may not satisfy 
the similarity rule. In this case the striking voltage 
of the discharge will also deviate from the rule. 

A second reason for the failure of the similarity 
rule could be a dependence of the coefficient y for 
i", Hf and H+} ions on the potential gradient at the 
cathode. Unfortunately only one study of this de- 
pendence has been reported—for H* and H, ions with 
an energy of 250 kv!®. It was found that the coef- 
ficient y increased somewhat faster for H, ions than 
for protons as the field at the cathode increased. It 
is very probable that for the slower H? ion, the coef-. 
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ficient y increases still more rapidly, and that the 
increase is effective at still lower cathode field 
strengths. In this case, the curves U, =f (pd) for 
small values of d would be displaced to the left of 
those for large d, because of the increase of y. 
This is what is observed experimentally (Fig. 1). 


3. HIGH-VOLTAGE FORM OF THE 
DISCHARGE AT VERY LOW PRESSURES 


On the left-hand branch of the Paschen curve the 
discharge occurring after ignition is characterized 
by arunning voltage almost exactly equal to the 
striking voltage®, whereas on the right-hand branch 
the transition to a glow discharge is always accom- 
panied by a considerable reduction in the potential 
drop across the discharge. Hence formula (2) gives 
the running voltage as well as the striking voltage, 
provided that the current density in the discharge 
does not exceed about 0.1 a/cm’, as will be shown 
below. On the left-hand branch of the Paschen 
curve the normal glow discharge cannot in general 
occur, since the thickness of the normal region of 
cathode potential drop is greater than the distance 
between electrodes. The high-voltage form of dis- 
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charge occurring in the left-hand branch of the curve 
therefore has the characteristics of a silent dis- 
charge, in that there is only a weak space charge 
between the electrodes; it also has the character- 
istics of a hindered discharge, since increasing the 
distance between the electrodes results in a de- 
creased potential drop across the discharge. The 
low space charge of this type is a result of the high 
speed of the charged particles due to the high field 
and particularly to the fact that when pd is reduced 
the discharge changes from a slow diffusion of ions 
and electrons in a gas, characterized by a mobility 
coefficient in the electric field, to a free fall to the 
cathode. Particular attention should be paid to the 
current-voltage characteristics of the high-voltage 
discharge in hydrogen, where the ionic space charge 
is least effective. Such characteristic, curves, taken 
at different pressures, are shown in Fig. 4. In these 
curves the potential drop across the discharge is in- 
pendent of the current over a very wide range of cur- 
rent densities. From the outside, the discharge ap- 
pears as a diffuse glow, whose intensity falls off 
continuously from the cathode to the anode, corre- 
sponding to the drop in the excitation efficiency of 
electrons in the energy range 10° to 10° ev. 
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FIG. 4. Current-voltage characteristics for high-voltage form of hydrogen discharge at 
constant field strength. d= 16 mm; cathode surface = 50 cm’; pressure p in mm Hg. 
1—thin nickel foil electrodes, 2—massive copper electrodes, 3—massive copper electrodes 


with pulsed operation. 


The heating of the electrodes, which increases 
with the current, causes a lowering of the hydrogen 
density in the interelectrode space. Because of the 


very steep rise which occurs in the striking voltage 
(and in the concomitant running voltage) of the high- 
voltage hydrogen discharge when the value of 
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pd°*** is reduced, even a slight reduction in gas 
density is sufficient to raise the voltage necessary 
to maintain the discharge. Curve l of Fig. 4, taken 
at a pressure of 0.21 mm Hg in a tube with thin nick- 
el-foil electrodes, shows arise even at current den- 
sities of the order of 0.1 ma/cm*. Curve 2 was 
measured in a tube with massive electrodes of elec- 
trolytic copper; the discharge was switched on for 
short periods only. Because of the lower electrode 
heating, the upward rise in the curve begins only at 
a current density of a few ma/cm’. In order to elim- 
inate the effeet of electrode heating, curve 3 was 
taken by applying voltage pulses of 4 microseconds 
duration at a repetition rate of 200 per second. By 
this means the average heat dissipation at the elec- 
trodes was reduced by three orders of magnitude. 
The heating during each pulse could not have 
caused any rarefaction of the gas, since in 4 micro- 
seconds the hydrogen molecules would travel only 
about one centimeter, and would not be able to 

leave the discharge space. The rise in curve 3 be- 
gins at a current density on the order of 100 ma/cm’. 
The remaining current-voltage characteristics were 
all measured at lower hydrogen pressures in the tube 
with massive copper electrodes already referred to, 
using discharges of short duration. The lower the 
hydrogen pressure, the smaller is the current density 
at which the voltage rise begins, since the left-hand 
branch of the Paschen curve becomes steeper for 
lower pressures and even a very small amount of 
heating is sufficient to produce a noticeable voltage 
rise. If the heating effect is reduced (as in Curve 3) 
it is possible to obtain a constant voltage drop over 
arange of at least seven orders of magnitude of cur- 
rent, from 10°’ to 1 ampere. It appears likely that 
this constancy would be maintained for several more 
orders of magnitude below 10” ampere. 

The rise in voltage across the discharge when the 
current density increases above 100 ma/cm? cannot 
be due entirely to heating of the gas. The appear- 
ance of a positive-ion space charge at high current 
densities (the electron space canbe neglected, since 
electrons are removed from the interelectrode space 
with almost two orders of magnitude faster than the 
ions) leads to a redistribution of the electric field 
between the electrodes. This causes an increase in 
the potential drop at the cathode and a decreased 
drop at the anode. The results of this will be: 

1) areduction in the number of ionizations caused 
by electrons on their way from cathode to anode, be- 
cause it diminishes the region in which the electrons 
attain energies of 20 to 1000 ev, where they have 
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the greatest effective cross-section for ionization 
(G; > 1 cm?/cm*); and 2) an increase in the average 
value of y for ions which reach the cathode owing to 
the increased anode region in which U has a higher 
value, and a corresponding increase in the propor- 
tion of higher-energy ions that strike the cathode. 
Whether this redistribution of the field will lead to 
an increase or a decrease of the discharge voltage 
depends upon the nature of the dependence of y and 
Q; on the energies of the corresponding ions and 
electrons. An increased potential difference across 
the discharge will result when the drop in the num- 
ber of ionizations by electron impact is not com- 
pensated by the increase in y. In the opposite case, 
there will be a decrease in the running voltage of 
the discharge due to the more rapid growth of y with 
increased ion energy U. In hydrogen, y rises slowly 
in the energy interval 0 to 30 kv‘4*1". Therefore for 
a high-voltage discharge, one would predict that the 
positive space charge would cause the current-volt- 
age characteristic to rise rather than drop. 

It is possible to estimate the order of magnitude 
of the current density j at which the positive space 
charge is known to cause a change in the current- 
voltage characteristic of a high-voltage discharge 
(regardless of the sign of this change). All the ap- 
proximations necessary for this estimate are made 
in such a way that the value obtained for j is an up- 
per limit. 

For simplicity let us assume that there is a con- 
stant positive space-charge density between the 
electrodes. If p = 0, the potential increases linear- 
ly from cathode to anode, while the field E is con- 
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FIG. 5. Assumed conditions of U, E and p correspond- 
ing to the, onset of a change in the running voltage of a 


high-voltage discharge, as the discharge current is in- 
creased, 
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stant and equal to E = U,/d, where U, is the poten- 
tial difference between the electrodes. Let us find 
the value of p for the case where the mean value of 
E is still equal to U,/d, but where E varies from 
the value 2U/d at the cathode to zero at the anode. 
Since p is constant, £ must decrease linearly from 
cathode to anode. The potential U varies in this 
case as shown in Fig. 5. When the potential devi- 
ates from linearity as much as this, it is quite reas- 
onable to expect variations in the running voltage of 
the discharge. 

If x is the distance from the cathode, we obtain 


AG go Af x 
E=-7-(1— 3), (3) 


dE/dx = — 4x9 = —2U,/d?, 9 = U,/2nd?. (4) 


On the other hand, the positive-ion space charge 
produced by a current of j/e electrons passing 
through one square centimeter each second is equal 
to 


p = (j/e) spre, 


where sp is the product of the effective cross-sec- 
tion for ionization by electron impact and the gas 
pressure, and 7 is the mean lifetime of the ions in 
the discharge. Here we are assuming that spd is 
considerably smaller than unity, i.e., that most of 
the discharge current is carried by electrons. 

We now determine an approximate lifetime 7 as the 
time for the free fall of an ion from a distance of 
d/2to the cathode in a field E,, which is the mean 
value of E between x =0 and x =d/2. (In this deri- 
vation we ignore collisions of the ion with gas mol- 
ecules, which will in fact lead to an increase of r.) 
Then 

E, =3U,/2d, <=V2@MpU¢, 8) 
where M is the mass of the ion and e is its charge. 

The value of current density j in the discharge, 
for which the interelectrode field becomes distorted 
in the manner shown in Fig. 5, is found from Eqs. 


(4) to (6): 
j = V3/,eU0'/nd*spM *. (7) 


For the case corresponding to curve 3 of Fig. 4 
we have U, = 2500 v, sp = 0.2 cm? at electron ener- 
gies of the order of 1000 ev, d = 1.6 cm, and : 
M = 2.33 x 10°* g (we assume that the ions are H,’). 
This gives a value for j of about 2a/cm’. At this 
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current density, Curve 3 of Fig. 4 already shows a 
noticeable rise in the running voltage. Thus, the 
rise in running voltage with increasing current den- 
sity in a hydrogen discharge can be due either to a 
rarefaction of the gas caused by heating of the elec- 
trodes, or to distortion of the field under the influ- 
ence of the ionic space charge. 

A de high-voltage discharge does not turn into an 
are until the discharge current reaches ] ampere. In 
pulsed discharges, transition to the arc occurs for 
currents of 1000 ampere only at pressures above 
0.2 mm Hg. At lower hydrogen pressures, transition 
to the arc does not occur until the total discharge 
current is above 1000 amperes (j > 20 a/cm’). This 
result indicates that the high voltage form of dis- 
charge can be supported for short periods of time 
without going over into an arc, at extremely high 
current densities, probably considerably in excess 
of 100 a/cm’. 

For a comparison of the nature of discharge ef- 
fects on the left- and right-hand branches of the 
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FIG. 6. Schematic form of the current-voltage charac- 
teristics of a discharge: 1—for pd < pdyjn; 2— for 
pd > pdmin (after Druyvesteyn and Penning!8). 
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Paschen curve, Fig. 6 shows schematically the cur- 
rent-voltage characteristics of a high-voltage dis- 
charge (Curve 1) and a discharge on the right-hand 
branch (Curve 2); the latter curve is borrowed from a 
well-known survey article!®. For convenience of 
comparison, the ordinates of Curve 2 have been in- 
creased by ten times. The curves of Fig. 6 demon- 
strate the relative simplicity of the effects on the 
left-hand branch of the Paschen curve. The con- 
stant potential difference across the discharge 
agrees very well with Townsend’s assumption that 
the ignition of the discharge is a process in which 
the current goes to infinity when the voltage on the 
electrodes exceeds a certain value—the striking 
voltage. 

The high-voltage form of discharge, characterized 
by voltages in kilovolts or even tens of kilovolts, 
and a current density up to tens of amperes per cm’, 
undoubtedly deserves detailed study, not only in the 
steady but also in the dynamic state. This form of 
discharge, at low current densities, was used a 
great deal in former years, when such discharges 
were the only source of electron and positive-ion 
beams with energies of several tens of kilovolts. 
Methods have recently been sought for obtaining 
high temperatures with the aid of super-powerful 
discharges'?»?°, The high-voltage form of dis- 
charge appears to be the first stage in the develop- 
ment of a super-powerful discharge of this type, in 
which the cross-section area of the discharge is 
still uniformly filled with current. 

In conclusion, the authors wish to express their 
thanks to N. G. Kashnikov and T. B. Fogel’son for 


valuable critical comment. 
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The main characteristics of a packed rectification column for separation of a He® — He* 
mixture and of a filter for enriching the solution with the light helium isotope by means of 
the thermomechanical effect have been determined experimentally. The results are com- 
pared with theory. A brief description of a continuous-action double ray mass spectro- 


graphic gas analyzer is presented. 


N RECENT YEARS much work has been devoted 

to the experimental study of the properties of He® 
and its solutions in He*. However the light helium 
isotope is interesting not only as a subject for inves- 
tigation. Evaporation of liquid He*® under evacua- 
tion makes it possible to obtain temperatures of the 
order of 0.3 — 0.4°K and thus to increase signifi- 
cantly the scale of low-temperature experiments. 

At the present time the basic source of He’ is 
tritium (T? + He} + 6 + v, with a half-life of 12 
years), a very expensive hydrogen isotope which is 
obtained in atomic reactors. It is known that He’® is 
contained also in natural helium, which, however, 
practically worthless for obtaining anywhere near 
reasonable amounts’? of He?, since the concentra- 
tion of the light isotope in the natural gas is ex- 
tremely low, about 10° — 10° %. In working with 
He* — He* mixtures it is often necessary to extract 
the He® from mixtures containing no less than 
0.01 — 0.1 % of the light isotope. 

The extreme value of He® necessitates the fullest 
possible separation of the mixture even when small 
quantities of the original product limit the yield of 
He*®. Furthermore, the separation process should be 
sufficiently rapid, and this is particularly important 
when dealing with low concentrations. He® and He* 
have different boiling points, and in the liquid state 
the two isotopes are miscible in all respects.” 
Solutions of He* — He* have no azeotropic points*. 
Under these conditions rectification is the simplest 
and most convenient method for separation of the 
mixture, especially since the separation coefficient 


a = y(1—x)/x(1—y) 


(y, x are the relative molar concentrations 


He*?/(He? + He*) in the vapor and the liquid, respec- 


*Below a temperature of 0.8°K, He’ and He* are no 


longer mutually soluble’. 


tively), which characterizes the ideal degree of rec- 
tification, is very large: a = 3 — 7 (Fig. 1). 


0 0 0 DH 0 0 0 DW 0 DB 0% 
J 
FIG. 1. The dependence of the separation coefficient 


a on the vapor concentration y for various pressures, cal- 
culated from experimental data*’*°, 


There exist in addition many special methods for 
the separation of helium isotopes, which make use 
of the superfluidity of the He II in the solution. 
These involve enrichment with the aid of a thermal 
flux 256 com NeEES away the He* in a film?*®, 
through a thin filter »2 (thermo-osmosis). As is 
shown by experiment, the best results are obtained 
by thermo-osmosis, which makes possible reliable 
extraction of He® with sufficient output Be 

In the present work we investigate@he fund amen- 


or 
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tal results of an experimental study of the rectifica 
tion and thermo-osmosis processes which are neces- 
sary for the calculation and effective use of rectifi- 

cation columns and filters. 


RECTIFICATION 


Experiments on rectification were conducted with 
an adiabatic column whose design is shown in Fig. 
2. The column 1 itself (a 7.5 x 8 tube of stainless 
steel) consists of two sections, 3 and 4 cm long, 
filled with 2.5 mm rings of constantan wire 0.25 mm 
in diameter. Vapor intake 2 in the central part of 
the column, valve 3, and tube 4 serve to draw off the 
mixture for analysis. Column chamber 5 is a copper 
cylinder externally heated by heater 6. A resistance 
thermometer 7 made of phosphor bronze is wound on 
the side surface of the chamber. The chamber is fil- 
led with the mixture through coil 8. Column con- 
denser 9 serves also as the bottom of upper bath 10 
which can be filled through valve 12 by liquid helium 
from Dewar flask 1] (lower bath). The temperature 
of the condenser is regulated by the evacuation rate 
of the upper bath. The column itself is surrounded 
by a vacuum jacket /3 which, after the apparatus is 
assembled, is evacuated to a pressure of 10* mm 
Hg. The vapor is removed from the condenser by 
tube 14 and from the chamber through coil 8. The 
glass parts of the apparatus (the upper bath and the 
upper part of the vacuum jacket) are joined to the 
metal by the copper-glass bonds 15. Wire-mesh cone 


16 supports the packing and improves the conditions 
for the entry of vapor into the column. 

In the experiments on rectification, we determined 
the dependence of the vapor concentration yj in the 
intake 2 as well as the vapor concentration y, in the 
condenser on the pressure in the column at a con- 
stant heating rate of the chamber, and the dependen- 
ce of y; and y, on the mass velocity of the vapor at 
a constant pressure in the column. All the experi- 
ments were performed on a mixture with an initial 
concentration y, of 2.6% under full reflux return 
(circulating system). Fig. 3 shows typical curves 
for y,; and y, as functions of the pressure in the 
column at a constant vapor mass-velocity. For the 
calculations which follow we used smoothed out val- 
ues for y; and y, (Tables 1 and 2). Since the liquid 
concentration in the chamber was no greater than 
x = 0.2 — 0.3% during the measurements, the vapor 
pressure in the column was assumed to be due to 
pure He’, and on this basis the chamber temperature 
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FIG. 2. Packed rectification column. 


was determined.* The mass velocity Uy (measured 
in gm/cm’-sec) of the vapor for the total input 
(lower) cross section of the column was determined 
from the power output of the electric heater and the 
heat of vaporization’* of He‘, and the Reynolds 
number Re corresponding to it was calculated from 
the usual relations 


(1) 
(2) 


Re = Uyd./yn 
de re 4u/f%, 


*F or the determination of temperature from the He* 
vapor pressure, 1949 tables were used in all cases*®, 
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FIG. 3. The vapor concentration y] in the intake and y,, 
in the condenser as functions of the pressure in the col- 
umn at constant vapor mass-velocity. 


where d, = 0.107 cm is the equivalent diameter, 
w = 0.811 is the free volume of the packing (that 
fraction of the volume of the column which is not 
occupied by packing material), and f’ is the area of 
the packing per cm® of column. The magnitudes of 
w and f’ are found from the weight of one cubic 
meter of dry, granular material and the geometry of 
the packing, and 7, is the viscosity. The measure- 
ments were performed with Re ranging from 35 to 
175, which is essentially turbulent motion of the 
vapor |? 

The separation capacity of a column is usually 
characterized by the height of a transfer unit'>+*4 
®,, given by 


Vy Yu 
i 5 a \ =t, (3 
O,= C =H {\ fay gy br) (3) 
al y} 


where € is the number of transfer units, 7 is the 
length of the section of the filled column at whose 
ends the He® concentration in the vapor is y, and 
¥y» Tespectively, y is the vapor concentration at the 
core of the flow, and y* is the vapor concentration 
which is equilibrium for the core of the liquid flow. 
The quantity y* — y is a measure of the diffusion 
pressure, so that ®, is the height of a section of 
the column which gives an enrichment equal to the 
mean diffusion pressure in this section. 

If the resistance to mass transfer in the liquid 
may be neglected, y* — y = y; — y (where y; is the 
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vapor concentration in equilibrium with the liquid 
at the phase boundary), and 


Yu 
0, = 0 =H /\ dy — ye 


y 


where V is the volumetric rate of vapor production 
(in cm?/sec), k, is the mass-transfer coefficient in 
the vapor (in cm/sec), and f is the packing surface 
per centimeter of column height. Using the mass- 
transfer equation in the form’? 


Nu’ = A Re™Pr’* (4) 
(where A is a constant, Pr’ = n/pD is the Prandtl 
diffusion number for the vapor, D is the molecular 
diffusion coefficient, p is the vapor density, and 


Nu’ = ked,/D 6) 
is the Nusselt diffusion number), we arrive at !© 
® = ()/ fA) Re!-™ Pri-®, (6) 


An evaluation of the resistance to mass transfer in 
the vapor and liquid by Peshkov’s method’? shows 
that in the first approximation one may neglect the 
resistance in the liquid. This makes it possible to 
use Eq. (6). Bearing in mind, however, that Re de- 
pends only weakly on the pressure, Pr“ is practical- 
ly constant, and* 


1 Yq (1 


=o) * yy 
tay +In 


<a Fue, Sn 


(7) 


(which means that avery small change of a with 
pressure may cause a large change in a — | and 
therefore in €), Eq. (6) should be written in the 


form 


=p A) Rei e = (e), (8) 
where ¢(p) is a function which accounts for the 
pressure-dependence of a. 

The quantity ® = ®, was calculated by graphical 
integration of Eq. (3), with the aid of a graph of y 
vs. x (Fig. 4). The calculated height of the column 


*E quation (7) is valid only for a circulating system 
with constant a." 
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H was determined with the rectifying action of the 
condenser taken into account. As was shown by 


¥% 


4,30 


FIG. 4. Graph of y vs. x. Smoothed-out data is used 
ip = 5052) p = 100; 3) p= 150inm He. 
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measurements of the vapor concentration in the 
chamber, in the center of the column, and in the con- 
denser, all at the same state of operation, about 
25% of the total number of transfer units (¢) may be 
assigned to the condenser. The values of ® ob- 
tained in this way for the packed part of the column 
satisfy the empirical equation 


= S53iRen hole): (9) 


The values of (p) are shown in Table 1. The ac- 
curacy of this equation, taking account of the 
spread in y, and y,, is + 20%. From Eq, (4) and (9) 
we obtain Nu’~ Re?*?. The exponent on [e usual- 
ly 16 lies between 0.75 and 1.18. The stronger de- 
pendence is probably explained by the poorer dis- 
tribution of the liquid through the packing at low 
thermal loads on the column /® 


TABLE I 
Chamber Ch amber ; 
temperatu- | pressure, > % Vw % t co) Re © (P) 
re °K mm Hg 3 
Des 50 0.75 98.5 6.52 0.8695 Goee 0.246 
2.49 79 Syed TOLD 2.45 2.30 Ae 0.618 
2.64 100 41M oes Gam 1.63 3.47 69.0 0,903 
PAST 425 14.0 Mf 57 4,39 4,07 66.8 On 
2.88 150 LARS Sa 47.38 4.10 65.0 0.995 


Note, The mass velocity was 0.00492 gm/cm?-sec. 


In addition to the experimental determination of 
the separating capacity of the column, there exist 
several works /7>!9»?° in which an analytic expres- 
sion for the column efficiency is obtained by inte- 
gration of the differential equations of mass trans- 
fer. Of particular interest are the results obtained 
by Peshkov’’, since they include many practi- 
cally important cases. 

For non-extracting operation, constant-velocity va- 
por motion throughout the column,* and no resistance 
in the liquid, y, and y, are related by!”: 


(I—y)y Ph a(lay)jy te 0) 


1/g = (|w|de/4Dpdxy)af(a—1). QD 


*At a condenser temperature of about 1.5°K (almost 
pure He*) and a chamber temperature of about 2.3°K 
(almost pure He*) the vapor velocity at the condenser is 
about 25% greater than at the bottom of the column, so 
that in the first approximation the constant-velocity con- 
dition is fulfilled. 


iCquation (10) is derived for an empty column. On 
going over to a packed column, the radius of the 
tube in Eq. (11) is replaced by d,/2. In addition, 
Eq. (10) is strictly speaking valid for concentrations 
which have been averaged in a particular way over 
the cross section and velocities te although when 
the vapor motion is turbulent this averaging gives 
the values which are actually measured in experi- 
ment; here w is the velocity of the vapor averaged 
over the cross section (in cm/sec), D «4 =D +D,, 
where D, is the coefficient of turbulent diffusion 
(in cm?/sec), the coefficient x, is defined by the 


equation “ 
oe, 
On ji 


and n is the normal to the surface of phase separa- 


tion. Since 
k ) | 
on ales 


32% pa (12) 


Re(Yi— Y) = Dete 
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Eq. (5) and (12) lead to The values of 1/B as calculated according to Eq 


(10) and (14) are sufficiently close (Fig. 5). The 
coefficients a necessary for the calculation were 
averaged according to Eq. (7). 

In the case of extraction and when the molar vapor 
production rate remains constant along the column, 
we use the same initial equations and assumptions 
fe = De 9a = 1). (14) asin deriving Eg. (10) and (14), and obtain the fol- 


lowing expression for the number of unit transfers: 


Dass = Nu’ D/4 Nye (13) 


Inserting (13) into (11) and making use of (4), (2), 
and (6), we obtain 


a er 1, —(t—y,)+ F—y,)+ M 

pete ee a es, 

(15) 
| OG FP se ete te —2(1—4,)+ F +V4M+ F 
2V4M + F? —20—y)+FTV4M EP —2(t1—y) + F-ViMe | ” 
where 
(a= 1) (1 — yy). = 21 — 
F= — ; G=22=9 tr (lay); 


40 60 2 100 120 140 60 Re 0 60 100 120 1 
2mm. Hg 


FIG. 5. Values of 1/8 as calculated according to Eq. (10) (lower curve) and Eq, (14) 


(upper curve) for various pressures p in the column (Re = const) and various Re (p = const). 


TABLE II 
Chamber 102 
heating OM Yp> % | Yur % E ca) Re 
rate, watts gm/cm’-sec 
0.0259 0220 23 46 Ort 8.05 34 
0.0517 Oa) 41.7 OG i) AS BOs 68 
0.0777 0,795 4.0 Gon2 2.29 2,46 102 
0.104 Ae) at al 70.5 2.92 A938 136 
0.130 Ao) O52 3 Be he AL ol ATA 


Note. The column pressure is 125 mm Hg. 
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and y is the fraction of the vapor stream in the col- 
umn which is extracted. If y<0.l and l—yy K1L 
then (a — 1)/a 3.0.6, and expanding 1/F in a power 
series in y and neglecting terms of order y* and 


higher, Eq. (15) leads to 
4 (Ut pel a 

= 4-In| te eect (16) 
a2— 1+. 2ay Yuan (ee 7] pon Oy 

te aoa 21) Lil era rai m= avis 


When y = 0, Eqs. (15) and (16) reduce to (10). 


In rectification of a He* — He* mixture the vapor 


production rate at the top of the column is greater 
than that at the bottom by a factor of about 2, as- 
suming that the chamber contains pure He* and the 
condenser pure He®. Therefore Eq. (15) and (16) can 
in this case be used only for a rough estimate. 

If we increase the initial concentration y, of the 
mixture, we increase the allowable (i.e., for given 
¥1s Yu» and Uy) extraction rate of the product (an 
increase of y, by 1.5 to 4% makes it possible to in- 
crease the extraction rate by a factor of 1.5 — 2), so 
that the column should be supplemented with an ap- 
paratus for the preliminary enrichment of the mix- 
ture to a y, value of several per cent. This is most 
easily done by thermo-osmosis. 

To determine the maximum output of the column, 
one should find the critical vapor velocity, i.e., 
the velocity at which the vapor begins to drag liquid 
along into the condenser (percolate). 

It is known that for equal vapor velocity the pres- 
sure drop across a wet column is much greater than 
that across a dry one. 

As has been shown by Kapitza”’, under certain 
definite conditions the wave motion of a thin film of 
viscous liquid is more stable than laminary motion. 
By taking account of the disruptions in the gas cur- 
rent flowing across the waving surface of the liquid, 
one is able not only to obtain a quantitative deter- 
mination of the pressure drop in a wet tube, but 
also to calculate the critical vapor velocity in it 
with good accuracy. In general, the vapor mass-ve- 
locity at the moment of percolation (US") depends”? 
on the geometry of the column, the densities p and 
p, of the vapor and liquid, the discharge of the li¢ 
uid, its density 7, and its surface tension. For the 
circulating state, a small temperature interval, and 
a given column diameter, the dependence is essen- 
tially ss ~ (p/p;)", since the change of o due to 
temperature is of little import (US’ ~ 0°"), and the 
viscosity variation is even less (Uj" ~ 7°”). 
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An investigation of percolation was carried out on 
a single-section column 200 mm long, similar design 
to the rectification column (Fig. 2). The moment of 
percolation was found from the different increases 
in the pressure difference between the chamber and 
condenser which accompanies small changes in the 
heating rate of the chamber. Measurements were per- 
formed both on pure He* and on a mixture 
(y, = 2.6%). All calculations on percolation were 
performed for the total column cross section. from 
the chamber pressure p, immediatedly before perco- 
lation, the chamber temperature 7, was found, and 
the ratio of the vapor to liquid densities (p/p,) was 
calculated. In performing the calculation the modu- 
lus of compressibility of the vapor Z = 1+Bp,/RT, 
was accounted for, where B is the second virial co- 
efficient of He* (in n. cm*’/mole)??. For tempera- 
tures on the order of 2.8 — 2.9°K, the ideal gas 
equation gives too low a value for p (by 10 —12%). 
Further, Ue was calculated from the heater power 
and the heat of vaporization of He*. With a statisti- 
cal error no greater than + (4 — 5%), both for the 
mixture and for pure He’, ; 


Um = 0,153 (p/p ,:)**, 
0,013 <p/o, < 0,033; Te = 2,4 3,0°K. £17) 


The slope of the Uy curve as a function of p/p, 
when calculated according to Kapitza’s equation is 
close to the experimental value, so that this depend- 
ence for a packed column is the same as for a film 
column. A similar dependence is given by empirical 
equations presented in other works??"25. The 
amount of liquid trapped by the packing in the opera- 
tion of the column is an important characteristic of 
the separation process. In periodic rectification, 
an increase of the ratio between the entrapment and 
the chamber content limits the output of the product 
and in many cases decreases the degree of separa 
tion?®, The magnitude of the entrapment makes it 
possible to determine the incomplete product II, that 
is the minimum amount of He® which must be in the 
column during its operation. In the circulating 


H 
state’? II = (S/H) J ydH, where S is the entrapment 
0 


in the whole column; using Eq. (10) and (15) we 
obtain 


ripe 
n=+| in if 
Gelk@ fie 


1 
AF aa (Yu- y)| : (18) 


SEPARATION OF HELIUM ISOTOPES 


In order to determine the entrapment (Fig. 2), a 
known amount of mixture (2.6%) was condensed in 
the chamber, and then the chamber heat supply was 
gradually increased until all the liquid was trapped 
by the packing. In this case the chamber content is 
equal to the entrapment and the heat supply and 
chamber temperature determine the vapor mass ve- 
locity at the bottom end of the column. The time at 
which the liquid left the chamber was fixed from the 
readings of resistance thermometer 7 (Fig 2) which 
was connected into a self-balancing bridge circuit 
based on the EPD-17 potentiometer. 

An evaluation of the entrapment for various values 
of Uy, in calculating the thickness of the liquid film 
uniformly covering the packing gives a quantity on 
the order of (0.7 — 1)- 10? cm for 
Ce = 0.005 — 0.02 gm/cm?-sec. 


THERMO-OSMOSIS 


The apparatus for thermo-osmosis is shown in 
Fig. 6. Condenser 1 is soldered to filter 2 consist- 
ing of a copper tube of diameter 2 x 4 mm and length 
4.5 cm tightly packed with crocus. The filter and 
upper bath are surrounded by a vacuum jacket which 
is evacuated through tube 3 during assembly of the 
apparatus. In experiments on the efficiency of 
thermo-osmosis the condenser was filled through 
tube 6 with a known quantity of a mixture of given 
concentration. Evacuation of the upper and lower 
baths was used to establish temperatures at the end 
of the filter such that the He* in the solution was 
superfluid”. Calibrated collector 5 was then filled 
through tube 7 with gaseous He* to the equilibrium 
pressure, thus improving” the He® extraction from 
the solution. When valve 4 was opened, the super- 
fluid helium flows into collector 5, and the He’ con- 
centration in the condenser gradually increases. The 
calculated enrichment coefficient of the filter 
5 = x/x, (where x and x, are the liquid concentrations 
in the condenser and collector, respectively) is on 
the order of? 104 — 10° (complete separation is not 
obtained, since He® penetrates through the filter due 
to diffusion in the liquid). Measurements show 
that 5 is in any case greater than 500. After closing 
valve 4 the enriched remainder was pumped into a 
graduated gas holder, and as a control its concentra- 
tion was measured in a mass-spectrographic gas 
analyzer. From the known initial and final mixture 
concentrations and volumes, as well as from the 
amount of liquid in the container at a time Tt, the 
concentration of the mixture in the condenser was 
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FIG. 6. Thermo-osmosis apparatus 


calculated for given t. The concentration of the 
liquid was calculated on the basis of the distrubu- 
tion coefficients y/x as given by Esel’son and 
Berezniak*, and the vapor volume of the condenser. 
The output Q (in 1/he) of the filter is calculated 
from the rate at which the collector is filled. The 
results obtained are shown in Fig. 7. For a given 
filter output and condenser temperature, the enrich- 
ment is greater for greater temperature between the 
ends of the filter. Qualitatively speaking, the tem- 
perature dependence of the enrichment is of the 
same form also for equilibrium, that is when the 
total discharge of liquid through the filter vanishes. 
The equilibrium values of x have been calculated 
previously”. Since the output decreases rapidly as 
x increases, the use of thermo-osmosis at concen- 
trations greater than 4 — 5% is not worthwhile. 


MASS SPECTROGRAPHIC GAS ANALYZER (MG) 


The gas analyzer is based on the PTI-4 helium 
leak-detector, and is a double-ray mass spectrograph 
with 180° deflection and separate amplification cir- 
cuits for the He® and He‘ ion currents. The MG can 
be used for continuous analysis of a gas mixture in 
the concentration range between 0.2% for 
He? /(He? + He*) and 0.2% for He*/(He* + He*) with an 
accuracy of + 5% of the measured quantity. Unlike 
Nier’s?“*?® double-ray instrument and the domes- 
tic”? MS-2M, the gas analyzer has a pulsating ion 
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FIG. 7. The dependence of the filter output Q on the concentration of the liquid being 
enriched at various temperatures. Curve 1) 1.43° (solution) — 2.15° (He* collector); Curve 
2) 1.43 — 2.02°K; Curve 3) 1.43 — 1.86°K; Curve 4) 1.86 — 2.15° K; Curve 5) 1.86 — 2.02°K. 


current and ac amplification. The method for obtain- 
ing an ac voltage on the collector is the same as in 
the leak detector. The construction of the ion 
source (cathode J and ionizer 2, Fig. 8) is not 
changed. Between the ionizer and the exit slit 4 

is an accelerating diaphragm 3 (with a slit of about 
0.2 mm). The radii of the ion trajectories are 3.5 cm 
for He®+ and 4 cm for He**. The distance between 
the slit centers of the collector diaphragm 5 is about 
10 mm. In the vacuum chamber of the MG are placed 
two acorn-tube electrometer stages 6Zh1Zh connected 
as triodes. The grid-leak resistors (5 x10 ohm) are 
the same for both tubes. The signals from the elec- 
trometer stages are fed into ac amplifiers (the He* 
circuit uses the amplifier of the leak detector) and 
are then rectified. The maximum current gain, found 
from the ratio between the output dc current and the 
effective current in the input resistance of the 

acorn tubes, is about 5x10°. An electronic potentio- 
meter EPD-17 is used to measure the ratio of the 
ion currents: voltages proportional to the output 
currents of the amplifiers are applied, with op- 
posite polarity, to the input of the potentiometer 
amplifier (the output current of the He’ circuit flows 
along the EPD-17 slide wire). When so connected, 
the apparatus gives the ion current ratio, or the 
molar concentration of the mixture in terms of 
He*/He’*. 

Different ranges of measurement are obtained by 
switches which change the ratio of the gains of the 
amplifiers from 1 to 100. In order to test the ampli- 
fiers, an ac voltage from a PTI-4 generator can be 
applied to the input of the electrometer stages. 
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FIG. 8. Gas-analyzer vacuum chamber. The potential 
of cathode J and diaphragm 3 is +220 v, that of ionizer 2 
is Ude ae Vac = SG se 21 Vv. 


Under continuous analysis the gas consumption is 
0.1 — 0.2 cm*/hr. During measurement, the gas 
pressure ahead of the input valve (PTI-4 throttle 
valve) is no greater than 20 — 30 mm Hg, and the 
gas input is easily regulated; the readings of the 
apparatus do not depend on the gas pressure ahead 
of the valve within the limits of accuracy of the 
analysis. The background of HHH* ions is between 
0.03 and 0.04% of the He® after a half hour of cath- 
ode heating. In order to obtain readings relative to 
zero concentration, regulation of the output current 
in the He® circuit is provided for while the ratio be- 
tween the amplification factors is held constant. 
The resolving power of the mass spectrograph (with 
a maximum half-width of about 12) and the shape of 
the ion beams make it possible, in principle, to 
increase the sensitivity of the apparatus by a factor 
of at least 3 — 4. 
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CONCLUSIONS 


A combination of thermo-osmosis and rectification 
is a simple and effective method for extracting He? 
from a mixture. The filter used in thermo-osmosis is 
easily connected to the column so that the whole 
apparatus can be placed into a single cryostat”. 

The results of the present work show that a 
packed column 8 — 10 cm long makes it possible to 
obtain practically pure He*® when dealing with a mix- 
ture containing only 1] — 2% of the light isotope. 
Using a column from 7 ~ 8 mm in diameter, the He® 
extraction rate under these conditions may be as 
great as 8 — 10 I/hr. The amount of the incomplete 
product is then of the order of 200 — 300 cm’ of He’. 
However, successive rectification of the remainder 
at lower heating rates of the column makes it pos- 
sible to decrease the amount of the incomplete prod- 
uct substantially. 

For the column and filter together, the total coef- 
ficient of enrichment is of the order of 10° — 10°. 

Several expressions have been obtained for the 
calculation of the rectification process with turbu- 
lent motion of the vapor in the column, and the de- 
pendence of the filter output on the concentration of 
the mixture to be enriched has been determined. 

In order to study the separation processes, a dou- 
ble-ray mass spectrographic gas analyzer has been 
constructed, and in spite of its relatively simple 
design it can be used to obtain sufficiently accurate 
measurements of the concentrations in various mix- 
tures. 

The author expresses his deep gratitude to M. P. 
Malkov, V. P. Peshkov, A. G. Zel’dovich and N. E. 
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The Photoconductivity of Cuprite 


A. N. KRONGAUZ, V. K. LIAPIDEVSKII, AND IU. S. DEEV 
National Institute of Roentgenology and Radiology 
(Submitted to JETP editor June 15, 1956; re-submitted after revision February 9, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1012-1017 (May, 1957) 


A further investigation has been carried out on the photoconductivity of cuprite under 
various conditions of illumination. The kinetics of photoconductivity have been studied 
at various field strengths and light intensities by a “light probe” method. Investigations 
of the temperature dependence of photoconductivity indicate the presence of a peak of 
negative as well as positive photoconductivity. The combined action of various types of 
radiation on the photoconductivity has been studied, and it has been found that the nature 


of the observed effects depends on the sequence of the illumination processes. 


N A PREVIOUS PUBLICATION? the authors 
studied the effects of field strength and illumi- 
nation intensity upon the negative photoconductiv- 
ity of the mineral cuprite. Further work has now 
been done to study more fully this negative photo- 
conductivity and the conditions under which it 
arises. 

The studies were carried out on single crystals 
of cuprite whose structure was verified by Debye 
patterns taken in an X-ray camera using an X-ray 
tube with a copper anode. Comparison of these 
measurements with the data in the literature gave 
very good agreement (measured a = 4.258 A; liter- 
ature value, a = 4.252 A).* The measuring circuit 
is shown in Fig. 1. Light from an incandescent or 
mercury lamp S is passed through a monochromator 
with quartz optics, and focussed on the Cu,O crys- 
tal in the form of a narrow ribbon parallel to the 
electrodes. By reversing the sign of the voltage 
applied to the crystal, without changing the posi- 
tion of the light beam, it was possible to apply the 
illumination to either the positive or the negative 
electrode region. 

Since cuprite crystals show both positive and 
negative photoconductivity in different parts of the 
spectrum, experiments were carried out to study the 
spectral distribution of the photoconductivity of cu- 
prite. Typical curves showing the dependence of 
photoconductivity on the wavelength of the inci- 
dent light are shown in Fig. 2. The curves have 
been reduced to constant incident energy. The 
maximum negative photoconductivity is generally 


*The X-ray structure analysis was carried out at the 
Giredmet (State Inst. of Rare Metals) in the laboratory of 
Prof. G. F. Komovskii. 


Galvanometer Oscillograph Rectifier 


FIG. L Diagram of the measuring apparatus. 


found in the long-wave region of the spectrum 

(A = 6400 A) and the maximum positive photocon- 
ductivity in the short-wave region (A = 4200 A). 
From the curves it is evident that the relative mag 
nitudes of the negative and positive photoconduc- 
tivity depend upon the location of the light probe 
with respect to the electrodes. 

It has been shown previously that as the light 
intensity is increased, the negative photoconduc- 
tivity increases, attains a maximum, and then be- 
gins to decrease, changing oyer to positive photo- 
conductivity at a point which depends on the volt- 
age applied to the crystal. With increasing applied 
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conductivity in cuprite, one must take into account 
the fact that the relative magnitude of the effects, 
and even their sign, depend upon the experimental 
conditions; in particular, they depend to a marked 
degree upon the conditions of illumination. The 
spectral distribution curves shown in Fig. 4 were 
taken at high light intensity. Comparison of these 
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FIG. 2. Spectral distribution of photoconductivity in 
cuprite for low light intensity. 1—region of positive elec- 
trode (+700 v) illuminated. 2—region of negative electrode 
(—700 v) illuminated. 
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voltage, the transition point shifts to a more in- 
tense illumination. The dependence of negative 
photoconductivity on the intensity of illumination 
is shown in Fig. 3. 


-At 
At 
ieelative units) FIG. 4. Spectral distribution of photoconductivity in 
) cuprite at high light intensity. 1—region of positive elec- 


trode (+700 v) illuminated. 2—region of negative electrode 
(—700 v) illuminated. 


curves with those of Fig. 2 shows that a mere 
change in light intensity is all it takes to alter the 
whole character of the spectral distribution. A 
change in the voltage applied to the crystal can al- 
so produce a change in the nature of the spectral 


50 


curves, since the negative photoconductivity 
changes more rapidly with field intensity than does 
the positive (Fig. 5). 

When the strip of light producing the negative pho- 
toconductivity was moved from the cathode toward 
the anode, it was observed that the magnitude of 
the negative photoconductivity increased. If the 
crystal was illuminated with light which gave posi- 
120 tive photoconductivity, the same direction of move- 
Light intensity ment of the light probe gave a decreased positive 

photoconductivity. This effect was independent of 
the orientation of the crystal with respect to the 
electrodes. 

Because of the effect of wavelengths and the po- 
on light intensity (A= 6400 A). 1—region of positive larity of the illuminated region of the crystal upon 
electrode (+700 v) illuminated. 2—region of negative the magnitude, sign and character of the photocon- 
electrode (—700 v) illuminated. ductivity, all further observations were made under 
conditions which ensured a peak value of photocon- 


When studying the spectral distribution of photo- ductivity, namely: for negative photoconductivity, 
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FIG. 3. Dependence of negative photoconductivity 
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FIG. 5. Dependence of negative and positive photoconductivity of cuprite on the voltage applied to the crystal. 


I-A = 4200 A; 2-A = 6400 A; 3—dark. 


light of wavelength A = 6400 A applied to a region 
of the crystal adjacent to the positive electrode; 
and for positive photoconductivity, A = 4200 A ap- 
plied to the negative electrode region. 

The time dependence of the negative photocon- 
ductivity produced when a region of the crystal in 
the neighborhood of the positive electrode is illu- 
minated with low-intensity light of 6400 A wave- 
length is shown in the oscillogram of Fig. 6. When 
the direction of the electric field is reversed, so 
that the illuminated region of the crystal is near 
the negative electrode, it is evident from this fig- 
ure that the negative photoconductivity is notice- 
ably less than when the positive electrode region 
is illuminated. 


3 


T, SEC. 
FIG. 6. Oscillogram of current flowing through the 
crystal. Light of wavelength 6400 A at low intensity ap- 


plied to positive electrode region (1), and negative elec- 
trode region (2). 


The oscilloscope traces obtained with high illu- 
mination (Fig. 7) seem to be the result of a super- 
position of both positive and negative photoconduc- 
tivity. A further increase of light intensity leads 


to a growth of the positive photoconductivity and 
the complete disappearance of the negative effect. 


1.5 sec. 


FIG. 7. Oscillogram of current flowing through the 
crystal for high intensity light of wavelength 6400 A, ap- 
plied to the positive electrode region (1), and to the neg- 
ative electrode region (2). 


The observed difference between the magnitudes 
of the positive and negative photoconductivities 
produced by illuminating the positive and negative 
electrode regions indicates that the current car- 
riers are of both signs. Negative photoconductivity 
is caused by the recombination of the dark-current 
carriers (holes) with the photo-current carriers, 
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leading to a decrease in the number of positive 
carriers (holes). The positive photoconductivity is 
basically due to the increased number of electrons. 
Studies of the temperature dependence of photo- 
conductivity have shown that at higher tempera- 
tures both the positive (Fig. 8) and negative (Fig. 9) 
photoconductivities increase, passing through a 
maximum. Upon raising the temperature higher than 
this, the photoconductivity drops off, although the 
dark current continues to increase. When a crystal 
which has been heated to 100° C is cooled, its 
original properties are recovered. However, if the 
cooled crystal is immediately re-heated to 100° 
the temperature dependence of photoconductivity 
has quite a different character (Curve 2 of Fig. 8). 
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FIG. 8. Dependence of positive photoconductivity on 
temperature. Curve 2 was measured immediately after a 
preliminary heating of the crystal. 


Heating the crystal to 200°C leads to a complete 
disappearance of the negative photoconductivity, 
which is not re-established upon cooling to room 
temperature. The positive photoconductivity does 
recover after cooling, but there is a considerable 
drop in the dark conductivity. 

We have studied the effect of overall illumination 
on the photoconductivity of cuprite. If we apply a 
beam of red light, of intensity required to give the 
maximum negative photoconductivity n, and then a; 
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FIG. 9. Dependence of negative photoconductivity on 
temperature. J— U= 1000 v. 2— U= 700 v. 


general illumination of blue light which by itself 
would give a positive photoconductivity n,, the re- 
sulting effect isn, + n,. On the other hand, if a 
general red illumination is applied to a crystal to- 
gether with a blue beam, its photoconductivity does 
not change from the value n, due to the beam alone. 
When the cuprite crystal is irradiated with X-rays?, 
the same basic phenomena of negative photoconduc- 
tivity are observed as in the case of visible light. 
The irradiation of the crystal with an X-ray beam 
was carried out using an X-ray tube with a beryllium 
window, giving a high intensity of soft radiation. 
For a potential of 50 kv and a plate current of 20 ma, 
the intensity at the exit window was 30,000 roent- 
gens/min. Upon irradiating the crystal it was ob- 
served that as the X-ray tube voltage was raised, 
the negative photoconductivity also increased. In- 
creasing the anode current above a certain value, 
while at the same time keeping the voltage constant, 
had no effect on the negative photoconductivity. 
These effects are possibly caused by saturation of 
the negative photoconductivity in the relatively thin 
layer of cuprite where practically all of the soft 
X-rays are absorbed. In this case the increased in- 
tensity of irradiation due to the increased -anode 
current would not increase the negative photocon- 
ductivity, and further increases in intensity might 
even lead to a decrease. When the voltage applied 
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to the X-ray tube is raised, the rays can penetrate 
deeper into the crystal and consequently affect a 
larger volume of the semiconductor, so that we ob- 
serve a larger value of the negative photoconduc- 
tivity. 

When X-rays and visible light are both applied, 
the observed effects depend on the order of applica- 
tion. When X-rays are applied to a crystal which is 
already illuminated with visible light so as to give 
a maximum of negative photoconductivity, we ob- 
serve a decrease in the negative photoconductivity, 
or even the appearance of a positive effect. When 
visible light is applied to a crystal already irradi- 
ated with X-rays, we observe an increase in the 
negative photoconductivity. A satisfactory simple 
explanation of these observations is obtained if we 
assume that visible light is absorbed throughout 
the whole volume of the crystal, while the soft 


SOVIET PHYSICS JETP 


VOLUME 5, NUMBER 5 


X-rays are absorbed only in a very thin layer. If 
the X-ray and visible radiation are both sufficiently 
intense to produce saturation of their individual 
negative photoconductivities—the visible light in 
the whole crystal, and the X-rays in their own thin 
layer—then the addition of X-rays to light and light 
to X-rays must lead to different effects, as is actu- 
ally observed. 


LAN, Krongauz and V. K. Liapidevskii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 26, 115 (1954). 

2Aa.N. Krongauz, Studies in X-ray Technique, Medgiz 
(1955). 
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The Alpha Decay of Pu? 


G. I. NOVIKOVA, L. N. KONDRAT’EV, IU. P. SOBOLEV, 
AND Ee CO. DIN 
(Submitted to JETP editor February 13, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1018-1021 (May, 1957) 


The-a-spectrum of Pu’ has been investigated. Three new lines with energies 5064 + 2, 
4999 + 5 and 4917 + 5 kev and intensities (0.037 + 0.005), (0.013 + 0.005), and 
(0.005 + 0.002) percent have been detected. It is shown that the principal a-line of Pu**? 
is related to the decay to an excited level of U*** having a spin of 4, Three previously 
detected lines and two of the newly detected lines belong to the rotational band of this 
level. The existence of a metastable state of U** with an excitation energy of ~ 3 kev 
is predicted. A doublet splitting parameter equal to a = — 0.276 has been found. 


HE PRINCIPAL LINES in the a-spectrum of 

Pu?® are well-known!’?. These lines have en- 
ergies 5.147, 5.134 and 5.096 Mev. The intensities 
of the corresponding transitions are 72, 16.8 and 
10.7 percent. From the data presented it is seen 
that the transition to the lowest of the known lev- 
els takes place with great probability. The decay 
coefficient for this transition is equal to 0.3 
(cf. Ref. 3), i.e., this transition is allowed. As is 
known, the spin of the nucleus must not change in 
an allowed transition. Direct measurements of the 
spins lead however to / = % for Pu? * and to/ = 7% 
for the daughter nucleus U?* >. Such difference in 


spins of the ground states of the parent and daugh- 


ter nuclei made it necessary to assume® that the 
most intense transition is not to the ground state of 
Wee 


This hypothesis received supporting evidence in 


experiments on Coulomb excitation’’®. The Coulomb 


excitation of the U*** nucleus has led to the ob- 
servation of a system of levels starting naturally 
from the ground state of U*** and having nothing in 
common with the levels observed in the a-decay of 
Pu” (see the level scheme below). 

Bohr, Froman and Mottelson® have stated the hy- 
pothesis that the lowest most intense level known 
from a-decay has / = % and is the first level start- 
ing the rotational spectrum. 
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As is known, the excitation energy for the rota- 
tional levels with K = % are determined from the 
two-parameter formula suggested by Bohr” 


Erot = (h2/2J) [I (I + 1) 


T+I2 / () 
ee Day PATE Ig 0974 ~ ay; 

Assuming that the levels with excitation energies 
of 13.2 and 52 kev have spins 4 and *4, Bohr, 
Froman and Mottelson have computed, according to 
formula (1), the excitation energy of the next level 
with spin ’4. It turned out to be equal to 83 kev. 

The investigation of y — y coincidences in the 
decay of Pu’ carried out by Asaro’s group (see ref- 
erence given in Ref. 10) did not confirm the exist- 
ence of a level with such an excitation energy in the 
a-spectrum of plutonium. From the data obtained by 
this group it was concluded that the levels present 
have energies 172, 379, and 430 kev and a-decay 
intensities 0.02, 0.006 and 0.006 percent (see the 
level diagram). It is not difficult to convince one- 
self that these levels do not fit into the rotational 
system predicted by Bohr. 

We carried out an investigation of the alpha spec- 
trum of Pu’*? with the help of a magnetic alpha 
spectrometer’ 1 in the energy region 4.850—5. 120 
Mev. The measurements were carried out with a 
source, prepared by vacuum evaporation of the ele- 
ment, and containing Pu’*’ and Pu”*® in ratio 
f= 0.7*. 

The alpha spectrum in the energy region from 
5.025 to 5.120 Mev is shown in Fig. 1, and displays 
clearly a line corresponding to an 84-kev level. The 
intensity of this line is only equal to (0.037 + 0.005) 
percent.+ In order to resolve a line with such an in- 
tensity at a distance of ~ 30 kev from a line with an 
intensity 300 times larger, it was necessary to con- 
sider very carefully the choice of the optimal thick- 
ness of the source. The half width of our peak was 
~ 13 kev. 

Figure 2 shows a plot of the spectrum in the 
4.850—5.080 Mev region taken with another source 
of greater intensity. The peak related to the 84-kev 
level is hardly noticeable here. However, an a-line 
corresponding to a level with excitation energy of 
151 kev appears clearly. The intensity of the tran- 
sition is (0.013 +0.005) percent. A small part of 


*The Pu™° content was determined by a mass spectro- 
scopic method using a double isotope source. 

tBohr predicted an intensity ten times larger for this 
level. 
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the intensity of this line comes from the 4+ level 
of Pu**® (the energy of this level and the intensity 
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5100 E Mev 
FIG. 1. The alpha spectrum of Pu?” in the 5.025—5.120 


Mev region. 
of the corresponding transition are well known??). 
The corrected curve is shown dashed. 

It is not difficult to calculate, from Eq. (1), that 
the excitation energy of the level belonging to the 
rotational band with K = % and having / = % is 
153 kev, that is, that it coincides with the energy of 
the level observed by us. The level with 171 kev 
energy and 0.02 percent intensity, indicated in Ref. 
9, was not observed by us. If this level does exist, 
its intensity is in any case less than 0.005 percent. 

The energies of five consecutive levels are thus 
well described by Eq. (1). Therefore the lowest lev- 
el has indeed a spin % and is the first of the 
evolved system of rotational levels with K = % (see 
Fig. 3). 

From the separation of the levels it is possible 
to calculate the ground state characteristics of the 
nucleus: #?/2 J = 6.1 kev and a = ~ 0.276 [see Eq. 
(DI. 

A line with 0.005 percent intensity, 230 kev away 
trom the most intense line, is also seen on Fig. 2. 
This line does not fit into the rotational scheme. 
One should mention that this line cannot be attrib- 
uted to any admixture of a known a-active isotope 
in the material used to prepare the source. It re- 
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FIG. 2. The alpha-spectrum of Pu”? in the 4.850—5.080 


Mev region. 


mains to assume that this line corresponds to a 
single transition to a U?** level with 234 kev exci- 
tation energy. 

Data on the investigation of y-rays observed in 
the a-decay of Pu®*’ are shown in the work of Refs. 
13-17. Several of the known y-rays (Ey = 39, 53 
and 100 kev) fit in well with the U*** level scheme; 
however, it is not yet possible to find correspond- 
ing transitions in this scheme for several of these 
y-rays (for instance, with Ey = 124 kev). 

Shliagin”? , studying the decay of Pu’*’, observed 
a very intense group of conversion electrons with 
an energy of approximately 2 kev. However the in- 
terpretation of these electrons proposed by him 
seems rather unconvincing to us. We think that this 
group of electrons is related to the y-rays corre- 
sponding to the transition of the lowest level of the 
rotational band with / = % to the ground state of U**5 
with | =7/. 

Returning to the system of rotational levels in the 
a-spectrum of Pu’’’ (see Fig. 3) it is necessary to 
note the regularity which appears in the intensities 
of these levels. 

The intensities of the transitions to states with 
l=% and/=*% differ little from each other but are 
5—7 times smaller than the intensity of the transi- 
tion to the / = % level. The intensities of the tran- 
sitions to the /="4 and/ =", levels again differ 
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little from each other but they are several hundred 
times less intense than the transitions to to the two 


levels mentioned earlier. 

From the doublet structure one can deduce that 
the a-particles corresponding to the transition be- 
tween the ground state of Pu’ and the / = % level 
of U**Scarry off / = 0, which means that the ground 
state of Pu?’ and the lowest level of the rotational 
band have the same parity (which confirms also the 
large value of the decay coefficient for this transi- | 
tion). The transitions to the levels with energies 
13.2 and 52 kev take place with / = 2, while the | 
transitions to levels with energies 84 and 151 kev 
involve / = 4. It is interesting to note that the wide 
separation of the doublets (the 13.2-kev level, for 
instance, is closer to the ground state than to its 


pair member level with 52-kev energy) does not dis- 
turb the pronounced doublet character of the inten- 
sity of the lines. 


B= FKev Ground state of U?* 


FIG. 3. a-decay scheme of Pu’® and the levels of ums 
I denotes the levels determined from the Coulomb excita- 
tion®, and // the levels determined from the y~—y coin- 
cidences”*®, 


Let us discuss in greater detail the y-transition 
between the / = % and % levels. As L. Peker has 
shown (private communication), one should expect 
the ground states of Pu®® and U5 to have even 
parity. Thus the parities of the ] = % and / =" lev- 
els of U*** are the same. The corresponding y-tran- 
sition must be of the M3 type with an energy of ap- 
proximately 3 kev. The / = % level must therefore 
be isomeric and must have a long lifetime. 

The authors are grateful to R. N. Ivanov and 
G. M. Kukavadze for their mass spectrometric 
measurements of the plutonium samples, and I. I. 
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Agapkin and G. I. Griskuk for their assistance in 
the work. 


Note added in proof (April 19, 1957). Later meas- 
urements with a thinner source force one to believe 
that the level with 172 kev energy apparently ex- 
ists. The intensity of the a-decay to this level lies 
within the stated limits. 

In the 4.675—4.850 Mev region, levels with excita- 
tion energies 373 kev (~ 0.002%), 426 kev 
(~ 0.005%), 497 kev (~ 0.0015%) and, apparently, 
336 kev (0.0035%) have been discovered. The first 
two of these levels correspond to states observed 
in y — y coincidences. 
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Reactions Involving Polarized Particles 


M. I. SHIROKOV 
Academy of Sciences of the U.S.S.R. , 
(Submitted to JETP editor June 9, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1022-1035 (May, 1957) 


The statistical tensors of particles produced in reactions of the types a+ b> c+ d 
and a> c +d have been obtained in the most general case, when the incident beam and 
the target particles are in definite spin states. New selection rules are deduced which 


supplement the general selection rules of Simon and Welton 


1,2, The first of these rules 


can be regarded as a generalization of the rule according to which the polarization vec- 
tor of the particles produced in the reaction is perpendicular to the plane of the reaction 
if the incident and target particles are unpolarized. The second rule states that the sta- 
tistical tensor of a particle produced in the reaction, defined relative to the direction of 
its momentum, is either purely real or purely imaginary if the incident and target particles 
are unpolarized. As a particular case, the decay ofan unstable particle into particles of 
spins ¥, and 0 is considered, and it is shown that the polarization and angular distribution 
of these particles depend only on the spin and spin state of the decaying particle. 


——_—— 


HE GENERAL THEORY of nuclear reactions 
has already been broadly developed in the pa- 
pers of Simon and Welton!’ 2. In the present paper 


a new method is proposed for obtaining the statisti- 
cal tensors (for definition see Appendix J) of parti- 
cles produced in a reaction. It has been given brief- 
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ly and in a somewhat different form in Ref. 3 (for a 
method of very similar conception, see Ref. 4). 
This approach permits a relativistic generalization 
and also immediate generalization to the case of 
nuclear reactions with more than two particles in 
the final state. In a similar fashion one can use 
the diagonal character of the S matrix with respect 
to other conserved physical quantities to obtain a 
number of general properties of processes in 
quantum-mechanical systems. 

In this paper the formalism of Dirac is widely 
used (cf. Ch. I-IV, especially Sec. 17). 

1. We consider reactions of the types 
a+b+c+danda>cid. a, b, c, d denote either 
“elementary” particles or nuclei, with spins ig, ig, 
i., tg The spin is treated in the Pauli approxima- 
tion, and in this sense the treatment will be non- 
relativistic (in particular, particles with rest mass 
zero are not considered). Knowing the initial state 
of the system (before the reaction), and assuming 
as known the elements of the S matrix in the corre- 
sponding representation, we can obtain the wave 
function of the final state*. 

Vel = (n'|S| Des a.) 
Summation or integration with respect to € is under- 
stood. The indices € and n denote a complete set 
of quantities characterizing the states of the sys- 
tem (type of particle, etc., see below the complete 
set for a system of two particles). he is the 


probability amplitude for the quantities 7 to have 
the values 7)’ in the final state, if the system was 
initially in the state ee 


But the initial and final states must be described 
not by wave functions, but by density matrices, 
since the states of the system before and after the 


reaction are, generally speaking, mixed ensem 
bles” 38, 


*The relation (1.1) is ordinarily written as applied to 
reactions of the type a+ b> c+d, In this case 
§ = U(co, -0), where the operator U(t, t), for example, 
satisfies the Schroedinger equation (in the interaction 
representation)® 

ihd U (t, t)/ ot = Aw (t, to). 

But if the particle a has sufficiently long lifetime so 
that one can speak approximately about a definite 
(quasistationary) initial state (with definite energy, 
etc.), then (1.1) can be written also for the reaction 
a-~>c+d, where now S = U(co, 0) (the time is counted 
from the instant of production of the unstable particle). 
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For example, an unpolarized beam of particles inci- 
dent on the target is described by an ensemble in 
which the probabilities of all possible orientations 
of the spin are equal. We define the density matrix 
as 

(1 | 9 


Es) = Paz, Van vas (1.2) 


where the P gare the weights of the pure states 
(SP. = 1). 


By means of Eq. (1.1) we find that the density 
matrix of the final state is given by: 


(m. | 0” | mm) = (m1 | S 1) (te | S | 8)? Ge Le 1S) 


= (mj | SeS* | 72), (1.3) 
the diagonal elements (7' |p’ |7') give the probabil- 
ity that after the reaction the system will be in the 
state 7’ if the initial state was characterized by 
the density matrix (1.2). 

We shall use henceforth instead of the S matrix 
the scattering matrix R = he 1, all elements of 
which are the same as those of the S matrix with 
the exception of those for transitions without 
change of state®. 

It is well known that in an isolated system the 
total angular momentum J, its projection M, the to- 
tal momentum P, and the total energy E are con- 
served. An expression of this fact is the diagonal 
character of the S (or R) matrix with respect to 
these quantities. Generally speaking, however, J, 
M, P, and E cannot belong to the same complete 
set. Therefore in the general case one has to write 
down the condition of the diagonal character of the 
elements of the R matrix with respect to J, M, and 
E in the representation of a set including J, M, and 
E, then express in terms of these elements the ma- 
trix elements of the R matrix in the representation 
of another complete set including P, and write the 
condition that the matrix be diagonal with respect 
to P. The performance of these operations in prac- 
tice would require rather cumbersome unitary trans- 
formations. 

There does exist, however, a system of coordi- 
nates in which we can make use of the diagonal 
character of the R matrix with respect to J, M, E 
and P all at once. Namely, if for the description 
of a system of two particles we have chosen the 
system of coordinates in which P? =0, thenina 
set including J, M, and E there can also be includ- 
ed: the spins i, and ig of the two particles, the to- 
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tal spin s, the total orbital angular momentum / of 
the particles relative to the center of mass*, the 
orbital angular momentum L of the entire system rel- 
ative to the origin of coordinates (see below), the total 
orbital angular momentum ees rg + d), and the ab- 
solute value P of the total momentum of the system 
(equal to zero)t . Since the operator L, can be writ- 
ten [R.x P], where R is the operator of the center 
of mass, then in those states in which P =0 we 
have also L = 0 (and we are indeed considering 
only states of the system for which P =0 and con- 


sequently P = 0). Since P? is conserved, then 

L =0 always, and the total orbital angular momen- 
tum of the system is equal to 7. For a reaction of 
the type a+ b > c +d, for example, we have in the 
the representation of this complete set 


(icigs'UL'£'P'J'M'E'a’ | R | igipslL £0J MEx) 


Se iiigse Ula | REE it, si0le) (1.4) 


(Pi (2). 


The upper indices indicate the dependence of the 
diagonal elements on P, J, and E; it can be shown 
that they are independent of M. In what follows the 
indices ic, ig, etc., for the spins of the particles 
will not be written out, and also the indices for the 
total momentum and the quantities L and J are 
dropped, both in the elements of the R matrix and 
in those of the density matrix (in other words, no 
indication is shown of the motion of the system as 
a whole, i.e., of the fact that it is at rest in the 
chosen syStem of coordinates). 

In the representation of the complete set s, l, J, 
M, E, a, and with the use of Eq. (1.4), Eq. (1.3) 
takes the form: 


(s,liJ)MyE 1% | 0’ | SolaJ2MoE 205) 
= (sili | RIE: Sb iea) (Sloth, | RI: | Bledel 


X (8ylJ1 My Eye, | 0| SoloJ2M2E x2). (1.5) 


*In the center-of-mass system 
1=[(F, — Rp) + [tq — RK.) Pal 
=[(f, — R,) p,] + [tg — R,) (— P,)) = Lt, — Fa) Bol: 
Here B, =—p, are the momentum operators of the parti- 


cles in the center-of-mass system. 


t We remark that, generally speaking, a complete set 
must also include the masses of the particles. For brev- 
ity they are not written out explicitly. The complete set 
may also include a number of other variables, for exam- 
ple the intrinsic parities of the two particles. All of 
these are denoted by the letter a. 
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2. The meaning of Eq. (1.1) or (1.3) consists in 
the expression of the unknown parameters that de- 
termine W’ or p’ in the form of elements of the S 
matrix. The conservation laws reduce the number 
of these parameters. We must now find out how this 
manifests itself in the description of the angular 
distribution and spin state of the products c and d 
of the reaction in question. The essence of what 
follows is comprised in transformations (for the 
most part unitary) from the representation of the 
final and initial states of the reaction in the quan- 
tities s, 1, J, M, E, which are not directly measured, 
into a representation of quantities that are experi- 
mentally measured. 

To characterize the final state we require the 
elements of the density matrix that are diagonal 
with respect to pc (the momentum in the center-of- 
mass system), and also the statistical tensors 
(briefly: the c-tensors) describing the spin state of 
the products of the reaction (cf. Appendix I). We 
denote the set of these quantities by the symbol 
P' (Pes YeVe qavd ). We note that according to Eqs. 
(1.1)—(1.3) the indices p, can be regarded also as 
parameters of the c-tensors of particles c and d 
(these being quantities proportional to the mean 
values of the corresponding spin operators in the 
ensemble of particles with momentum p,). 

In a problem of the type a+b +c +d the initial 
state is characterized by a definite value of the 
quantity p, and by c-tensors. The symbolic nota- 
tion is 


0 (Pas Ga%ao%) (Pa | Pa) (Pa | Pa) 


(cf. Appendix II). 


Hereafter we shall specify momenta p in terms of 
their absolute values p and the corresponding unit 
vectors n with spherical angles V, o. 

Thus we have to express 


‘he 
o’ (hie; Peo, &; 


(slid; ME | 0" | Solod2M>Ee’), | 


qe%eGaa) in terms of 

cf. (1-4)] and 
(Syl 4M, Em | 6| Sglola>MoE,«,) 

| Pa) (P;, | Pa). 


in terms of (Da, Pa; Jaao%o) (P, 


This is accomplished by means of successive trans- 
formations from one representation to another, using 
the Clebsch-Gordan coefficients ( j,j,m,m, | j,j,jm) or 


Ce eso 
Jy fy J2IN2 


dix IT) transformation functions (9¢p | /u.E): 


and the correctly normalized (cf. Appen-. 
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6! (Me, Des t's Ge%eGava) = (ic + 1) (Qia + 1)T? 


x a a oom, tet, i (ighctMe—nv’, Pe icGeve) (taiatMa—nr’, | iaiaQaa) 


Mo A m > Mads mn 
Sa Ae Af ent } , ' , , , Pee, , , 9.1) 
x Séciamema |ighaS, M,) (Me Pe | Liu us ie ) (Sy dy my By | SilsJ3,M1,) ( 
fief: t , , ; tae , , , 


 (soliuiaaVls 


ols Mo a ) (Lo 2 Ea | Me Pe) (dckaSz Mo | ici atte Ma). 


= denotes summation or integration (with respect to The majority of the sums over magnetic quantum 
Ej and E,') over all indices occurring twice. We in- numbers in Eq. (2.1) actually do not contribute, by 
sert into Eq. (2.1) the expression (II.2) for(zp JE) virtue of the properties of the Clebsch-Gordan coef- 
and use the formula ficients, but it is convenient to keep them for the 
Yin, () ulin) carrying-out of the summation over these indices. 


(2h; 4.4) (ly £1 For this we use the following typical formula: 
ae | So ap TaSoE ak CrteC yo faye Emp (1): 


Typaloye 
EL yom 
: (2.2) 
5 m lm 
> Gees Ie 2g ene eOlcr 2—Pe 
M2. ,V.2 
= (— 1) (2sy + 1) (283 + 1)42j + 1) (2+ 114 . Ca 


x Dd Ce Chim Sim, X (jifjes Si@So: (ll). 


&, Mg 
The relation (2.3) can be obtained by means of Eq. 
(1), (18), and (19) of Ref. 9, and also from Eq. (3) 
in Ref. 10, and the coefficients X are defined in 
Ref. 10 and 1. By means of Eq. (2.3) one at once 
carries out in Eq. (2.1) the sum over m., mz, mq, ma 


of the product of the first, second, third, and last 
Clebsch-Gordan coefficients (we note that 

—m —mg= —m,). After this one can take the sum 
over mi, m3, [4, /, [again a sum of the type (2.3)], 
and one finally gets from Eq. (2.1): 


0” (Mey Pes &'5 GeVeGava) = Ny Ny (4x) * [(Qie + 1) (Qia + 1)]" 


IM 
Lj Mpa, 


L/0 
SP r rq , ¥e — M. 
x >, (n, | ae nh oes < rides Gos Gag Cr, 01,0 (— 1)2 2084 


f , ee 1) : . > es 
x [(2s) +1) (2s) + 1) (2q. + 1) (29, PDs (Uc bc s) q's. laQala) 4 


x [(2h +1) (2a + 1) (2di + 1) (2S3 + 1) (2q’ + 1) 


' r , , ’ , ’ , Ne a A . Pal , Fs , Fi v7 , 
<X (51. 9'S25 Ji d"Jg3 GL dy)im —'2 (sy Jy My Ey a’ | 0’ | sols Jg My Esa’). 
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The sum > is taken over sj) s;, Li, ivi were el, rotation g of the axes zyx that makes the z axis 
J’ and over v'‘, Mz, Mi, Mi, M‘: and coincide with the direction of n, and the y axis 
; - ti 0 , perpendicular to the old direction of the z axis and 
Ny: = 2V 2ch[R/V] ARs (Pe-| E1,2) 


to n.; the rotation inverse to g, = {— x, 9, x — 9}, 


f is written 22 == {¢,, 9%, O}. We note that the 
(cf. Appendix Il). spherical angles are ea as before from the 
old axes zyx; one has only introduced a new axis 
of quantization for the spin indices. 
Substituting Eq. (2.4) into Eq. (2.5), we can first 
carry out the summation overv, and vq: 


Equations (2.1) and (2.4) are written in the center- 
of-mass coordinate system, the z, y, and x directions 
being so far arbitrary. For the flux of particles the 
most obvious distinguished direction in space is 
the direction n of this flux. We introduce the c-ten- 


ya . . . auf ee 
sors (’ (Mc, Pc, & 3 GeteGata) with indices tT re- > Dey, (2) De (g) Cc ‘i nes 
‘ 7 ¢ Q Naf 
ferred to n, as axis of quantization. The expres- Yovd (2.6) 
. & * q’ ‘ y's +4 . 
sion of these tensors in terms of the old c-tensors = Dr,+1q."" (g) Ce 


has the form: 
: j y pi We introduce the notation t' = t. + Ta. Using this 
p’ (Me, Pe,®’5 Ge%eGara) = Dy Diy, (— =, Fe, = — 9%) 


"ce 
Yerd 


x pe TaVd (— TZ, Ve, Tome 2,) a (Ne, Pe; a GeVeGaVa)s 5 ; 
(2.5) Yin (9, = — 91) = [(21 + 1)/4e] "Don ($2, 4, %1). 


same formula (2.6)', we can carry out the sum over 
v' and mz, if we use the relation 


TY, ee and ~7 are the Kulerian angles* of the The final result is: 


e’ (tes Pes &'; GeteGaza) = Ny Nz (4n)™ [(2ie +1) (Qiat+ ie tex 
oO hs On ee eee 1)’2 —M3 O77 


Nee ata 


a Saat —M, 


(2.7) 
X [(2gc + 1) (2qa + 1)I"X (icqeics 8/.9'8,3 iaqaia) X 
 GSibsi S's Jala Se) (Silda ME:@’ | 6! | Soll MEE 2’), 


where the coefficient G_, is defined in Ref. 2, Eq. 


*The indices v (or Tt) of the c-tensors are “contravari- (3.3); the sum is taken overs/, sae HEIR n yr 
nt” (indices of the representation). Therefore p( qv) toate agt 
; . and over Mj, M,, M 
transforms on three-dimensional rotation like io (9, D)= 
= (qv | 6M). Equation (2.5) is obtained by simply taking 
the complex conjugate of the formula for transforming the 


Similarly one gets the expressions of 


(s,1,J,M,E,a, | p | s2l,M,E,a,) in terms of 


spherical functions, which we write in the form Pave: ies Dadelads Vv») 
n’) = DY on (0) Pin -1), or of pg a (May Pas Ya Ta Yb TH )s 
‘ : [we refer to the corresponding formulas as Eqs. (2.8) 
if the transformation of a unit vector by the rotation g is and (2.9) 


written n’ = gn. If the rotation g is treated as a rotation 
of the coordinate system (right-handed), it can be speci- 
fied by the Eulerian angles ¢, (rotation around the z 


Refraining from a change in notation, we remark 
that the corresponding transformation functions are 


axis), 9(rotation around the yt axis), and @, (rotation obtained by simply taking complex conjugates of the 
around the z' axis). All rotations are clockwise. We em- transformation functions in Eqs. (2.4) and (2.7) (i.e., 
phasize that the Eulerian angle @ is ordinarily defined taking complex conjugates of All the coe tlicients ct 


ee on ee TUE se |p’ |silifiEsa')in Eqs. (2.4) and.) 


tion will the formula written above be correct. ; 
and replacing [(2ic + 1)(2ig + 1)]? by 

[(2ig + (2, + DIR *Cef, Eqs. (1.3) and (1.4)). 
with the functions P! as in Ref. 11. See this reference Combination of Eqs. (2.4), (1.5), and (2.8) gives 
also for the Helimuloneet the spherical functions. the first final formula [we shall call it Eq. (2.10)]; 


in (G29191) = = exp (— img») jo—mpl n (cos 9) exp (— ing), 
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all spin indices and spherical angles are referred 
to an arbitrarily chosen system of axes zyx. Since 
Ji= J,, Jj= J,, Mi= M,, and VM, = M,, the sum over 


VW, and VW, is easily carried out. 


>) GieM, — Mg | Jytos’M’) 
MLM, 


x (Udo, — Me | JJodM) = 97-391 


and thus we also have J’=J, M’ = M. Moreover, 


(pe | Ex) (Ex | pa) = (pe | E2) (Es | Pa) = (Pei Pa)s 


where the symbol (p.; pa) expresses the law of 
conservation of energy in the momentum represen- 
tation. All the transformations are exhausted by 
this, and Eq. (2.10) can easily be written out in fi- 
nal form, but it is very cumbersome. 

Combination of Eqs. (2.7), (1.5) and (2.8) gives 
the second final formula, Eq. (2.11). If in Eq. (8)* of 


Ref. 3 we replace 42/4 by the normalizing factor 


N/A(4r) (cf. Appendix II) and Hie (ca, Ba, O) by 
leg (=, 3 = — oe) De, ta 
M 

= bys (2-8 | (2.12) 


[this is reauired by the change of definition of the 
e-tensors, cf. Eq. (5) in Ref. 3 and Eq. (11.3)], then 
the combination of Eqs. (7), (84, and (9) in Ref. 3 
will also be Eq. (2.11). 

It can be shown that it follows from Ea. (2.12) 
that the c-tensors of the final state depend essen- 
tially on the parameters of the rotation g_g ~* of 

cVa 
the system of axes z,y x, distinguished by the in- 
itial state (the axis z, ||ng, and the direction of 
the axis y, can be given by the spin state; for ex- 
ample, it can be directed along the component of 
the polarization vector perpendicular to ng) into 
the system of axes z.y,x, (the axis z, \|n., and 
axis y.| [n, x n,]}). Thus all the quantities in 
Eq. (2.11) can be defined relatively to a number of 
physical directions of the reactiona+b>c+d, 
so that for Eq. (2.11) one can dispense with the in- 
troduction of any auxiliary coordinate system. In 
the coordinate system ordinarily used, coinciding 
with the system of axes zgygx,, we have 


= {-0f, 
Scda — 


a 


—~}, where}, ¢ are the spherical 


“There is a mistake in Eq. (8) of Ref. 3: the exponent 
on the square brackets 


[(2s; — 12s. + 1)(2s, + 1)(2s, + {)] must be —'4, not +%. 


M. I. SHIROKOV 


angles of the direction n, in such a system of co- 
ordinates. 

If the spin state of the incident beam a andthe 
target particles b is completely unpolarized or has 
axial symmetry 


0 (a%a4o%) Sac. (Ja0qr0) 8-00. ’ 


then the sum over t in Eq. (2.11) there remains 
only (cf. note * on page 839) 


Dig (— =, 9, & — 2%) = Pip (cos 9) 

and the c-tensors of the final state [including the 
angular distribution p(ne, Pe; a‘; 0000)] do not de- 
pend on gy. This is natural, since in this case the 
choice of the axis y, is completely arbitrary and 
nothing can depend physically on such a choice. 


By a procedure analogous to that explained for 
Eq. (2.11), the general formula for a reaction of the 
type a» c+d can be obtained: | 


o' (Ne, Pes a's Ge%eGaa) 
= Nis) ie) QiFe Tl es oe 
ye Cr eageg Ge 1) 


x (2ga + 1)I*X (icGeics 89's); iaqaia) 


G2 (Shysicd /; Si, So) (2.13) 
X (sili! | R° | a) (Sole | RY | a)* 
lau (— az, %, 7 — ©) Da,,a, (GY). 


Y : ’ ‘ ! Y t t 
ee sum is taken over-q, T, s,, 83, Li, lj, q, 
an 


V; 


No = 2h [R/V] "pe? (pel E); 

p(qv) are the c-tensors of particle a, s is its spin, 
and F£ is its total energy. The symbol (p, | £) is 
equal to unity if p, is a root of the equation 


2 PEO Shea eT Ps ¢ 
Y prc? + 2c4 + V pec? + x2c8 = E = x02, 


and zero if p. does not satisfy this equation (cf. 
Appendix II). 

Let us analyze the case in which particles a and 
b are identical (and/or particles c and d). Let the 
variables of the complete set €, (and €,) in the 
definition of the density matrix (1.2) be the momen- 
ta p, and p, of the particles and their spin compo- 
nents m, and m,. Then it is necessary that 
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(4 |e | Pi, 2, M,, My) 


=(— 1)" (& | o| ps Pi Ms, M4), (2.14) 


t.e., the elements of the density matrix with fixed 
€, must either change sign, if the identical parti- 
cles have half-integral spin, or remain unchanged, 
for Bose particles, depending on whether we as- 
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cribe to the “first” particle a the momentum p, and 
the spin component m, and to the “second” the mo- 
mentum p, and the component m,, or ascribe P2 and 
m, to the “first” and p, and m, to the “second”. 
The same must hold independently for the indices 
€, with fixed €,. Introducing instead of p, andp, 
the total momentum P and the momentum in the 
center-of-mass system p, we can write Eq. (2.14) 
in the form: 


(ile P, p, my, ms) = (— 1) (& | 9 | P, —p, ms, m). 


Taking into account the fact that 


tei [0 [=="p, 7.45 ata at) 


= (& | @ | dupiism) (up | x—9%, 2 +5, p) (iism | iifM31M) 


=(& | | fupiism) (— 1) (lup | 9 2, p)(—1)°! (éism | iimymy) 


(index P omitted), we find that the element of the density matrix symmetrized with respect to the right- 


hand indices [satisfying Eq. (2.14)] has the form 


(4 |e | P, mM, me)sym = 27" [(& | p | pam) + (— 1)” (, 
= 27) (& | | lupsm) [1 + (—1)'**] (up | 9¢p) (iism| iimym,). 


Therefore, if particles a and b are identical, then 
in addition to making the corresponding indices 
equal (i, =i, =i, etc.) in Eqs. (2.10) and (2.11) 
we must insert under the sign of summation a fac- 
tor 


Meio) ti (— 1) * "| 


A similar factor (with primes on / and s) is inserted 
in Eqs. (2.4), (2.7), (2.11), etc., if c and d are iden- 
tical. 

3. The final state of a reaction of the type 
a+b-+c+d is described, generally speaking, by 
(27, + 1)? + (2ig + 1)? c-tensors (cf. Appendix I). 
But it turns out that in the case of a completely un- 
polarized initial state a happy choice of the axis of 
quantization reduces the number of the c-tensors of 
the final state, for the calculation of which a 


knowledge of the matrix elements (1.4) is necessary. 


Ordinarily the z axis of the coordinate system in 
which a formula of the type of Eq. (2.10) is written 
is directed along ng. Let us direct it perpendicular 
to the plane of the reaction, i.e., along the vector 


o[— Pp, Mm,)] 
v (2.15) 


[n, xn,]. Thus for each case of the reaction its 
own z axis is chosen. We then direct the x axis 
along ng, so that the direction of the incident beam 
is always described in the same way: 9a =%/2, 

Yq =0*,. The angle q now is the angle between 
the directions of the momentum p, and of the incident 
beam. For the following considerations we need the 
following factor in the general term of the sum & of 
Eq. (2.10), in the chosen coordinate system: 


JM JM L’0 Lo Pa 
giv! Limp, qvLmy 10150 1,01 0 ; Bee my 

* (3.1) 
X(« / D. Oe) aay, (Ze QO). 


From the properties of the coefficients 


(1/ 1/001) 2) L'0) and (1,1,00 | J,0,L.0) and from the 


*But the c-tensors of the spin states of the beam and 
the target will, generally speaking, be different for dif- 
ferent z axes. They can be expressed in terms of 
c-tensors referred, for example, to n, as axis of quanti- 
ae by the formulas of Sec. 2 lof the type of Eq. 
(2.5). 
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law of conservation of spatial parity of the system 
it follows that 1{ + 1} + L', 1, + 1, + L, and 

li + 1} + 1, + 1, must be even numbers. Therefore 
L' +L is also even. This fact is a sort of selec- 
tion rule that does not depend on the choice of the 
coordinate system. 

In virtue of the properties of associated Legendre 
polynomials of the first kind, the functions 
Yiula /2, p) are nonvanishing only for / + p even. 
Therefore the only terms in Eq. (2.10) not equal to 
zero are those with even L'+ m,, L +m, and con- 
sequently even L'+ L + m;, + m,, and finally even 
my, + my. From the properties of the first two 
Clebsch-Gordan coefficients in (3.1) we have 
v' + mp'= vt+m_, from which we have 
v'-v=my — mj. Since v', ¥, my, and myare 
whole numbers, the selection rule obtained can be 
expressed as follows: v’ + v must be an even num- 
ber if the axis of quantization is chosen perpendicu- 
lar to the plane of the reaction. In the important 
special case of completely unpolarized incident 
beam and target[in all coordinate systems all 
P(e, Pas Va’aGb4) other than p(ng, pa; 0000) are 
equal to zero] this rule states that only the 
P (tes Ped Vee Ja Vg) With even Vv, + Vy are nonvan- 
ishing. 

In particular, the vanishing of 
pation perils 215 °0;'0) and’p" (nepss 0; 0s17 2) 
means that the polarization vector for each of the 
particles c and d must be perpendicular to the plane 
of the reaction if the incident beam and the target 
are unpolarized?. 

If in Eq. (2.11) we assume the initial state com- 
pletely unpolarized and choose the usual coordi- 
nate system (z axis ||n,), then we can obtain one 
more selection rule. In this case p (n, p; g-7,00) 
lor p'(n,p; 00gatg)] depends on t, owing to the 
following factors in the general term of the sum 


(cf. Eq. (8) in Ref. 3, with Dia. (2a, 5a, QO) re 
placed by De o(-7, 3, 7 - ~)—ef. Sec. 2): 
(—1)°G,, Sihisisd ges 
Jal82) Dz, o(—, & = — 4), 


or, taking into account the expression (3.3) of Ref. 
2 for G_, and the formula 


J 
D-, 0 (22, 9, %1) 


Se Any (Qhe1)] ? (11) Vigil 89 wise 


the factors in question are 
(Jel =e ae ged L’0) vin TF (3, Q). 


Similarly, p(n, Pe; Ye —te 00) depends on —t, 
owing to the factors 


(Gp) =a GIL 0N ser 


From the law of conservation of the spatial parity 
of the system, and owing to the occurrence of the co- 
efficients (U{ Uj 00 |l/ 1} L'0), (1, 1, 00 | 1, 2,10), and 
(0/00 |0JL0) in Gz, and G3, we have: 
bebe * Up lps Geb ard, 1 J aeteven 
numbers, from which it follows that J +L’ (and, of 
course, / ~ L') must also be an even number. There- 
fore 


(g.J.— 22 .\¢ J120) 
= (— je (75°, — =| qJL' 0) 
= (— 1)" 9J5,— 4,19 AL'0).' 


Taking into account that 


YAR = (— 1) ns OO), 


we get 
p(n, Ps J. — >,» 0,0) 
= (= 1) agin opg:, 25.0, 0), 


Taking into account now the Hermitian property of 
the c-tensors*, we conclude finally that if the ini- 
tial state is completely unpolarized ail the 
p(n, p; go t,-00) with even q, are real, and those 
with odd q, are purely imaginary’. This fact makes 
almost as great a simplification in the problem of 
finding the spin state of the system c +d as the pre- 
ceding selection rule. In particular, ifthe particle cis 
unstable, the selection rules that have been presented 
make it possible to simplify somewhat the des crip- 
tion of the initial state of the reaction of its decay, 
without any sort of hypotheses about its production. 
Similar selection rules can also be found for the 


*One easily convinces oneself from (I.3) that to the 
Hermitian property of the density matrix, 

(my | p| m)* = (my|e| my) there corresponds the following 
property of the c-tensors: e* (g, v) = (— 1)” (¢, —v). 

+ There exists a certain generalization of this selec- 
tion rule: the contribution to 9’ (n, p; gt00) from each 
e-tensor P(g, Pg; J,q,0) is real if gig, +4, 
is even, and purely imaginary if g + Jq + 9, is odd. 
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reaction of the type a> c +d (directing the z axis 
respectively perpendicular and parallel to n, and 
regarding particle a as completely unpolarized). 

4. We now obtain some consequences that follow 
from Eq. (2.13) for the reaction a> c +d in the par 
ticular case i, = 4, ig = 0, of which an important 
example is provided by the decay of the A° particle: 
M-spt+a7. First, forig =0 


on ae | 


FS Be ee $9's.5 
= (22, + 1) 4 (2¢.4+1)— 


pik 

2 N 

8940 964" Ee ae 
Ay Me SS 


Second, fori, =, from the triads 

Gorlsli 4; Qe; sly 4) in Eq. (2.13) we have 
l'=s t%, lj =s+.%, i.e., lf andl} can differ only 
by unity. If the elements of the R matrix in Eq. 
(2.13) are nonvanishing only for transitions that 
conserve spatial parity, then /{ and J} must have 
the same parity. We get the rule that //= 1,/= l'= 
s+ orelsel,= I,=1= s-¥, depending on the un- 
known parity of particle a and the parities of ¢ and 
d. In what follows it is assumed that the ensemble 
of particles a is a pure state with respect to the 
variable ali.e. > Pa, anqv) = pla; qv) Cane Basle 


In Eq. (2.13) there then remains just one nonvan- 
ishing element of the R matrix, and if there are no 
alternative modes of decay of a, then from the uni- 
tary property of the S matrix’it follows that 


Cis O ae L'a’ | pera | A) (Af, 0 Li, L'a’ | RS | a)" oe 
(4.1) 


If there are other decay schemes (a> c'+ d’), 
then on the right side of Eq. (4.1) we must put in 
place of unity the total probability w of the decay 
of a by the schemea>c+d(0<w< l). 

If now, furthermore, we integrate 
pe Ane, Pes @ 3 Yet 00) (with the weight factor 


V/(27h)?—cf. Appendix IT) over the range of momen- 


ta (pe, Pe + Ap) containing momenta pe that make 
(p. | E) equal to unity, and denote the resulting 


quantities by'T 2S (9, ¢) AQ (index a' omitted), then 
from Eq. (2.13) we get 


| 


a w(ts-4y—* 
Ts, (*, wu . 4V 2" 


>» (- 


qv 


q = 
OD ao, o,% 


Det eGe (sl’ MosG qo Si */2) (4.2) 


— 2) 2 (a; qv). 
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On interchange of the upper and lower sets of ar- 
guments of the coefficient Gr, (sl%; ages sl 1), 
there must appear before G_, the factor 
(yaa ae ( (cf. Ref. 2, page 38). But since 
these sets are identical, G_ <, is not changed by 
this, and 2s + 1+ q+ q- must be an even num- 
ber. Since the spin of particle a is half-integral, 
2s + lis an even number, and therefore q + q- 
must be even. The angular distribution of the de- 
cay products—7° (9, ¢)-is determined by only the 
even tensors of the initial state of particle a and 
the polarization of the decay protons (i.e., the 
e-tensors 74, 7, are determined only by the odd 
ones. By measuring the angular distribution and 
polarization of particle c we obtain direct informa- 
tion about p(q, v), the spin and parity of particle a, 
and, on the other hand, if these latter are known, 
we can predict all the c-tensors es (3, 9). 

By integrating the angular distribution To (5, 9) 
with respect to } or y, we can obtain general 
formulas for distributions that are directly observed 
experimentally (for example, by integrating over 9 
we obtain the distribution in the angle between the 
plane of production of the A° and the plane of its 
disintegration) 

In conclusion it must be pointed out that a con- 
siderable part of the material presented here was 
developed by the writer in collaboration with A. M. 
Baldin (cf. Ref. 3), who is also to be thanked for 
discussions of some other points in the work. The 
writer also thanks Prof. M. A. Markov for his con- 
Stant interest in the work and L. G. Zastavenko 
for discussion of a number of questions related to 
the theory of representations of the rotation group. 


APPENDIX I 


A quantum-mechanical state can be described 
not only by a wave function or a density matrix, 
but also by specifying the average values of a cer 
tain set of operators. In particular, we shall de- 
scribe in this way the spin state of a particle (and 
of a system of particles). We remark that also what 
is measured experimentally is not the probability 
of one or another value of the projection of a spin, 
but, for example, the average valueof the spin vec- 
tor operator (the so-called polarization of the par- 
ticle). 

Let 4 be an operator relating to the spin varia- 
bles of a particle with spin i; the state of the parti- 
cle is described by the density matrix 
(m,€, |p |m,€,), where m, and m, are magnetic 


S44 


quantum numbers and € are all the other variables 
of the representation. We can find the average value 
of 4 in this state, if the matrix elements of A are 
known in the representation in which the density 
matrix is written 


A= Ss (me A my3;) 


(I.1) 


We form from the components ¢,, dy, 0, of the 
spin vector operator a tensor of rank gq, transform- 


Yn 


(m,2, | A™ m,2,) = V 2i + 1 (i l A‘ I #1) 1 | 2) (— ie (cim, — mz | tiqy) 
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ing under three-dimensional rotations according to 
an irreducible representation of weight qg, andde- 
note its components by 44%”, We remark that by its 
construction this operator is a contravariant tensor, 
like 6; i.e., it transforms under rotations like 
Y* (0), and not like Y y(n). For example, the A lv 


are simply the cyclic (or canonical’!) components 


of G; and transform like the vector n, i.e., like 
Pe (n) =(1v|n). The dependence of the matrix 


elements of 4 2?” onm, and m,, according to the 
suitably modified (v is a “ contravariant” index!) 
Wigner-Eckart theorem®, is given by: 


(1.2) 


(Gif the spin variables and the variables € are separable, then (¢& |42|2&) does not depend on €,). Substitut- 
ing (1.2) into (1.1), we see that to find 4%” one need not know the density matrix directly, but the quantity 


22 (G9) = V2FT DY (— 1) (iim, — mg | tiqy) (rms8x |p| mo%), 


iM, itig 


proportional to 4°” (ef. also Ref. 12). From Eq 
(1.3) it follows that the quantities p(q, v), 
g=0,1,..., 2, v=-¢q-q+1,..., ¢ can char- 
acterize the spin state of the particle just as ade- 
quately as the density matrix. The inverse trans- 
formation from the g, v representation to the m,, m, 
representation has the form: 


(m=, | o| me)= (2+ 1 - > ad) Beaton 
gq 


; (4) 
x (iim, — m 


In the variables €, Pz «,(g v) is just the same 


sort of density matrix as is (m,€, |p| m,€,). From 
its origin, we can call pp PAC v) the means or sta- 


tistical means of the irreducible spin operators. 
Therefore we give them the name statistical ten- 
sors (abbreviated c-tensors) following Ref. 13 (page 
735). 

If we are interested only in the distribution of 
probabilities for the particle to have definite values 
of the variables €(for example, the angular distri- 
bution of the particles) in the state characterized 
by (m,€, |p |m, €,), then this will be described by 
the diagonal elements of the density matrix 


>\m: ms) |. The transformation (I.3) is so 


_m J 


chosen that 


(1.3) 


‘ 


DG elmo (Oo), 


m 


and a beam of unpolarized particles would be de- 
scribed by the e-tensors p, , (0, 0) 6,,9,,- 

The c-tensors of the initial state, plqgvaqpVs): 
used in Sec. 2 are simply products of pairs of 
e-tensors p(qgv,) and p(qzv,) characterizing the 
separate spin states of particles a and b. 

After the reaction, particles c and d are spa- 
tially separated, and consequently do not interact. 
It can be shown that just as the wave function of a 
system of two noninteracting particles separates 
as a product of the wave functions of the two parti- 
cles, the density matrix and the c-tensors have a 
similar property: 


P(9.%~Fa%a) = 0 (9,.¥, 90) o (00 q,,%,) / (0, 0, 0, 0), 
(1.5) 


where p(q-v00) are the c-tensors uf particle c and 
p(00ggvz) are those of particle d. These c-tensors 
suffice to characterize completely the final spin 


of the system after the reaction, if c and d do not 
form a bound system. 


We note that the “tensor moments” introduced in 


Ref. 3, 
Ti V2 Sh ee 


X(ii — mye | tiqy) (mM, | e| me) 
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(there is a misprint in Eq. (5) of Ref. 3) are related 
to the p(q, v) defined by Eq. (1.3) inthe following 


way: 
TY = (—1)" oq, — v) = (— 1)%" (q, 9). 
APPENDIX II 


We shall normalize all the wave functions (and 
the density matrix) of our problem in such a way 
that the system in the state 7 is located in the vol- 
ume V (a three-dimensional sphere of radius R) at 
all times, with probability 1; in the x representa- 
tion this condition is written 


\ (ela) (ja) x = 1. 
V 


(II. 1) 


The normalization of the wave function of the state 
7 in other representations must correspond to this 
normalization. 

The wave function (0@r | /m |k |) (k is the wave 
vector) normalized in accordance with Ea. (II.1) 
has the form g},(r)¥1,(0, D), where gj;(r) is given 
by Eq. (9) in Ref. 14. Furthermore, in accordance 
with the relation (92 | luk) = (Sek | Ur) (6Mr | lyk) 
(integration over 0, ®, 2, andr is understood; 

9, @ are the spherical angles of k), we can obtain 
the correctly normalized wave function or transfor- 
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gration over p understood in (p" | p)(p |p’) be car- 
ried out with the weight factor V/(27h)> (which is 
equivalent to a certain summation). According to 
Dirac (cf. Ref. 5, Sec. 24), this factor must be in- 
troduced into every formula in which integration 
over a momentum occurs. 

In connection with the normalization (II.1) there 
arises the problem of obtaining from 
p'(e, Pes GeVeGaYg) quantities that can be directly 
compared with the experimental results for the reac- 
tiona+b-+c+d. What is the meaning of 
P' (Pei GeVeqaa)? There is a physical system con- 
sisting initially (at the time -7, where T = R/v, and 
v is the absolute value of the relative velocity of 
particles a and b: v = | va! + | v, ) of the particles 
a and b existing in the volume V; its state is de- 
scribed by the quantities 


((N: (Pas Fa %a%p ¥,) (P| P.) (P% | P,,)- 


Then p'(p,; 0, 0, 0, 0) is the probability of the ap- 
pearance in the volume V at time +7 of particles c 
and d with momentum p-. The remaining p’ with 
Jor Th Yes Yq #9 are quantities proportional to the 
mean values of the corresponding spin operators 
(cf. Appendix I) in the ensemble of particles with 
that momentum. 

For the comparison with experiment we need first 


mation function (9¢R| luk). (We note that (SoA | Or) 
is equal to the expression (13) in Ref. 14, multiplied 


by y~%). From these considerations we get: 
} 


of all to know how many of particles c and d will 
appear per second with momenta in the range 
(pc, Pc + Ap), if the constant incident current and 


2nhV2R i-! the particle density of the target are prescribed (and not 


(S¢p|l.E) = Yin (9, 9) (0 [E), (1.2) 


Are 
where (p |E) is defined analogously to (p |p’) (see 
below). The presence of the factor i7! assures the 
invariance of the action of the time-reversal opera- 
tor on wave functions with definite / and p, in rela- 
tion to the composition of angular momenta Mies 
the result of the action of this operator has the 
same form for Wj, as for Wi, and Wizuy if 
1=I, + 1,). We note that 


((uE | Sep) = (Sep | luE)" 
= (— 1) (e¢p{1, — 2, 2)- 


Similarly it can be shown that (p |p’) has the 
form of Eq. (17) in Ref. 14 (i.e., for p = p’, 
(p|p’) = 1, and for pp’, (p|p’) =0). If we require 
that, in accordance with the formalism of Dirac®, 
(p"| p)(p | p’) be equal to (p” |p"), then it turns out 
that the normalization (II.1) requires that the inte- 


(I1.3) 


the number of particles a and b ina certain volume). 
To get this we must first divide p'(p_; 0, 0, 0, 0) 
by 27 and integrate (with weight factor V/(27h)*) 
over the range (p., pc+ Ap). If we further multiply 
the quantity obtained by V/v (normalization to unit 
current), we get the differential cross-section of 
the reaction, Ao(n,): 
h2 (4m)? 


sl 0’ (n., p’; 0, 0, 0, 0) AQ, 
apg sd (IL) 
N = (2nh)4(p,3 p,)? (2R)? IV? p2pel?s 


Ac (n,) 


p. is the value of the modulus of the momentum p- 
that is required by the law of conservation of ener 
gy. It is assumed that momenta with the absolute 
value p/, exist in the range (pe, pe + Ap); AQ is 
the solid angle of this range. 

One could obtain quantities péur(Po3 Ye Ve Yd Va) 
normalized to unit current, and related to 
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p'(Pei Ge Ve Iq ¥g) in just the same way that Ao{n.) 
is related to p'(n,, Pc; 0, 0,0, 0). They would give 
the mean values of certain spin operators in an en- 
semble of particles with momenta in the range 

(pe, Pe+ Ap). But the mean values so obtained 
would depend not only on the nature of the spin 
state, but also on the number of particles in the en- 
semble. Therefore the quantity used to character- 
ize just the spin state is the mean value of the 
operator A 2” (for particle c, for example), calcu- 
lated for one particle: 


A® (p.) = (| ANN i) Pps (Mes 5 G> % 0, 0) / Ae (ni) 
= (i,|A" |i.) ¢(n,, p,s 9700) /p (n,, p,; 0, 0, 0, 0). 
(11.5) 
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Processes arising in £0 transitions in nuclei are considered. Equations are derived for 
the probabilities of shell electron conversion, pair production, two-photon transitions, and 
electron scattering cross section involving excitation of the £0 nuclear transition. The 
calculations are carried out with Coulomb functions of the electron with allowance for the 
finite dimensions of the nucleus. The conversion probability in an £0 nuclear transition 
is compared with the competing £2 and M1 nuclea@ transitions. Some estimates are given 
for the EO nuclear transition matrix element for various single-particle and collective au- 


clear models. 


INGLE-PHOTON NUCLEAR TRANSITIONS be- 

tween states of zero spin are forbidden by the 
law of conservation of angular momentum. In this 
case the radiation transition occurs by emission of 
two (or more) quanta. A distinction is made between 
two types of transitions: the /0-transition. with a 
change in parity (07 > 0*), and the £0 transition, 


in which parity remains unchanged (07 = 0=). In 
the second case, shell electron conversion or pair | 


production is possible in addition to the two-photon 


transition. The £0 conversion differs substantially 
from other multipole conversion processes in that 
the monopole potential is localized im the region of 
the nucleus, while in other conversion processes 


ae 


“ee 
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the region of the nucleus makes a relatively small 
contribution. Since the Coulomb potential on the 
surface of the nucleus is approximately mc? even at 
low values of Z, the motion of the electron in the 
vicinity of the nucleus is essentially relativistic. 
The calculations must thus be made with rela- 
tivistic electron functions. In addition, the field 
in the vicinity of the nucleus differs substan- 
tially from the field of a point charge, leading to a 
considerable local variation in the electron wave 
function compared with the functions in the field of 
a point charge. The calculations of the monopole 
conversion probability must therefore contain allow- 
ances for the finite dimensions of the nucleus (in 
the case of a point nucleus, the £0 conversion tran- 
sition is strictly forbidden). £0 nuclear transitions 
with electron conversion and pair production were 


wi Se However, 


studied in many investigations 
Fowler’s calculation was made in a non-relativistic 
approximation, while the remaining works”~” are 
based on the Born approximation or fail to allow for 
the finite dimensions of the nucleus. It is interesing 
to find out how substantially the effect of the nu- 
clear dimensions influence the results obtained. We 
shall give below the calculated values of the proba- 
bilities of many processes connected with the £0 
nuclear transition. The nucleus is considered asa 
sphere of radius A, = r, A® = 1.2 x 10% A% cm, 
with a uniform volume charge density. The shield- 
ing effect of the atomic electrons is neglected. In 
the processes considered here the electrons do not 
have too high an energy, so that kR, <1 (k is the 
electron wave vector), thus restricting the applica- 
bility of the results to electron energies ¢< 15 Mev 
for heavy nuclei. Retardation is neglected. The 
calculations are in relativistic units. The wave 
functions of the electron in the continuous energy 
spectrum are normalized to a unity energy interval. 
The formalism of the spherical spinors, developed 
by Berestetskii et al®, will henceforth be used 
everywhere. The initial state of the system is de- 
signated by the index 1, the final state by 2. 


1. WAVE FUNCTION OF AN ELECTRON 
IN THE FIELD OF A FINITE NUCLEUS 


Our calculations require wave functions of an 
electron in the field of a finite nucleus. These func- 
tions can be readily obtained by joining on the sur- 
face of the nucleus the regular solution of the Dirac 
equation for the region r < R, for each partial wave 


(j, 4, 1 =]j +A), namely 
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iV 
ean 


Yn. G ja (1) 


Vian = Aj 


with the general solution to the equation in the re- 
gion r >R,, which is a superposition of the regular 
Wy) and irregular ;,,.(y) solutions of the Dirac 
equation for the field of a point charge (see Refs. 
9-11). The constant A; is determined from the 
boundary conditions. The first to use this method 
to calculate the effect of the finite dimensions was 
Sliv!*. Let us evaluate the constant A; with an 
accuracy to approximately (4R,): 

we 


Fr =O” (x); Gp = POR (x); 


eee ( Balin My —fp gp (—v) 
Gain Cn=Fpgp Hn 


co 
= » 2a) (2A) 2 
A= TR Die == yedy as 
v=0 
co 


Mo) = s ieee 


v=0 


The series ©, and ©, converge rapidly and if an ap- 
proximate accuracy of 5% is specified, one need 
merely take the following terms (at x = 1): 


has + 1/2: 
OM se 1 — w2/6 + Ze%w / 15 + wt/120, 


R, OS? = w/3 — Ze?/10 — «3/30 ; 


=— 1/5: 


R, OW = — 0/3 + Ze?/10 + 0/30, 


OO = 1 — 02/6 + Ze*a/15 + w/120. 


Here w = 1.5 Ze? + ©R,, where e is the total elec- 
tron energy. 

For further calculations it is convenient to nor- 
malize the functions ;,(y) so that the normaliza- 
tion coincides with that required for the analogous 
process in the point-charge representation. The 
functions f;, (ty, r) and g;,(+y, r) for the bound 
and free state of the electrons have been derived by 
many workers (see, for example, Refs. 9-11). 

The constants 4; for the continuous and dis-, 
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crete spectrum are readily obtained by substituting 1) Electron in bound state; shell n, j, 4; 
the functions. O», 
pales oe PAS ee ee ees Ann = NinRO "Sir, (Ro): 


here atA =~—\% 


(1 — e2)! [n’ (n’+ 2y) — (N — x)7] 
(1—e)[n? + 2y +N —x] OF) + (1 + 2)? ROL [N — 2y— 1’ — x] ; 


Sp, 


at A=+ 4 


(1 — ©)" [n! (n! + 2y) —(N —»)"] 


S; = I 7 1 ’ 
A 1 — ey [n! + 2y +N — x] ROM + (1 + 2) bo [N — 2y— n! — x] 


? 


Nes (oT (2y + dct 2) i 4 fees ae 


n'tN(N—x) / VP (2y + 4) 


N=VeR— WW (x[—D, *= Ait), 1=VO— Let. 
2) Electron in continuous spectrum of energy © > 0: 


Ap = CR, 3S (eRo); 
atA=-—% 


(e? S24)" [Re Q jaly) Im Qj(— Vie Re Qin (— y) Im Qin (y)] 


Sj (Ro) = | i : 
ind ( 0) (ec —1) pm Qia (—y) + («+ 1) 2RoD\Re Qin (—y) 


at A=+% 


ey ale se 
Sp (Ry) =| («2 —1) [Re Qj, (y) Im Qj, (— y) — Re Q,;, (— y) Im Qn (VI | 


fe L Ay le@g, HD an ’ 
+1) BOP Re Q,, (— 1) + C1) ERO Im 1) Ik. 


(Oc (2p)* |T (y+iZe*e/p) | exp (nZe%e/2p) pineal _x—iZer/p 
V xpT (2y + 1) y + iZe%e/p ; 


Qn =e (7 + iZe%/p) Fi (y+ 1+ iZere/p; 24 -+1; 2pR,); T= Ey. 


3) Electron at negative level of continous spectrum (— e): 
An = BiRY*~ "Si (eRo)s 
at A=-— y 


(e? —1)'#[Re P,, (v) Im P;, (— y) — Im P;, (y) Re P,, (—y)]] 
(e+ 1)0$>) Re P, (—y) + (e— ROK Vim Pa (4 ey 


Sp (Ry) =| 
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Sp (Ro) = { 


Bj = —CAYIT (x = iZere/p) | exp (— nZe%e/2p) 


(c? 4)? [Re P;, (y) Im P;, (— y) — Im Pj, (x) Re P, (— y)] 
(1) "OY Im P,, (— v) + € + 1) FROM Re Pry JR 


VnpT (2y +1) 


e2in %* — iZe*/p 


y—iZere/p ’ 


Pj (t) =e (j — iZe%e/p),F, (7 + 1 — iZe*e/p; Dyer], 2ipR.): 


2. MATRIX ELEMENT OF ELECTRIC 
MONOPOLE 


If retardation is neglected, the matrix element of 
the monopole assumes the form: 


<2| Hxzo| 1) 


=e? 


iMs 


\ aud &) eda Go (A) (A), 


where wy, and y, are the electron wave functions, 
while u, and u, are the functions of the nucleus in 
the final and initial states respectively. Simple cal- 
culations yield for the matrix element of a transition 


of the type (1, 7A) > (2, JA): 


<2 | A £0 | 1) = e?Ap (1) AG; (2) Rope 


where &; is the nuclear matrix element. With an 
accuracy to quantities on the order of 0.03 and less, 
R;, equals: 


Rp = R; 


4 a eae! 
) uy? 


es 


i=1 


= [(2j + 1) (2j + 2) uy 


(j + 1)“ta102 — ot cas os 


4 (j + 1) (2j + 3) (2j + 4) 


Zz zg, \uts 
& (x) 


i=1 


xX cup uot... 


The second term in A; amounts to 0.1 of the first 
term even at Z = 90 and © = 30. Hereinafter we 
shall denote 


3. PROBABILITIES OF £0 TRANSITIONS 


Conversion of shell electron from state (n, j, d). 


; 2re* 
a Te FD) e+ DIE CiN jn | Sin (1) Sin, (2) 1? Rov gj. 
In the case of the K, LI, and LII shells, the nuclear 
matrix elements are the same and the ratios of the 
corresponding values of W are independent of the 
properties of the nucleus: 


We [2(y+ 412 + yy 4.4) e ee 
ae 2 (2y + 1} > 
e e Sy (1) Sy (2) |? 
ex aZer| Knee 2) a 
@ P ( Pe. Pali Sil Sr0 Ol s 
Wt) 3 Waa at) Sal So | 
Win V242y44 | Sor (1) Sz @) | ° 


The conversion of the LIII shell electron is deter- 
mined by the quantity (Ze?/N)2” *1p?”-1R4” 
for y ~ 4 it is approximately 10°—10*° times 


and 


smaller than the probability of the K-electron con- 
version. Numerical estimates of the probability of 
the L and K-electron conversion are given in the 
end of the article. 


Paired Conversion of Monopole 
The probability of the EO conversion with pair 


production can be obtained by calculating the ma- 
trix element of an £0 transition with electron func- 


tions 
bp, (r) == > eim(j—A—1)|2 
fpr 
A x 5 en) 
i pina (tee 


Vpove (r) = >, etm j—A—1)|2 
ipa 


ya * es 
XY ju (Po) ]—vs'Pjua (1,82) € Byx2) 
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in the asymptotic approximation Wp,,, and Wp, v, 
contain plane and converging spherical waves 
(normalization of Wj, by 6(¢—2')6 y/0)7/0ra"). 
Considering that the contribution of waves with 
4y—1,4 RAY 

2 Ea, 


W 


pair 


F (ZAe,e¢,) = (PyP2)2%—1 exp (=Ze? |= a 


For Ca%e, Zr3g, and Poz,* the integral was evaluated 
numerically to be 49, 1.2, and 0.017 respectively. 
The function of the angular correlation (6) of the 


N()~> 


viV2 


pA 


From which we find: (j = 4) (A= + 4) 
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j > is negligibly small, and taking only j = ¥ into 
account, we obtain for the pair-production probability 
and for the angular correlation of the positron with 
the electron: 


~ 36n | T2y + 1) (( 2 Sy (1) Sy (2) ? F (ZAeye9) 6 (A — ey — &»)de, és.) Py» 


Dlr zegyelrrzesyt 


positron with the electron at fixed energy ©,(¢,) is 
determined by the square of the modulus of the 
elements: 


S\ expfi (8) (2) — 8a (1) [Y ho) ] vel Y rn (— Pr)», Ar(1) Aja(2))?- 


N (6) = + Ds Sp (1) S (2) 2 — ES, (1) S_ (1) 8, (2) S_ (2)] 08 21 €08 Bp.p 
A 


where the phase q, is determined with accuracy to 
terms in (pR,)* by the following equation 


oe [ (1 — iZe?/px) (A + eles 
te iZe4/ pry (lat Ze") hice 


As Z > 0, the equations for the conversion probabil- 
ity for the angular correlation become the known 
equations obtained in the Born approximations”. 


Inelastic Scattering of Electrons 


Unlike the preceding case, the matrix element is 
calculated with the following electron functions 


4yY 54 p 4Y 
m2"retRo 2Y—3, 2Y—1 


°F Cie DT ia 


x exp (xZe?[= + =) x |S, (1) Sp (2) 2 ¢2, 


N (8) = F112 (1) S, (2) |? + [S, (1) S_(1) S, (2) S_ (2)] cos 2, cos 6 


where ¢, is found with an accuracy to terms in 


(pR,)* from 


eit Fe — ‘Ze?/py) (4 — iZe?/po)] le 
(1 + iZe?/p,) (1 + iZe?/p2)\ * 


Vo.v, (r) 
ee * NE ye, Hr e Tay 
Bee ») eit(i—r Hepyr, (P1)]-v,Pjua (rey) cP AM, 
jp.r 


Dprve (r) 


Z| 


im j—2— as i pe 
an. me [Yin (Po) ve ja (req) g Bd i 


> 


~. 
io 
= 


and Wy y, contains a plane wave and divergent 


waves in its asymptotic form. Restricting ourselves 
again to terms with j = 4, we obtain for the scatter- 
ing cross section and for the angular distribution 


(j=4; A= + 2): 


[I (y + iZe*e,/p,)T (Y + iZe*eo/Pz) | 


PiP2> 


By way of illustration let us show the calcula- 
tions of the cross sections for several elements at 
electron energies 10 and 20 mc?. We shall represent 
the cross section as 


a = (o,/47) (1+ 6 cos 0) pj 10°° (cm?/sterad). 
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The values of 6 and a, are given in Table 1. 


TABLE I. 
Energy 10 mc? | Energy 20 mc? 
Nucleus 
on b om | b* 
Cary 10.054 | 0.93 | 0.34 | 4 
G 72 
C59 1.08 0:97 3.2 1 
Ze 0698" )| 0:97 | 3.7 | { 
Page Wl2as2 al 0299 | 7.4 | 1 
Pog | 67 | 0.98 | 190 | 1 


*At an energy E = 20 it is important that the phase 
shift due to the finite dimensions of the nucleus be 
taken into account. This was not done in this ‘estimate. 


4. EFFECT OF FINITE NUCLEAR DIMENSIONS 


It is interesting to determine to what extent results of calculations with the Coulomb functions of the 
point nucleus are charged by accounting for the finite dimensions of the nucleus. We obtain for the ratio 


of the probabilities, calculated for the point nucleus and finite nucleus: 
Z 
2 
Sy cpal) 
i=l 


For the conversion, scattering, and pair production processes, F assumes the following form: for the 
(njA) shell electron conversion 


2 


1) 


Gee Prenat’ bs a) 


Fe om, Hee A Mes + 11a’ tN) Re Opp (12) (6A) Mer) Ma’ Nl Op (2)]? 
a [S, OS, 2)P 


for electron scattering (A = + %) 


Sy ler t-4)" Mert) PRe Qj (vt)Re Qjp.(v2)+(er—1)"(e2—A) tm Qj (rtm Qj, (¥2))? 
x 


F= , 
>is, 4) 5, 2)1? 
Xr 


for pair production 


SY) er t+1)'*(2—1)'PRe Pj (yt) Im Q jar2)(er—1)' eo +4)'? Im Pp (t)Re Q (12)!? 
F=- 


S15, 0) 2 OY 


r 
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The corrections for the finite size of the nucleus, 
calculated for the case of conversion, are given at 
the end of the article. The values of x for scatter- 
ing and for E = 10 mc? are: 


Pda Pog" 
1,16 1,87 


Nucleus: Cas, Gess Zin 
5 on 0,98 0,97 1,0 


5. TWO-QUANTUM NUCLEAR TRANSITION 


In the case of a 0O—0 nuclear transition, radiation 
transition is possible only by emission of two or 
more photons simultaneously. The photon spectrum 
now becomes continuous. Similar two-quantum nu- 
clear transitions were investigated earlier by 
Sachs?3, Schwinger, and Goldberger !4. It was as- 
sumed in all these investigations that the nucleus 
emits quanta upon transition through one virtual 
state, the energy of which was chosen arbitrarily in 
the estimate. We shall give below a somewhat dif- 
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ferent estimate of the probability of a two-photon 
nucleus, taking into account a group of virtual 
states of the nucleus. 

In recent studies of photo-nuclear processes, a 
gigantic maximum of the “resonance” type was ob- 
served in the cross sections of the (yn) and (y p) 
reactions at energies hw,,., ~ 60 A~4 Mev. The 
presence of such a nuclear “resonance” can be 
considered as a result of a sharp increase in the 
density of the “dipole” levels of the nucleus in the 
region of the “resonance” energy (by “dipole” lev- 
els we understand here levels reached by a nucleus, 
originally in the ground state, by absorption of a 
dipole quantum). It is natural to propose that in a 
nuclear transition with emission of two dipole quan- 
ta the greatest contribution is due to the virtual 
transitions at the levels near the “dipole resonance” 
of the nucleus. 

Within the framework of these assumptions, we 
obtain for W and dW, ,: 


dW. = 2k 4 | <2 | 5 | I> i: Dy,Py20 (A s" ky ion Ro) dkidk3; 


AiA2 


|<2| Ay | 1? = 


y 


1 
$k — oP 


(< res 


(2| A, | yw] A, | > 


| = 


Dy 


A= hi, | a 


ars ea S21 Ay O1HY I>; 


Hy is the operator of interaction with the dipole quantum 


H, = DyekiE,; E, = ik V Ia/ke, exp {ikE — io} 


> 


©), is the quantum polarization vector, and k is the wave number of the quantum; 


WW.. = Setk2k3 Re 
Us 272(F 25 + ky 
4 345 
y= SetRG (\ R3RSS (A — ky 
ve 27 


Z 


aye |<2| Di GBi/RE)| 1> 23 (A — ky — hy) deck, 


i,j 


— fis) 
(ee oe Ry me 


ae dead) | 2) D}Ee/RB| VP. 
i,j 


The integral can be calculated, but the end result is quite cumbersome. Taking it into account that 


€..,.> A, it is easy to obtain the upper and lower estimates of the integral: 


( ReRSS (A — ky — ke) dkydky AS A y's 


where 


a a? 


{1 ¥ 5 — sp <S<( os i a—- a}: a == 


(eo. + ky — A}? 


= 740 


res 


Tes 
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2e4Rs A \2 
Wr = gape A°(S—) S121 G8 /R9) | 19 Ps 
s ij 


re 


The matrix element of the transition can be broken 
up into two parts: 


I> 


<2] 3) Gi8i/R2) |1> = <2| DGi/Ro)® 
uJ L 


+ <2] 3) Gi8)/R%) [ 1. 


isj 


According to Levinger’s calculation !® we obtain for 


the diagonal matrix elements of such an operator 


<2 1». 


De |D=—- Teal De 


ji 


Assuming that this equation holds approximately 
also for the nondiagonal element, we obtain 

A® A - | ANN 75 4 Ae 
Wry = A cea ( =) RES! <2 1D Gul Ro)*| 1 P 


€ 
re 


The function of the quantum angular correlation 
W(0) is identical with that obtained for two electric 
dipole quanta in the 0+1-+0 cascade and is of the 


ks 
W —p4 
| Bh ee 2ne 995 


j2A2 
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form W(9) = 1+ cos?0, where @ is the angle between 
the wave vectors of the quanta. 


6. RELATIVE CONTRIBUTION OF THE M1, 
E2, AND EQ TRANSITIONS 


OF THE NUCLEUS 


In the case of a nuclear transition between states 
with equal spins and parities, it is possible to have 
a £0-transition along with £2 and M1 transitions. 

It would be interesting to compare the probabilities 
of the conversions of the shell electrons for various 
multipoles. We shall give below the calculated val- 
ues of the ratios of the probabilities, Wg to Vn 
and to Wo for K-electron conversion. 

To determine the conversion probability in the 
E2 transition we shall consider only the contribu- 
tion of the charge of the transition. Actually, at en- 
ergies on the order of < Ze’ the contribution of the 
transition current is approximately (Ze?)? of the cor- 
responding contribution of the transition charge. 

At greater transition energies k > Ze? both terms 
are of the same order, but they have different signs 
(see Ref. 9). Thus, the estimate of the £2 transi- 
tion made with the aid of the scalar potential differs 
in this case from the accurate value by a fact known 
not to exceed 4, a circumstance that can be allowed 
for in the estimate. Consequently 


(IT + ITs] | <2 || E21) 1> Ps 


vii —AL0 


‘ 1 * 1p A 4 ° > : a 
Ty = (2j, + 1) 2 (2jg — dg + 1) 'w (ia 5 2j1— as Ie — Kaj } Ciz—2a020 » 


2 


where F, (kr) is the Hankel spherical function. 


fr +Ar0 


1 - a Uy aaa oe co F 
e = (22 +1) x (Qjo + 2hro + Oy wis > Ahk ae Joc dois) C73+22020 > 


1= | gia (0) Bia (7) Fa (br) Pdr, =| frase) fia (7) Fe (br) Pedr, 
Ry Ro 


The integral of the II£2 transition is always approximately proportional to (Ze’)’ also for all Z less 
than 1, and we can therefore disregard henceforth integral II in the estimate, without causing an error 
greater than 2. The reduced matrix element of the £2 transition is determined by the equation 


Z —— 
ct (2)| DY EV 4EY om (8121) | Ott, (1)> = Chittoor <2 || E2 | 1d. 


i=1 
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We can denote analogously 


Oni TOE: 


Ofy (1)> = <2|| E0|| 1), 


where Onn, (2) and fu, (1) are the wave functions 
of the nucleus in the final and initial states respec- 
tively. In the case of an £2 multipole conversion 

on the K shell, two final states of the electron are 
possible: 


To compare the probability of the #2 transition with 
the probability Weg of the monopole transition, we 
shall use the value of the probability for the first 
transition multiplied by two, thus overestimating the 
total probability of the £2 transition. For the M1 


transition (j,A,1) » (j,A,2) we have 


44 bey Ms 
Won = 45 = [w(i/ells Vi? 
x (I + I)?| <2 || M11 1p, 


where the reduced matrix element is determined 
analogously: 


otis 2) | BV ae (4 ee SO") V9 (0 Vid 


dae (1; Yiit)} | hn, (1)> = Ci mim <2 M1 | I). 


for the 1/1 transition: 
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The operator V2 (&?/3)lo, Y¢ u ¢;)] takes into 
account the effect of the aac A otbital proton inter- 
action in the 1 radiation, and this term plays an 
important role in the transitions of the type 
%+2%+; 6, = 1 for the proton and 6, = 0 for the 
neutron, while p; is the algebraic magnetic moment 
of the nucleon in the Bohr magneton, WV is the nu- 
cleon mass (2 x 10°), and 9 are the Pauli matrices. 


T= \ fipp, 2) fj, (1) Fra (lr) dr, 
R 


° 


LC g5, (2) Fa, (I) Fa (Br) 2? dr. 
R 


0 


The integrals I and II of the conversion transi- 
tions can be readily estimated for two limiting val- 
ues of the transition energy (A=k): k < Ze? and 
ke Le": 

lik Le-, 


sion 


we employ the Bessel-function expan- 


Erte) = aie ay peo 
( 


Deeg 


and if k >> Ze? we carry out the calculation in the 
Born approximation. As a result we obtain for 


k < Ze?: 
for the £2 transition: 


oz — 31k (e, + 1)? (ey + 1)" Nj, (i) 
x Cj, (2) RUT? Re D (x2), 


Le — ih? (23 — 1) (2 + 1)"; (1) C;, (2) RE Im © (ys), 
I ik? (ey + 1)" (1 2)" N,(1) Cy, (2) RE Re © (1), 


where 


eta (y2 4- (Ze* es / pz) 


O (Y2) = Ze2 — ips 


We shall assume furthermore that 


Fil +1+— } 


iZe? Eo 2i pes 


ea On ae os ry aati 


tely proportional to (Ze?)?I. We obtain in this case 


Re ®(y,) = lm O(y,) = 1/Ze?. If k > Ze? we can for E2 and M1: 


neglect the integrals II, since they are approxima- 


ELECTRIC MONOPOLE TRA 


E2: I=i 7 a Be Neb ue 


2 


Mi: 


[=i 


NSITIONS OF ATOMIC NUCLEI 855 


\ 5] { 
p, — 


Oo 


? 


m5 


Using the values obtained for the integrals I and II 
to the £0 transition probability: 


[= = oe ae 


Se 


Pg — 


, we obtain for the ratios of the E2 and M1 probabilities 


For k < Ze? 
W x re Soy ISOS Her : geara yl ipat ear) 
AE SS 25 292% Yo) 2 (yi t1—Y2) A ( Y2 1) Po 
Lea - G@+i@+4 |Pen+1)! ReOe] 
ye | Eat iZe* en / pe) P| <2) 2011> |? 
Tl (y2 + iZe? €9 / po) <2 E2Y1> |’ 
For k > Ze? 
Ww S Bee 9 = 
ee 92m1t1 Re 1) (ps — k?)? oo exp Zier =.) 
W Fo Pe 
¥ | T (yy + iZe® eg / po) |? 1S, (4) S, 2)? | <2 E04 1y | 
Y (2y1 + 1) (er: + 1) (2+ 1) [<2 22 1> | ° 


Taking it into account that the two last factors are 
approximately equal to unity, we obtain in accord- 


<Le* 


ance with the above estimate for p< 


W co / Wee >> 144| <2] BOI 1> / <2] E2|1>|®. 

At low energies this ratio depends little on Z and 
is close to unity, even if we assume a value of ap- 
proximately 0.1 for the ratio of the matrix elements. 


For k < Ze? 


W ro 41S, 


CL) S5 (2))? 


If the transition energy is higher, A ~ 1, the ratio 
Weo/Wee depends greatly on the value of the nuclea 
charge. At small values of Z we have Wrq = Weo, 
and at large values of Z(Z > 60) we have 
Weo > Weg, if the reduced matrix elements are equa. 
Analogously, we obtain the ratio of Wz o/Wy for 
the same limiting cases. (The transition (j = 4; 
A=~—%)>(j =%; A=) is taken into account by 
the factor 2.) 


<2 E0|1> |? 


W uy ea — 4)? eu 4 tnd Ge 


and for k > Ze? 


(4 —<,) *le (4+ eh Re @ (y2)]? | <2 | M1 i (BS 


W eo — ate [S), (1) S, (2)]? [p5 eae coat Re Goad exp (wZe*ee / P2) |V Ca -+ iZe*€s / p2)|? 
W iy oe (Ey + 1) (Eg aes 1) ba [Lr (244 ae Dye 
<2|| EO} 1> P 
| MIS | 


In this case the ratio Wz9/Wy, is also a rapidly- 
growing function of Z. If Z <50, its approximate 
value is 10%. The estimates cited show that in the 
Peeareae aekep region k x Ze? one can except a 
considerable inclusion of electric monopole in the 


K electron conversion in the case of nuclear transi- 
tions of the type 1*+1*. In the transition-energy 
region k >> Ze’, the contribution of the monopole 
may be substantial only for sufficiently large values 


of Z (Z > 50). 
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7. ESTIMATE OF THE NUCLEAR TRANSITION 
MATRIX ELEMENT 


The monopole nuclear matrix element, like that of 
other multipoles, can be estimated at the present 
time only within the framework of definite model re- 
presentations. We shall give below the results of 
the estimate of the £0 matrix element both for the 
single-particle model, as well as for several models 
with collective motion of the nucleons. The esti- 
mates of the monopole matrix element are also given 


by Schiff*®. 
1) Single-Particle Model 


In the limiting case, when the change in the 
state of the nucleus occurs by a transition of one 
particle from state Qty (1) into the state Qy\y (2), 
the matrix element <2| 2&?|1 > reduces to the 
single-particle matrix element: 


JE, 
<2| S&F] 1> = (Fe + 8p) <Othn (2) 1&2 [than (1). 


The core, the field of which contains the “external” 
nucleon, is assumed invariant. The term proportion- 
al to Z/A? results from the allowance for the effect 

of the recoil of the core, while 5, = 1 for the proton 
transition and 5, = 0 for the neutron transition. As 

a rough estimate 


(OP (2)18 | QPa (1)> < 0,6 Ro. 


2) Hydrodynamic Polarization Oscillations of 
the Nucleus 


The monopole nuclear matrix element can also be 
estimated by representing the nucleus asa drop of a 
charged two-component nuclear liquid. Such a drop 
may be subject not only to radially-symmetrical pul- 
sating surface oscillations but also to polarization 
oscillations of the proton and neutron components 
of the liquid. The frequency of these oscillations is 
considerably smaller than the frequency of the oscil- 
lations connected with the compressibility of the 
nucleus. 

Comparing the classical and quantum-theoretical 
polarizabilities of a drop acted upon by a small per- 
turbation V = A r*e?®t, we obtain an integral sin- 
gular equation for the square of the modulus of the 
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matrix element. The solution of this equation leads 
to the estimate: 


J.o| Shes 


3nTE? ZAR? 
(A? a Eye = T2 A2 


> |eay > 


A? — E? 
(1 alm Fula) siasempmensee (oh, 


[(6 — x?) (x cos x — sin x) + 2x? sin x] 


F (x) = x? (x cos x — sin x) 4 
YR? iy MV,A 
x= (KoRo)V pal tite» "o= Genzer? 
0 0 
3 p3 
Vo ee 


ee : Te res Bis 
(Ry Ro) ad, 2,08 | ae — | — i al 


0 0 


Here N is the number of neutrons in the nucleus, 
A=N + Z, M the nucleon mass, I’ and e,., the 
width and “resonance” energy of the known dipole 
“resonance” appearing in (yn) and (yp) reactions, 
and g(A) the density of the nuclear levels that 
can be excited by the £0 transition of the nucleus 
at an energy A. The above estimate is correct for 
transition energies at which the specirum of the nu- 
cleus becomes continuous. 


3) Surface Quadrupole Oscillations 
of the Nucleus 


Kven-even nuclei with A ranging from 76 to 152 
have apparently an energy spectrum corresponding 
to a hydrodynamic phonon nuclear excitation of the 
quadrupole type. This was first pointed out by 
Scharf-Goldhaber and Weneser!’. However, another 
interpretation of the spectrum of these nuclei is 
possible. The problem can be solved by investiga- 
ting the ratios of the photon-emission probabilities 
to the electron conversion probability for various 
nuclear transitions. Electric monopole transitions 
make possible still another clarification of the char- 
acter of excitation of this group of nuclei. It would 
therefore be interesting, within the framework of 
this model, to estimate the matrix element of the 
E0 transition and to compare it with the matrix ele- 
ment of the £2 transition. We shall next describe 
the state of the nucleus by the following quantum 
numbers: v — number of phonons, /,  — spin and spin 
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projection on the OZ axis. The wave function of 
the nucleus is Soe Depending on the number of the 
phonons, the spin of the even-even nucleus can as- 
sume the following values vy =0,/=0; v=1,]=2 
v=2,/=0, 2, and 4. Experimentally one observes 
the following sequence in the values of the nuclear 
spin in the fundamental, first, and second excited 
states 


[= 0p I= 2; J = 0); 
[J =0, J =2, | = 2];and [/ =0, J =2, | = 4). 


Ky | E0|y2,) = 


Ose eo = a 
ie 


<y9* | (E2)m| 72, 


7 | (£2) | 72> = 


vit | (E2)ar |72,.> 


We obtain for the ratio of the matrix elements of the 
competing transitions: 


hare i >~0.1, 


| £0 x, + | E2lly,,!> < 0.05: 


“27 | NAB, 


It is assumed in the estimate that (iw/2c,)” = 0.18 
(see, for example, Refs. 18 and 19). For the matrix 
elements of the £0 transitions of two nuclei with 
different spectra we have 


“~~ 
Oat FEO] y3> /<xeF | E072) = 0.5. 
We obtain a numerical estimate of the order of mag- 
nitude of the matrix elements by putting 


(iw/2c,)* = 0.18; then 


my , 3 
|(E2) am | ree, re 
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In the case of the spectrum of the first and second 
types, £0 transitions with electron conversion can 
occur between the second and ground state and be- 
tween the first and second states of the nucleus 
respectively. A simple calculation, under the as- 
sumption that these states are phonon excitations 
of the nucleus, yields the following values of the 
matrix elements of the £2 and £0 transitions (£2 
and £0 operators of the £2 and EO multipoles): 


me 2RV 5 (42), 
ERO pe Cho ($2)", 


zee 


20 


= oR. V8 i (se) Bn — M (=1)e 


ley 


ae be GB sons 


2 
ee > ZR? OnM 


: as ) V2n, 


(52) (— 1)" 


0+ | £0 | ¥2.> & 5-108 ZR3, 


(yt | £0 | 72,> ~ 2-10 ZR3. 


8. CERTAIN RESULTS OF THE CALCULATIONS 


By way of illustration let us give the calculated 
probabilities of the shell-electron conversion, pair 
conversion and yy transition for the nuclei Cao, 
Gels 7s, Pdi2, and Por 

Table 2 gives the values of the probabilities, 
divided by 


K2| Di: / Ro)? 


| 1 >Pandl <2} >) (6:6) / Rd) DP 
i, J 
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for the yy transition. 


TABLE IIL. 
puoz bow dav see SUt des Nt Woe Oe ee eee 
; Wk WLI 

Nucleus ei Wry Wait WK | Wit eWay | SK le eat dwelt 
Cay 6.7 15 10? ~ 4-407 | 5,05-108 7.8 | 342 | 0.99 10.965) 0.97 
Gels 14.4 15.5-104 0 2,56-108 | 7.4 | 198 | 0.96 |0.83 | 0.945 
Zr) 13.5 |5.7-108 | ~1.4-108| 1,16-10% | 7.6 | 102 | 0.87 |0.88 | 0.88 
Pde) | 2.27 13,3.408 oe 3.54.40 | 6.9 | 71 | 0.88 |0.87 | 0.87 
Powg, | 2.85 |5,6-107. | ~8.7-108| 8,45-1032 | 5.3 | 19.6] 0.68 10.77 | 0.75 


All the values of the probabilities are given in the 


usual units, sec °. 


Data concerning £0 transitions of even-nuclei with 


A ranging between 60 and 160 are of particular in- 
terest. A study of the £0 transitions for this range 
of A between levels of nuclei with spin /:0+ > 0+ 
and 2+ + 2+ would make it possible to establish the 
character of the excited states of the nuclei. 


Note added in proof (April 27, 1957): After this 
article went to press, we became acquainted with 
the work by Church and Weneser [E. Church, J. 
Weneser, Phys. Rev. 103, 1035 (1956)] which deals 
with the conversion of the shell electron in the £0 
nuclear transition. They used numerical methods 
and took the screening effect into account. Since 
the calculated data are given in graphic form, di- 


rect comparison of the results is difficult. However, 


qualitative deductions and the values obtained in 
our work published for many nuclei are in good 
agreement with the values cited by Church and 
Weneser. 
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A model is considered in which a spinor field interacts with a pseudoscalar field, the 
classical pseudoscalar field being independent of the coordinates. Owing to the proper- 
ties of the model the equations for the Green function are considerably simplified, and this 
makes it possible to find their exact solution. An investigation of the Green function is 


carried out. 


[T° VIEW OF the great difficulties in principle that 

stand in the way of the solution of the equations 
of quantum field theory, methodological interest at- 
taches to the study of particular models for which 
exact solutions of the corresponding equations can 
be obtained. A large number of papers! 
devoted to the consideration of various models. The 
model of a renormalized field theory proposed by T. 
D. Lee? is studied in some papers®’4, while 
others®’® consider generalizations of this model or 
use Lee’s idea to construct a new model?*®. Con- 
sideration has been given to a model of a meson 
pair theory? and to a number of other theories. 

The purpose of the present paper is the investiga- 
tion of a new model, in which the equation for the 
Green function of the fermion can be solved exactly. 


I. STATEMENT OF THE MODEL 
We consider an interaction of pseudoscalar (for 
simplicity, neutral) bosons with fermions, which is 
characterized by the Lagrangian 


L(x) =e: ¥ (x) F(x): 9) + M(x), 


where M(x) depends on the operator ¢(x) of the 
boson field and can include a “classical source” 


Es 


\ 3° exp \- 5 


term J (x) g(x) and also counter-terms for renormali- 
zation. The model considered is such that the clas- 
sical boson field does not depend on the coordinates 

Abrikosov and Khalatnikov!® have examined the 
point interaction 


—9 have been 


ge (x) T ¥ (x) 9 (x) 


as the limit of the “smeared-out” interaction 


g\ F(X) LEW) ¢(@)K (xy, x—2) dy de 


with limiting momenta A, and Ay satisfying the con- 
dition A, > A,. In terms of this two-limit technique 
the model we ome studied corresponds to the case 
in which the limiting momentum A, of the boson is 
equal to zero and the limiting momentum ry of the 
fermion has gone to infinity. 

To find the Green function of the fermion we 
employ the formulas obtained by Bogoliubov!}, 
which express the Green function G(x, y|J) in 
terms of the Green function G,,(x, y|¢) of a single 
fermion in the classical field y. In momentum 
space they have the following form’: 


\ ap (p) D-1(p) wh Ge1(k 14) x 


G(k|J)= 


1 
* exp faa dp dqSp ys G.\(P — % P| 8%) 9 (9) + \ M (p) | 
0 


—> 


it 
x ex | 43 | dp dq Sp xs 
0 


\ d@ exp = ce 


: \ dp 9 (p) D-M(p) (n)} x 


(2) 


? 


) 


Ger (P— 4 P| 89)¢ (9) +) M (0) dp 
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(11 + typ) Ger (hs #19) — 8 ts) dq Gar lk— 9 &| 4) 9(q) =3(k—F’), 
85 — 
[m+ iu Re + \ 4p te Pp. CAD) rey eae \ ap © (P)| Ge(k|¢) =1. 


Here g = g (2m), and the matrices y and scalar 
products are defined as follows: 


Tr ‘4 = iB, 


V5 


In the model under consideration the limiting mo- 
mentum A, of the boson is equal to zero, i.e.,-the 
boson is, so to speak, smeared over the entire 
x-space, and the limiting momentum 4, of the fer- 
mion has gone to infinity, i.e., the fermion is a 
point particle. If we study the behavior of the 
Green function of the fermion at momenta satisfy- 
ing the condition k? > Ny our present model is the 


limiting case for Ay > 0., 


co 
a 2Iod n 
\ doe~* G., (459) exp fa 
G (k; J) = — = 
J doe ?'l24 exp 


where 


CG, (Bs @) = (mu kp + B59) | (m? + + g° 9), 


and here rN = 6(0), i.e., the 5-function of 


zero; g’ is the priming coupling constant. In Eq. 
(5) the integral with respect to p is taken over a 

finite four-dimensional region , prior to carrying 
out the renormalization. 

On the other hand, the expressions obtained in 
our model for the Green function of the fermion can 
be regarded as a sort of approximate Green func- 
tion of the nucleon of quantum field theory, if we 


assume as a first approximation p(x) = const. It 


G (k) = (2nd)~"# \ e- 124 do Gen (ki 9). 


—@ 


We use expression (6) and get 


g’ 


1 
[Baa § 48) dp Sp v5.) (p, p; 89) @ + M (9; a} 
q 0 Q 


co 
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In this model ¢(x) does not depend on x, so that 
we get the required formulas if we replace ¢(p) by 
p&p), the variational derivative 5/d¢ by the ordi- 


nary 0/0, and the Feynman integral \dgF(y) by 
the integral over a single variable, \ 
also the Green function D(p, p’) of the free boson 

field goes over into d x &(p)6(p’), where d is a con- 


stant. The equation for G,)(k, x: y) now takes the I. 
simple form 

(m+ 1k, — 89), (kx eg=l BY 
The unrenormalized Green function G(k; J) is then- r 


expressed in terms of G,,(k; ¢) in the following 
way: 


1 
J 43) dp SpysG, (pp; 89) e+ M (9; oh 
0 Q 


was just this approximation that Feynman used to 
estimate the role of nucleon-antinucleon pairs. 


2. ONE-PARTICLE APPROXIMATION 


Let us consider the so-called one-particle ap- 
proximation, which, in the language of Feynman di- 
agrams, reduces to the neglect of closed fermion 
loops. In this approximation the Green function 
G(k) is very simply related to the Green function 


G.\(k; ¢) of a single fermion in the classical field 
~, namely: 


dpF(y). Here ta 
{I 


(6) 


‘it 
i 


ih 
ip 


? 5) f 
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co 
G (k) = 2 (2xd)—h \ doee faa Yu hy (a) 
; m? + k2 +. g2 op? 
The integral in Eq. (8), convergent in the region k? > 0, can be expressed in terms of the probability 
integral 
® =” pd 
(x) = Va “te 
On this basis we write the Green function G(k) in the form 
toe MLS ie ES —0( mee 
eo eee Re Vee = (te aa _ 2g? d ae 2dg? )} 0) 
for g? #0. 
Let us find out whether the function G(k) can be represented as a converging series in powers of @’. 
For this purpose we write G() in a different way, namely 
G(k) = a ae ne axe (m2 +k + 2dg? x) (10) 
Le 0 
Integrating by parts n times we get 
m—y,, R 2 d gta? 
G (R) Le {1 m2 +R? + 1-3 (m? + k2)2 a 
. 4 (— 1)*(2a— 1)! aan 4 grt (Qn + IN me ee dnt (10') 
(a? ey” 
C * dx | 
x | “nt + + Ddgt ere 
0 
Let S, be the sum of the first (m + 1) terms of the expansion in power of g’; then 
iE ; (n+ 1)! \- ak E. 
ae, [G (k) — Sr] ee g? aa ars af 2 dn+t 3 (m2? + 2dg? xantaple ae 
ge+ > 
From this it follows that G(k) can be represented by the following asymptotic series 
d n 
0 (i Si (— 12a — ge (sat ae. (11) 


n=0 


13,14 i h fficients 
- This series is of the type summable by Borel’s method . This means that from the coeffi 


of the asymptotic expansion one can recover the original function by using the generalized Borel meth- 


od. To show this, we represent unity in each term of the series (11) as 
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oo 
2, 4 1 \ 


— (5? d e 
7 Vina aan oe ae 
0 


We interchange the order of summation and integration and obtain 


oo eaves c BP fe Bes eee 2 ‘i 
Or Voxd nea Ve hee de se ola all (12) 
0 


n=0 


We then write unity in each term of the series (12) in the form 


j a 2. er mt: = - - 
Gk) = aq arta | eee lel end Pangea ae 
D re | eam 


We thus recover the original function (8) from the asymptotic series (11) by using the generalized 
Borel method. 
It must be remarked that in the case of the symmetric (not the neutral) theory the Green function of the 


fermion must be written as follows: 


G (h) = \ dx (m — yuky) OP (1 4 Ddgtay (13) 
0 


3. THE EXACT GREEN FUNCTION OF THE FERMION 
For our model it is possible to find the exact Green function of the fermion, neglecting none of the 
Feynman diagrams. 


First let us consider the nonrenormalized Green function G(k). We substitute into Eq. (5) the function 


G.,(k; ~) in the form (6) and get 


co 1 
m—v7,_k = iy 2 
lok es [-# °8,,\ 848 \ se aL AG Ye) 4 de 
4p m2 + ke + g2o? : Q m+ p? + g2o282 2d 
G(k) = = : . : (14) 
eile o2dp 2 
exp \—-4g See ee ees poy: +m de 
ay | jo" A m2 + pt 4 gPg2B 2d 
Since the model under consideration corresponds But we do not do this, in order to avoid divergences 
to a certain degree to the behavior of the nucleon of the type of the infrared catastrophe. 
Green function of pseudoscalar meson theory for If we carry out the renormalization 


large k’, i.e., very far from the pole k? = m?, the * = 
¥ 2 lee 
mass of the fermion should be set equal to zero. ill a ae 
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the Green function G(k) degenerates into 


G (k) = (m — yyky)/(m? + k?), 


i.e., into the Green function of the free fermion 
field. This occurs because of incorrect perform- 
ance of the renormalization. In the carrying out 

of the renormalization there are certain peculiar 
features, owing to the nature of the model, i.e., 

to the fact that all the virtual mesons transfer only 
Associated with this are diver- 
gences of the form 5(0). There are also diver- 
gences in those Feynman diagrams that involve 
fermion pairs, i.e., in the boson self-energy dia- 


zero momentum. 


grams, the diagrams of boson-boson scattering, 
and also the corresponding overlapping diagrams. 

Owing to the presence of these two types of di- 
vergences we carry out the renormalization in two 
stages: first we renormalize the fermion Green 
function 


G" (k) = (a.m!) G (R) 


and corresponding to this we renormalize the 
charge, and then, in the second stage, we remove 
the ordinary divergences associated with the fer- 
mion pairs. 

To carry out the renormalization 


G" (k) = (6,11) G (R) 


one must either add to the Lagrangian a counter- 
term having the operator structure of the free fer- 
mion field, i.e., a term of the form 


L’ (x) = — 3/2 [8,m4* —1]: F(x) 


i (m — iy,0/0x,) Y (x): + compl. conj. 
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or predetermine the pairing of two fermion opera- 
tors in the following way: 


CELE (x) F (2) 0 = (8) 1) 4 Se (x — 2). 


In both cases this leads to the charge renormaliza- 
tion g” = (5ym*)*g". 

To carry out the second stage of the renormali- 
zation we use the counter-terms By* and Aq’, 
where 4 and B are certain constants that go to in- 
finity as the region of integration Q is extended to 
the entire four-dimensional space. The term Bg‘ 
corresponds to the direct interaction of bosons; a 
counter-term of this form is necessary in carrying 
out the renormalization in pseudoscalar meson the- 
ory. In our case it is contained in ’(y). The 
counter-term Ag? is obtained by the predetermina- 
tion of the 7-product of two boson functions (ef. 
Ref. 15) and occurs in the expression for the fer- 
mion Green function in the form 


exp {—?(d' + A)/2}. 


The presence of these two counter-terms makes it 
possible to cancel from the integral 


g? 9? 
m? + p® + g2 9232 


\e 
Q 


the terms proportional to ¢” and ¢*, which diverge 
for Q + «, with the result having the appearance 


go? ES gi ot 32 | 
tim | dp | m2 + p? + 2? 9282 m2 + p? 4 (m2 4 pp J 
+8 
eH 6 B4 oy (15) 
=\40 app EEO 


The divergent part of the coefficients A and B is 
uniquely determined, but in the determination of the 
finite parts there is a certain arbitrariness. As is 
well known, for the term Bg¢* this leads to the ap- 
pearance of an additional coupling constant. The 
arbitrariness in the determination of the finite part 


of the coefficient A exists only in our model and is 
due to the absence of the condition 


lim G(k)(m+ yk) = 1. 


Yphp> —m 


imposed in field theory. In view of the presence of 
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this arbitrariness we can subtract from the expres- 


sion (15) some finite function N(¢) = ag? + bg*. 
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As the result of the renormalization, the Green 
function G'(k) takes the following form 


foe) pera e! . 
m—Yy Ry Basa \ gap. ~ = (0) a do 
\ meet gig? iS \ (m?-+ p?)?(m?-+ p?-+ g*?B?) ee aa 
pore et 6d @? 
\, exp {£5 (seas —__#p__. —-N(o)— ga 4 
ss 80 yee Yee pn p> aR) 2d 
We evaluate the integral in the exponential function and obtain the final expression 
° m 4 —7m2(1+g22] m2) 
ic cael a Noe 
? m?-+-k*-+- g@@ a7 
G’ (R) —r ? 


where f, and f, are arbitrary constants. The inte- 
grals over ~ converge for k” > 0, and the values of 
the constants f, and f, cannot affect the conver- 
gence of these integrals. 

From these considerations it can be seen that 
the renormalization procedure can be carried out 
consistently without the use of perturbation theory. 

The properties of the propagation functions of 
fermions and bosons and of the renormalization 
constants have been studied by Lehmann ?®, Gell- 
Mann and Low!”, and Kallen!®. 

Lehmann considered a neutral pseudoscalar field 
(x) interacting with a spinor field V(x). Without 
making any special assumptions about the form of 
the interaction, but assuming that the theory is 
relativistically invariant and that the energy oper- 
ator possesses a smallest eigenvalue, which is 
normalized to zero, he obtained the conditions that 
must be satisfied by the elements of the suitably 
written propagation functions and renormalization 
constants. 

It is of interest to write our fermion Green func- 
tion G'(k) in the form given by Lehmann and ex- 
amine whether these conditions are satisfied. If 
we take into account our notations and the proper- 
ties of the model considered (absence of a discrete 
level at k? = m?), Lehmann’s formulas can be writ- 


ten in the following way: the fermion Green function 
has the form 


— Yp &,) 01 (%?) — pe (x?) 


hk? + x? , (18) 


G' (bk) = (2.60) 


where p,(7)and p,(x”), defined for positive values 
of the argument, must satisfy the inequalities 


er?) >-0, npr (2) > po!) 0. (9) 
The renormalization constants have the form 
Zz" = | @)d (2), 
dn = Zo \ ((m — x) o (2) + 2 2)14 64), (20) 
where Z, must satisfy the inequality 
Z,>0. (21) 


In order to get G'(k) in the form (18), we make 
in Eq. (17) the change of variable x? = m? + B9?, 
valid for g? # 0; then 


—~—— — 
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( d (x?) (%— Yu ky) — (x — m) 


ws Vx2— m 


ee ee ee 


co 


\aaeeea 


m* 


here x= (x?)? and, for simplicity, f, = f, = 0. Comparing Eqs. (22) and (18), we get 


4 “2 
Vx2— m? \ m? 


0; (x*) = eS 


sales 


m? 


It can easily be seen that p,(x”) and p,(?) satisfy 
the conditions (19). Substituting the values (23) for 
p, and p, into Eq. (20), we get 
om = 0. (24) 

The fulfillment of the conditions (19) and (21) 
shows that our model is free from internal contra- 
dictions. 

It has been shown by Lehmann that if 


Ve (x) d (x?) <0, 


m 


then at large momenta the exact Green functions ex- 
hibit the same behavior as the free Green functions. 
In our model this integral is equal to unity, so that 


865 
aN 2) m2 = 
m2 + Be ( = : iolnaaee eT l2g4d 
2 \—12(x2|m?)? —%3/ogtd a 
m2 } < a 
we en **/2gtd . 
>» Po (%®) = (x — m) py (x?). (23) 


—Tt2 2! 772)2 _ 
) T?(%2] 12) o—™loged 


the fermion Green function G'(k) behaves like 1/yk 
at very large momenta. 

From the consideration of the fermion Green func- 
tion G'(k), taken in the form (17), it can be seen 
that G'(k) cannot be represented as a convergent 
series in powers of g’. Moreover, neither in the 
numerator nor in the denominator of (17) can the in- 
tegrand be expanded in convergent power series in 
g’. It turns out to be impossible to introduce a fi- 
nite number of supplementary integrations over the 
parameters in such a way that the integrand could 
be represented in the form of a convergent series in 
powers of the interaction constant g*. This sug- 
gests that the series of perturbation theory cannot 
serve as the basis for carrying out any investiga- 
tions in pseudoscalar meson theory. 

We proceed further to write G'(k) in the form 


ed (2) ™— yy ( sat secs pHi legid 
\ V oat SEM un" 
Cpe ety (25) 
ce —x?]2¢2d 


y d (x?) 


Vet — m 
m 


valid for Z? #0. From this expression it can be 
seen that both in the numerator and in the denomi- 
nator the integrands can be expanded in series of 
inverse powers of the coupling constant. These 
series under the sign of integration over x’ are con- 
vergent, and even if one carries out the integration 
term by term each term of the series obtained will 
be finite. 

It must be remarked that the contribution from the 
polarization of the vacuum is included in the first 


m? 


<n (x2|m?)* 
) é 


jo sfPic bas 360) 4 Ao 8 ee ee eee 
term of the expansion in inverse powers of the 
coupling constant; the vacuum polarization does 

not occur in the perturbing term. 

If in the case of the one-particle approximation 
one expands the integrand in a series of inverse 
powers of the coupling constant, then after integra- 
tion each term of the series, except the first, will 
be infinite. This leads to the conclusion that the 
inclusion of the vacuum polarization decidedly 
strengthens the coupling. Moreover, it follows from 
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a consideration of Eqs. (17) and (25) that the strong- 


coupling approximation is in better correspondence 
with the nature of the interaction of the type y; than 
the weak-coupling approximation. 

The model we have considered gives an idea of 
the behavior of the Green function of the nucleon in 
pseudoscalar meson theory in the region k* > m’, 
i.e., far from the pole k? = m?. Feynman’? calcu- 
lated the polarization of the vacuum in the approxi- 
mation ¢~(x) = const; on the basis of the study of 
our model it can be said that his conclusion about 
the large part played by the polarization of the 
vacuum relates only to the region k? > m’. 

In conclusion | express my deep gratitude to 
Academician N. N. Bogoliubov for direction and 
help in the work, and also to S. M. Bilen’kii, N. P. 
Klepikov, L. I. Lapidus, and N. A. Chernikov for 


interesting discussions. 
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Extension of the Spin-Wave Model to the Case of Several 
Electrons Surrounding Each Site 


Iu. A. IZIUMOV 
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The energy of a weakly excited state of a ferromagnetic or antiferromagnetic crystal in 
which each site is surrounded by several electrons is calculated by the method of approxi- 
mate second quantization, applied to a system consisting of two types of interacting Fermi 
particles. It is found that besides the usual excitations of the ferromagnon-antiferromagnon 
type, some additional excitations, which depend weakly on the quasi-momentum, appear in 
these systems. A physical interpretation of these excitations is proposed. 


1 THE PICTURE OF a weakly excited state 

¢ of a ferromagnetic or antiferromagnetic crystal, 
when there is only one magnetically active electron 
at each lattice site, is now fairly well understood. 
In the approximations of the spin-wave model it is 


possible to approximate the energy of a weakly- 
excited state of these crystals by the energy of an 
ideal gas of separate Bose-type quasi-particles— 
ferromagnons? antiferromagnons ~ > 4 obeying 

the dispersion laws 
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=/,cJ (a)?, E, =1/,cJ (ap) (1) 


respectively for ferromagnets and antiferromagnets, 
whereupon two independent branches of excitations 
are obtained for antiferromagnets. Here yz is the 
quasi-momentum, J the exchange integral between 
nearest neighbors, and c the number of these near- 
est neighbors. 

According to the model of Bloch?, each of these 
quasi-particles corresponds to the motion of an in- 
verted electron spin through the ordered array of 
the remaining spins. This simplified homeopolar 
model leads to qualitative results which agree with 
experiment. Real ferromagnetic or antiferromagnetic 
crystals, however, have several electrons with un- 
compensated spins at each site. 

The first attempt to allow for the existence of 
several electrons per atom in a ferromagnetic crys- 
tal was made in a very approximate form by Méller>, 
who considered all the electrons of the atom to be 
in a single state. This approach was so crude that 
Méller was not able to obtain any new qualitative 
results. 

Recently Kondorskii and Pakhomov® have car- 
ried out a more accurate calculation of the energy 
of a ferromagnetic crystal with several electrons 
per atom. In this paper we will solve the analogous 
problem for antiferromagnetic crystals. Since the 
spectra of ferromagnets and antiferromagnets have a 
great many regularities in common, it is expedient 
to study them together within a single mathemati cal 
scheme. For this purpose we will consider a Ham- 
iltonian of fairly general type which describes a 
system consisting of two types of interacting Fermi 
particles, and determine its lowest eigenvalues by 
the method of approximate second quantization of 
Bogoliubov and Tiablikov’’® which they developed 
for a system made up of identical particles. 

By considering the electrons of the individual 
sublattices in an antiferromagnet as particles of 
different kinds, we can imagine the Hamiltonian of 
an antiferromagnet to be a special case of our 
general Hamiltonian; the Hamiltonian of a ferromag- 
net will be contained in it automatically. We will 
thus be able to solve the problem for ferromagnets 
and antiferromagnets at the same time. 

2. We will consider a crystalline system at the 
nodes of which there are two different types of Fer- 
mi particles, but with only one particle at each 
node. In addition to the principal S-state of the iso- 
lated atom there will be other states with large de- 


generacy. Let us say that the wave function of 
these states will be Py Aq s), where v runs through 
a finite set of values. We will suppose that the in- 
teratomic spacings are sufficiently large to guaran- 
tee that there will be little overlapping of the elec- 
tronic orbits. In the representation of second quan- 
tization the Hamiltonian of such a system is writ- 
ten in the form: 


H= yy AA (fi 1%) af, On + YS C(ei 4%) H Choa 


4 mS 
a oe > BATT Is 91 vo y, Ht) ar. ar, Be Os 


ae ae Ne te (2) 
om D (G1 2% %2 v4) Cov, “gave “eav2 Cay 
SE (fx Bo %1 V9} 9 ae Gy! Ce Ce 
(each term is summed over all indices), in which 
a = Slot ee 
DG 1, eile ale (3) 
v v 


Here the indices f and g designate the sites at 
which the Fermi particles of respective types are 
located: af, and cgy are self commuting Fermi- 
operators. 

Following the basic idea of the method of approx- 
imate second quantization, we select two system 
functions 0.,(fv) and ®,,(gv) such that 


3165 (fp) bor (fy) = 3 (@— 0), 
| (4) 
BO; (2) Be. (gr) = 8 (o—e) 


(where w takes the same values as v) and require 
that 0,(fv) and ®,(gv) yield a minimum for Eq. (2) 
under the condition (3), if the operators in these 
expressions are replaced by the usual c-numbers. 
We now consider a canonical transformation 


Gp, = 3} 8a (FY) Gfor Cov = S) Po (8%) Cgo (5) 


of the Fermi operators af, and cry to new Fermi 
operators ay, and cz. We determine the functions 
64 (fv) and ®,.(gv) for @ # 0 by requiring that they 
obey the equations: 


868 IW hc 


DA thay, 


a 


a ) E (fi &2 %1 V2¥, Ys 


Y eed / 
&2V2V,V, 


>) C (B22 Y5) 


O* (21%) + >; 


Cad, 
fir, Ve 


) Oo (Fi 9) + yy 


fal #fi)v2v, ky 
2 


) 8 (hr % 


“ae, 
&1(# 82), vy, 


where A.,(fv) and A.(gv) are undetermined Lagrangian 
multipliers. 

These equations make it possible for us to elimi- 
nate from the Hamiltonian, expressed in the new 
Fermi operators, those terms which contain only one 
non-zero index w. Retaining first-order terms (those 
with two non-zero indices w) in the Hamiltonian, 
we find that we can introduce new operators con- 
structed from Fermi operators in the following way: 


+ + 
Ppa = Boor Teo = Go Wen? 
(7) 
+ = ct 
Di = Ain Opps Sea Com’ co 


As it turns out, the operators (7) satisfy Bose 
commutation relations approximately if we consider 


B (iy fev 2%, 
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V5) 6° (Fs %2) § (Fe ¥) 90 (Fa %) 


) D* (gz v2) ® (2 ¥5) = he (f1) So (f1%1)- 


(6) § 
y (62%) + SD (ei 2% %2%,%) Bo (2%) O (HY) 


E (fa S2%1 ¥2 ¥%, %5) 8 (Fi 1) 8 (fr Y,) Be (2%) =Hho(S2) Pa(G2%e)> 


the weak interactions of the system. It is easy to 
show that the original Hamiltonian (2) is repre- 
sented in this approximation by a quadratic form in 
the Bose operators b,4 and d fq. 

The diagonalization of the quadratic form obtained 
above can be carried out by the usual methods. "8 
For the energy of the system which we are studying 
we obtain: 


Nos 0, Uy 2 eae (8) 


B= £515), yout 
joe 


where FE! is determined from the characteristic 


equation of the system of homogeneous linear equa- 
tions: 


——— ae 


D™ (fo) Cy (@) + > {q (fO@2) Crp (2) + p (fos) Cop (2) + R*(fows) Cyn (2) H 


Og 


++ t (foes) Cap (©2)} = 0. 


wo (fo) Co, (@) + > {p (fame) Cyp (@2) + gq" (fows) Con (@2)+ t° (fO,) Czy, (2) 


2 


k Oo) Cay, (Qo =< 0), 
+ R (fox) Cay, (@2)} (0) ( 


D™ (gw) Czy (@) + » {R (Gs ©) Cyy (2) + t (MW) Cop (2) + G (Gerxwr.) C3, (2) | 


2 


+ P (Os) Cyy (@2)} = 0. 
ar , {f° (G2 ©) Cy, (2) + R (ge, ©) Con (2) +p (ZOMg) Czy, (O2) | 


O2 | 


+ q* (Z@w:) Cap (@2)} = 0, | 


D* (go) Can (©) 


in which the following matrices have been introduced 
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ha vavav. Vy, 
p ([@, 2) = ewan 
fa vivav' vi 


Rk (fo) = Yi eit(g2—f) 
&2 


4 , 
Viv2V) Va 
&2 YiV2Y, Vy 

3. We now allow for the existence of several elec- 


trons per site and look into the two possibilities. 
1. Ferromagnetism. According to Bogoliubov® 
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q (f &9) = SV el B (far, ¥) 65, (Pn) 6 Pars) Yon (Fa) 9 (FY). 
DB (ffa%%/ 9%) 08, (fox), (fare) 0 (fax) 6 (9%). 
Dy E (feavwn,y) 95, (Fr) 6(F%,) ©, (gave) © (gay). - 
t (feo, oy) = Shei YE (Fgs vs 991 0) 6 (a) Dog (F1) ®*, (Ga %s) (02%). 
OF fa). Wt Ee 
Ey = (¢/ 22) (au)? Si, 
Heian Ooh oth City Li alen< (13) 


the Hamiltonian of a ferromagnetic crystal with al- 
lowance for the electronic excited states is written 
in the form: 


A 


baa 


4 
ns - J (f hy fs ho) OF, OF nace Qf220; Of, Arce 
Siar fod29102 
(11) 


together with the conditions of homeopolarity 


Dot = 1, (12) 


according to which there is at the node f only one 
electron in the state \; A= 1, 2... z, where z is the 
number of occupied states (the number of electrons 
per site). 

For a positive exchange integral J(f,A,f,4,) > 0 
the solution of the system of equations (6) can be 
put in the form 


6 (fav) =8(v—e), De (gv) =0, 


y=o+1/,=0;1. 


It is easy to show that inthis case the basic 
equations (10) agree with the equations of Kondor- 
skii and Pakhomov®. 

By applying the method of “perturbations” to the 
equations obtained above we can find that for small 
values of the quasi-momentum p the solution of the 
system has the following structure: 


Ej, = Ey + Ep (ay)?, 


where the last z — 1 quantities are determined by 
the mutual relations between the exchange integrals. 
If it is assumed that the exchange integrals between 
different states are Ji =J; Ii = J°, which seems 
to be approximately true for real crystals, then the 
solutions of (13) are 

El = 4/,czJ (ap)?, EX =z(J°+cJ), 


pela (14) 


i Be OWING ON. 
Comparing Eqs. (13) and (14) we see that in a ferro- 
magnet only one of the z branches of the spectrum 
depends quadratically on the quasi-momentum. For 
the other z — 1 branches the large constant term 
overlaps the small one which depends on the quasi- 
momentum and which all but disappears if the ex- 
change integrals differ little for different states. 

2. Antiferromagnetism. We take for the Hamil- 
tonian of an antiferromagnet 


A 


Hea, 


>) Ore ya: + 
fir a J (fs i £2 2) 2 A194 TF a.0 C gahao © goa 
1A,82A 201092 


bo] = 


(15) 


with the conditions 
4 0B ai, = 
S%o afc = i; Diese Cgio = ite 
SG fo} 
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Now the solution of the system of equations (6) will 


be 


6. (fry) =8(v—o), Dy (ghy) = 6 (v + o— Nye 

Under these conditions, after approximations 
analogous to those made for a ferromagnet, the sec- 
ular equation of the system of equations (9) has 2z 
positive solutions: 


Eve"), 2c/ (au), multiplicity 2 


Ei =z(J°+cJ/2), multiplicity 2(z-1). 


Thus it is found that when there are z electrons 
per atom a ferromagnet has z independent branches 
of Bose-type excitations, while an antiferromagnet 
has 2z branches. 

In addition to the usual excitations of ferromagnor 
antiferromagnon type some new excitations arise, 
which depend weakly on the quasi-momentum and 
vanish for z = 1. 

4. In order to explain the physical meaning of 


A RSE 1 
H= 2 L (PAM) af ane + 


4 cy 


xa ox 


Paes ANG 


(fA)o\o2 


Now let us renormalize the quantity o and assume 
that it takes the values 0, 1: this change will not 
affect our results. Since v = (Ao), then w = (A>). 
If we take the functions 
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these special excitations which depend weakly on 
the quasi-momentum, we consider still another sub- 
sidiary problem: let us find the energy of a weakly 
excited state of a ferromagnetic crystal with one 
electron per site, in which, in addition to the 
S-state, there are other excited states, designated 
by the index A, which arbitrarily assume the values 
0, 1,... (z — )). In all there will be 2z different 
electronic states per atom, since for each “orbit” 
the electron can have two spin directions. Ifit is 
assumed that an electron with a given spin direc- 
tion is in its ground state, then all told there will 
be 2z — 1 different excited states possible for the 
electrons inside each atom. 

From Bogoliubov’s general scheme? it is a sim- 
ple matter to obtain an expression for the Hamil- 
tonian of this system. If we require that the follow- 
ing condition be satisfied: 


DiGio te = |, (16) 
Ao 


then the Hamiltonian takes the form 


DY F (fy Ay Fa he Ti a Fe Ae) Of rx02 Opie 
(fA)o 02 


(17) 


> Ny, Ca 
>) F (fida fete le hy hi a) Pa OF os CrNe, Ty /ox 


Gan (fro). = 8(k — A) Sle —= 2), 


Das (gis) = 0, 


as solutions of Eq. (6), it is not difficult to show 
that the non-zero coefficients in Eq. (10) will be 


Pu (FAOA,0) = >) ele Re[F (fAf,Aof0f.0) — F (fAf,Asf20f0)], 


fol +f? 
J» (FAOA,0) = SY) eA [F (FAF.0fOf,As) — F (fAfs0f,Aof0)], (18) 

fal +1) 

qu (FAI Agl) = — J) elt e-/ F (FAf,0f,Asf0). 
fel +f) 
For the problem at hand the characteristic equation of the system (9) breaks up into three equations: 
det |] Qu (FA 1 Ay 1) +O” (fA.1) 8,,, |] -det |g", (FA 1 Ay 1) + O* (FAL) 8,0, |! = 0, 

(19) 


qu (FAOA,0) + Dm (f.A0) aq, | 
det ——_ | 


Pu (FADA40) 


Py (FAOA,0) 


| * a 
| du (FAOA,O) + O* (FAO) By, 


== (). 


SS 
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_ The first two equations in (19) are each of order 2; 
the third, of order 2z — 1. It is not difficult to show 
that if E,, is a root of Eq. (19), then —E,, will also 
be a root, so that there will be 2z — 1 positive sol- 
utions. 

In the determinants of the matrices on the left 
hand side of Eq. (19) there appear only matrix ele- 
ments with & = 0 or with = 1; consequently we 
conclude that the group of eigenvalues of the Ham- 
iltonian (17) can be split up into two independent 
subgroups—one with spin excitations, one without. 
The equations of order z describe the spin excita 
tions of the crystal. For the case z = 2 they are 
easily solved and yield two positive solutions: 


ae 
Ey 


Mg Aig + 2) 19 + 7/4 (Joo + Jur 2J 19) C (ap)? 
Ye Aig + 2/4 (Joo + Jaa + 2J 19) € (ap)?, (20) 


where A. = F(fA,f,0f,A,f 0) are the exchange in- 


tegrals between two electrons A, and A, of neigh- 
boring atoms, occupying either the ground state or 
excited states. A,, is just the difference between 
the levels of the electrons in an atom of the crystal. 

We now turn our attention to a deep analogy which 
exists between Eqs. (20) and the equations of Kon- 
dorskii and Pakhomov®. The latter describe the 
spin excitations which arise out of nearest-neighbor 
interactions of atoms, each of which has two elec 
trons fixed in their “orbits.” Equations (20), how- 
ever, describe the analogous excitations for a sys- 
tem in which each atom has one electron in the 
lower state, so that in order to transfer the electron 
to the next “orbit” it is necessary to supply it with 
an energy A,,. Consequently Eqs. (20) describe the 
spin excitations after part of the electrons has al- 
ready gone into the excited state. We will not in- 
vestigate the excitations without spin here. 

We have carried out an analysis of the solution 
for z = 2. Great technical difficulties arise for the 
other cases. We assume that the exchange integrals 
Vis are identical for different pairs of states (ji). 


In this case the first equation of (19) yields 


Ei =f (Ay) +ez, (2-1); Ey = A (an)*, (21) 


where f(A;;) is some function of Aj;;, the difference 
between energy levels, which vanishes when 

A;; =9. Equation (20) now becomes identical with 
Eq. (14) for a ferromagnet with z electrons per atom. 
Thus we come to the conclusion that in a system 
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with several electrons per atom, the appearance of 
the new excitations which depend weakly on the 
quasi-momentum is connected with the possibility 
of exchange between electrons separated by energy 
gaps. 

We still have to explain the significance of the 
solutions which depend on the quasi-momentum: 

Ey. = */.czJ (ap)? (22) 
In the ground state at each site there are up to z 
electrons with their spins directed, say, tothe left. 
The total spin at this node will be —z/2. If ata 
site there were just one particle with spin s = z/2, 
instead of z electrons with spins s = 1/2, the num- 
ber of possible orientations of this spin would be 
2s + 1=z+ 1. Such particles could have z excited 
states. The solution of the problem for these par- 
ticles would be 
El =, cJ (au)?, j=1,2,.. 2. 

If we compare this expression with the first equa- 
tion of (1), we come to the conclusion that each 
such excitation has to correspond to a change of 
the spin projection by unity. Then a change of the 
spin projection by z units has to correspond to the 
energy 


Ea ——) uG AE dl (av)?, (23) 


whereupon the spin projection becomes equal to 
z/2, i.e., the spin flips over. But Eq. (23) agrees 
with (22), so that latter ought to correspond to a 
change of the spin projection by z units, i.e., the 
entire group of spins surrounding the atom flips 
over as a whole. We did not find any other excita- 
tions of the system which depend on the quasi- 
momentum in the same way, so we conclude that in 
a ferromagnetic crystal (containing up to z magnetic- 
ally active electrons per atom) spin waves are prop- . 
agated in which a whole group of spins at the site 
acts as aunit. This is a natural extension of the 
idea of a ferromagnon to the case of z electrons 
surrounding the site. 

For antiferromagnets the interpretation of the 
elementary excitations has to be analogous. 

In conclusion I take the opportunity to express 
sincere appreciation to Professor S. V. Vonsovskii 
and to G. G. Taluts for valuable discussions. 
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Equations with variational derivatives for correlation functions have been derived. A 
method is developed for solving these for various systems in statistical equilibrium. A 
“superposition” theorem is derived for obtaining the correlation functions when the inter- 
action between the particles of the system can be described as the sum of long and short 


range forces. 


4 a BEHAVIOR OF A statistical system of in- 
teracting particles is determined by the corre- 
sponding distribution functions of these particles 
PRT Seng Ney (Ss = Ouse ays Bogoliubov 
has shown that the functions F, can be represented 
by variational derivatives of the functional intro- 
duced by him, and the series of equations for the 
determination of these distribution functions were 
first obtained by him. As Bogoliubov also pointed 
out”, his functional does not have a direct physical 
interpretation; he therefore pointed out a method in 
Ref. 2 for the construction of other functionals, 
based on the idea of the inclusion of the external 
field, in a manner similar to that employed in the 
Schwinger theory of the Green function. 

In the present work, starting out from a function- 
al for the free energy of a system of M types of 
particles in an external field y(x), closed equa- 
tions are found with variational derivatives for the 
unitary distribution function for different forms of 
the functional argument; with the help of these de- 
rivatives, a method of determining the correlation 
functions has been deduced for systems of particles 
with different interactions: Coulombic ®, (r), an in- 
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teraction decreasing rapidly with distance, ®, (r), 
and an interaction of the form ®(r) = ®, (r)+®, (r). 


1. FREE ENERGY AS A FUNCTIONAL. 
DISTRIBUTION FUNCTIONS. EQUATIONS 
WITH VARIATIONAL DERIVATIVES 


Let us consider a system of M types N, mole- 
cules of the ath type. Let this system be located 
in an external field (r). The probability density | 
function of the position of the molecules is deter- | 
mined by the Gibbs function: 


fi 1 
paar ao (Uvt Bet) VI. | 


Q=\exp F e (U» +2r%, 7) de 
Uy = Dap (\ rai — 1941), 


where Uy is the potential energy of interaction of 
the particles with each other; r,; determines the 
position of the ith molecule of the ath type, while: 
the summation is taken over all different pairs of 


EQUATIONS WITH VARIATIONAL DERIVATIVES 


_ molecules; Q is the configuration integral of the 


system; the mutual potentials ®,, are assumed to 
be symmetric functions relative to a, b; @ =kT. 
The free energy of such a system, 


oe 


oso? |e = (Un + 2 ea 


Pa (2) 


is a functional of the external field y(r). The dis- 
tribution functions of complex particles 
Fa, ..2,ag (fis +++ » Fs) which are so normalized that 
aa a, dr, ... dr, defines the probability, 
that s particular molecules of types a,,... , as 
having specified coordinates in the volume V, can 
be expressed by variational derivatives of the 
functional (2). 

Actually, we have from (2) (we shall denote the 
Tj as x, y,...): 

OF /32, (x) = 


N, E,(*|9)/Q, 


(VV /N,) 5F/52, (x), 


(3) 


Le) (4) 


where 


a 
E, («|*) = exp }— @ (Un + Die df 


E, («| 9) 
Q > 


FP @ley=VD=V 


a 
Fy 
(the number density of particles of the ath type) in 
the presence of the external field (x). (Here the 
bar over quantities denotes integration over all 
variables {x, ;} except %q, = x.) It is easy to find 
the distribution function of a pair of particles 
F 4, (x, y|¢) by taking the functional derivative of 
(3). We then get: 


is the distribution function of a single particle 


SF 
30q (x) 3%, (Y) 


N, Sh eet | 2) x| 9) 
=| — (My — bas) a rz Q 
so ae 5 
=e Np Q Q (5) 


or 
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gsbty Oil At ae Ne (V, i Sab) 
304 (x) 39,(y) = a oy2 Fao (x, Viz a) 
— gy Fa (x! 9)8(x—y) 
NUN, 
+ oye Fa (1 9) Fo (yj), (6) 
where 
=X, Xp =Y 
Boole, yl 9) = exp (—g [ont Sat I 


and 6, is the Kronecker delta. From (6) we obtain 


Fa (x| 9%) Fo (y|¢) 


= b 
Mage Ny— Sap 


V 2 
ee (x |) 6(x— y) 
=i OV2 82F 
Na Np —8ap) 8%q (*) 8% () (7) 
or 
Fp (%,.4\2) = eee (x| 9) F(y! ¢) 
a yea 
ek OV dF, (x| 9) 
N,— 8a SP (¥) (8) 


It is then obvious that the pair correlation function 
is entirely expressed in terms of unitary functions 
with the help of variational derivatives. 

If, just as we did with Eq. (3), we continue to 
take functional derivatives of Eq. (5), then we find 
the value of the third functional derivative and the 
four-particle distribution function Fy,,(%,y,¥| ?) 
which, similar to F,, (x, y| ~) is also entirely ex- 
pressed in terms of unitary distribution functions 
with variational derivatives. 

Thus, finding the correlation functions 
F , (%45. %q> +++ » Xs) (s = 2, 3, ...) reduces to the 
determination of the unitary distribution function 
and the corresponding variational derivatives. 

Beginning with the determination of the unitary 
distribution function 

hg == 


Fa (x|¢)=VD 0) 
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it is easy to find a closed differential equation with 
variational derivatives. Actually, differentiating 
the Gibbs distribution with respect to xg,, we get 


1 90, (x) Un a 
= as \ 
ale axe oD = NT Re OI 5) 


Doe 
ax% 


rei by V and integrating, we have 


OF , (x| 9) 4 99, (x) teres x 
= or Fa (x\o Gaara haces) 
of oe ee Fane teldy = 0. 

Ox” 


Substituting (7), and carrying out the transition to 
the limit N > 0, V > o for the finite ratios 
VIN 0.No/Ni=ng, @.=.l,.2,-.. 


|) with variational deriv- 


, ) we obtain a 
closed equation for Fg (x 
atives: 


OF, (x19) . 4 Oz, (x) 


Ox a0 om Ox% Fa (x/ 9) aa 0, (10) 
Ya (4) = 2 (x) 
M 
+P Cvlix—y){ZFrwle — aD 
b=1 


8 
—3(x—y) 8 55, gp ay 


or an equation in variational derivatives of the 


functional F (¢): 


av SF 00,4 are & 
a 


{ erate 
ox” 89, (x) ie) Ox 


clad 


b=1 


{ dF oF 8F 


50, (x) 8 Y) 39, @)” («—9) (12) 


°F 


80g (*) 8, (Y) \dy “ail 


It is evident from (10) that the equation for the dis- 
tribution function /’, (x| ~) is the same form of an 
equation as in the case of the motion of two parti- 
cles of an ideal gas in a given external field 
Wa (x). A real interaction between the particles is 
expressed by the fact that W(x) is not the usual 
field but an operator one. 

Let us now analyze the method of finding the cor- 
relation functions, starting out from Eq. (10), with 
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variational derivatives of the unitary distribution 
function, for the case of a different sort of system. 


2. SYSTEM WITH COULOMBIC INTERACTION 
BETWEEN THE PARTICLES 


We consider a system of electrically charged par- 
ticles interacting according to Coulomb’s law. The 
operator field in which the particles of the system 


are placed has the form (11). If the second and third 
terms in the integral of this operator field are small — 


in comparison with the first term, we then have the 
ordinary field 


* Mp 
b (2) = 9, +) ©, x9) Fle) dy. 
b=1 
(13) 


Neglect of these terms corresponds to ignoring the 
short-range interaction forces between the parti- 
cles. 

Equation (10) for the distribution function 
F,(x| ¢) of a system of particles between which 
only long-range forces act (for example, Coulomb 
forces) will then be 


OF, («| 9%) 1 99, (* 
rT a ne FE (x | ©) 
(14) 
4 ID» (| y |) 
ee Ae: eos F, (y|9) dy =0. 


Let the total charge of the system be zero and let 
the different particles differ only in charge. We de- 
note the charge of the particles of type a by the 
symbol e,; there are M types. Then 
M M 
>) a = 1, >) Mala = 0. 
a=1 


(35 | 


(15) 


For Coulombic interaction ®,, = ¢,e,/er, where 
is the dielectric constant of the medium. In our 


case, this includes electrolytes phenomenologically. 


In looking for a quantity which serves as the 
small parameter in powers of which we shall expand 
F,(«|p), we can, following Bogoliubov’, transform 
to dimensionless quantities, taking the Debye radi- 
us rg as the unit of length: 


M 
r = Bev / 4x Ye 


a=l 


(16) 


Then for the case of the Debye theory of electro- 


: 
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lytes at low concentration, when the interaction en- 
ergy at distances of the order of ry is much smaller 
than the thermal energy (e,e,/erg «<Q@), the vol- 
ume per particle in dimensionless units is our 
small parameter: 


P= ory pm te Dinget [Berg <1. 
a 


In this case, introducing variables of the order of 
unity 


Ka => Ca / * > Na e > 
a 


we note that ,,(r)/@ = pAgA,/r*. Keeping this in 
mind, we shall not transform to dimensionless units 
but immediately expand F,(x|y) in powers of v, 
remembering that ®q, (r)/@ is proportional to v: 


M,, (r)/ 8 =a (r), — Yan (r) = dads / ror. (17) 


Thus, we shall solve Eq. (14) with the help of the 


expansion 


Fa (x| 9) = Fa(x|9) + Fa (x19) 


(18) 
+ 0°Fa(x|9)+.-- 
with the normalization condition 
lim 7 | Fo (x|o)dx = 1, 
V+oc 
Eos, 
lim ;-\ Fa (¢\0) dxv=1, 
Vixtoo. 
(19) 


2 1 1 
ah ©) dx = Q. 
lim a el) 


Substituting (18) in (14) and setting the sum of terms 
of a given power of v equal to zero, we obtain the 


equations for the approximation: 


FL (19) 1 9% (*) F2 (x 
Ox” oe Oh - 


¢) 


M 6 Va, (1x —Y1) 


+ FE («|9) 3) no Fi (y |) dy = 0, 


(20) 
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OF, («| ¢@) DA repay 
Ox Cy Ox% a (x|%) 
(21) 
dp cwih 00 ay (eee eD) 
+ Fa(xiq) Sy)” a Fey |g) ax 
b=1 
MeO, et) 
+ F(x] 9) SI) ay FS (y|9) dy = 0. 


b=1 


Setting the external field ya (x) = 0, we get equa- 
tions for the approximation in the absence of such 
a field. We note that, according to (15), the follow- 
ing condition holds: 


M M 
> Van (rT) My = (Ca / Bevr) > Mp = 90. (22) 


b=1 b=1 


By virtue of the normalization condition, Eq. (20) 
has, at ~q(x) =0, the obvious solution 
Fa (x) = 1. (23) 

From Eq. (21) lat ga (x) = 0], we get F3 (x) =0 by 
taking (22), (23), and (29) into account. Solution of 
the equation for subsequent approximations similar 
to the solution of Eq. (21), gives [for pa (x) = 0]: 
Fi(x) =0,i=1, 2,.... Thus, in the absence of 
an external field, in a system of charged particles 
in the approximation in which the second and third 
terms in the operator field (11) are small in compar- 
ison with the first term, the distribution function 
for a single particle Fg (x) has a value exactly 
equal to unity: 

Fa (x) = F2(x) = 1, (24) 
which corresponds to a spatially homogeneous dis- 
tribution of the particles. 


The correlation pair function in the absence of 


field will be, by Eq. (8): 


F.,, (%, y) = F, (x) F, (y) — (@/n,) F, (4) 8 (x — 9) 
— (v8 /1n,) OF, (19) / 29, Y)) ng 


or 


Je ap bie y) = 1 — (v/n,) 6 (x—y) 


— (v8 /1,) (OF, (*|¢)/ 2, (Y)) ono" 
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In the first approximation, 
Fay (%) ¥) = 1—(0/n,) 6 (x —y) 


— (v8 /n,) (8F% (xi ¢) /89, (y))o- (25) 


(BFA@le)) 4 
\ 39,(9) Jo +6 


or, on the basis of Eq. (25): 


I. P. BAZAROWV 


We find the variational derivative here by taking the 
functional derivative of Eq. (20) with respect to 


yp (y) and assuming ¢(x) = 0, taking Eqs. (22) and 


(24) into account. We then obtain 


SFo(z | ?) 


M 
B(x —y) + dy \ Pac (lx 2) me (Here) ae = 0, 


c=1 


e U 
1 — Fan (x9) + D1) Yoc (1X —2\) me — Foe (Ys 2) — 2 (y—2)) dz = 0, 


c=1 


M 
1 — Fan (x, 9) — as (1X yl) + Dy \ Pac (|x — 21) Me (1 — Fee (y, 2)) dz = 0 


c=] 


Writing (Fg, (x, y) — 1)/v = gay (x, y), we get the 


equation 


Say (% Y) 
M 
+ 9c ( = 21) 2.Be5 (2 y) dz = — 9, (4-4), 
e=y (26) 
the solution of which is well known!: 
Sp (%> y) = g., (|x ea y|) 
Sy or ep CRE ot tay) ie 
and, consequently, 
ee At lea OL EXD (amit) emma d | 


The variational derivatives of 3, FZ, etc., are 
equal to zero, as is not difficult to show by taking 
functional derivatives of Eq. (21). So also is the 
equation for the other approximations. 

Thus the solution of Eq. (10) with variational de- 
rivative reduces in our approximation (for Coulomb 
forces) to the value of the binary distribution func- 
tion Fg, (x, y), which coincides with the first ap- 
proximation for this function, which was first found 
by Bogoliubov* and which is well known in the 
Debye theory of electrolytes. 

Determination of the pair distribution function by 
starting out from the exact Eq. (10) for Coulomb 


forces, reduces to finding the variational deriva- 
tives (BF® (x|9) / (89,(¥))or (OF: (#1 9) / 89, (Y))os 
etc., from the corresponding equations for the aprox- 
imation in the expansion of the unitary distribution 
functions in powers of v. This isthe procedure 

that we have already carried out. In Sec. 3, we shall 
consider the details of finding these derivatives for 
systems of particles with short-range interaction 
forces. 


3. SYSTEM OF PARTICLES WITH SHORT-RANGE 
INTERACTION FORCES 


Suppose that we have a molecular system (of 
weak concentration) of identical particles whose 
mutual interaction falls off rapidly with distance, 
so that r3/v is a small parameter (r, = effective ac- 
tion radius of the molecule). We can find the cor- 
relation function of such a system by starting from 
fq. (10) with variational differentiation with the 
aid of an expansion in powers of the density 
n=1/v. In order to determine the coefficients of 
this expansion for the correlation function, it is ad- 
vantageous to replace the functional argument ¢(x) 
by u(x) in Eq. (12) for one type of particle (Mf = 1), 
using the formula 


© (x) = —O1n(1 + ou (x)) (28) 


and then represent the correlation functions by the 
variational derivatives of the new functional with 
another argument. In such a substitution of the 
functional argument, we have: 


a eel 
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Oo{x) Ou fx) 
ax 1 + ou (x) yt ’ 
3F - dF du(y) eet SF 1+0u(y) 4+ vu(x) SF 
Feo) Vea) Y = — Vergy pet wh dy = — @’ (29) 
ae _ (14 + va (y)) (1 + ou (x)) Ser il oF 
So (x) 8e(y) 0782 du (x) du (y) at vee” (¥—y) du Gy (I+ vu(x)). 


Substituting (29) in (12) (for M = 1), we’find that the new functional F(u) satisfies the following equation 
in variational derivatives: 


a 8F , 1 aM(\x—y]) Se me es oe 
ax% Ou, + @2 \ nae (n+ ty) i Suy 0 ae dij) (30) 
[here we write u(x) = u, for brevity]. 
We introduce the functions 
Oris Ain KOSS ORS. Ox, (31) 


which are connected with the distribution functions in the following way: 


V 8F 1+ vu, $F Were Gis 
Fy (X/9) = N 8°, = re) Buy, ? F(x) at 3\ Su, )_= 7? me 81%) (32) 
and on the basis of Eqs. (7) and (29): 
N Va 
Fy (x, X2|¢) = Wd Ft 11 e) Pa 01 9) — rq 8B (1 — 2) Fi (49) 
VO 38Ai(ule)_ V2 JON Le OD ate SF 
a ~ 8ex, ~ N(N—1) ee 89,, 0) (x; X») Soy, 30,59, | 
ee al Or) Cg OR OF i Oe 
~ N(N—1) v2@2 | Su, d4,, du, du, | ; 
and in the limiting case (V, N > «, N/V =n) and for u = 0, we get 
Fy (1, X2) = 8? {By (1) G1 (%2) — 9881 (%1)/SUn}- (33) 


Similarly we can represent the other F, in terms of g,. Using kq. (31), we can put Eq. (30) in the form 


aD (| x — dgi («| 4) 
— 2d) 4 2 UH) nt wy) feel yl) —O Me fay. BH 
We expand g,(x | u) in a power Series in the density 7 = 1/v: 
g, (x|u) = go (x|u) + ney (x) a) + Pei (xl 4) +o --, (35) 
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Substituting this expression in Eq. (34), we get equations with variational derivatives for determining the 


expansion coefficients 


Ogtixlu) § 4 Fa@(|x—y)) Sar (xiu)| 
tp) ay fa (el) at ye) — OG y=. (36) 
dg; (x| 4) a (jx— . Sg! (x | w) 
— ENO 4 aD = 9D 9 eu) go (yj) — 8 
. ; Sei («14)) 
+, (g(x!) x (yu) + ge (y|u) gt (|) — 8 EE }dy =0. (37) 


Setting u = 0, we get from Eq. (36): dg?(x)/dx* = 0, whence g{(x) = const, since gi is symmetric relative 
COX V5 2c 


We have from Eqs. (32) and (19): 


1 
and consequently, 


F9(x) = — g9(x)/0 = 1. (39) 


We find the following approximation for F(x). By substitution of u = 0 in Eq. (37), we determine 
Fi(x) = —gi(x)/@: 


Ogh(x) | paM(lx—yl)/, 1 RO), 
— 3 4+(eeeen oh, \ dy = 0. (40) 


The expressions under the integral in this equation can be found by functional differentiation of (36) with 


respect to uy, and subsequent equating of u to zero: 


a def (x) 1 dD (jx—x5|)/_, as, Sg° (x) 
ax* Bu, ge ax (ge (x) 82 (4) — Ot an 
tee Ome —y|) 7 Berg) Sg) (x) 5*g; (x) 
fi ge | eget 
Employing (38) and setting u = 0, we get, upon integration 
9 iN 4 
bge (x)Au, = @ (1 — co, exp {— O((x—y)}). (42) 
Substituting (41) in (40), and making use of (19), we find 
gi (*) = 0 (43) 


and, consequently, f(x) = 0. Similarly, the following approximations are determined: 


Fi(x) = Fi(z) =---=0. 
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Thus 
£3 (x) = "1, (44) 


which corresponds to a uniform spatial distribution of particles with short-range interaction forces in 
statistical equilibrium. 


We now determine the pair distribution function. If we substitute the expansion (35) for g(x) in Eq.(39), 
we obtain an expansion of the function F, (x,, x) in powers of the density of the form: 


Fo (x, y) = Fa (x, y) + nFa(x, y) + 1F2(x,y)+---, 


where 
Sg? (x,) 1 Sgr(*,) 1 
F3 (Xa, %2) = ge {e? (x,) 22 (x,) — 8 ale oe Bu EXP {GO (/ — Mab}, 
or 
4 
F3 (ty 42) = exp {— gO (|r — x4}, (45) 


since, from the boundary condition: 


ico X2) —> Fy (x1) Fy (x2) = 1 at | Xj — Xo —> XO 


it follows that the constant c, = 1; 


Fo (1, X2) = 8”? {gs (x1) Bt (x2) + gt (1) gt (2) — BBg% (x,)/Bux,} = — Og (xy) Bute, (46) 
F3(%1, %2) = — 0 "Sp? (x,)/Buz,, .. . (47) 
As is evident from (46), F3(x,, x,) is proportional to the variational derivative dgi(x,)/Su,y,. We can find 


this derivative by functional differentiation of Eq. (37) with respect to uz, and setting u=0. We then get, 
taking Eqs. (38), (42) and (43) into account: 


a 8a1(%) 4 (2da= 90 fexp[— 4 (@ (| — 4) + Oa —91))] 


—_ - = 
Ox; Sity, Ox, 


(48) 


1 8?gt (x) 1 AD(|x%—x,|) 987 (4) ie 
jus 


i c) bu ydu,, ax% du, 


We find the derivative of g} here from Eq. (41) by functional differentiation with respect to uy and sub- 
stitution of u = 0, and also, making use of Eqs. (38) and (42). We then get: 
bu 3 : exp[— 4 ® (| — ¥0))] 
a2ge (x,)/bu,ou,, = O {exp [— | (|e —y)| +exp|—G O(\m—% 
+exp[—4 O(/u—y)]— 2} (49) 


+ oexp{—% [O (m1 — x2) + Om —y!) +O (2 —y))}}. 
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The constant c, is determined similarly to c,, and is equal to unity. 
Substituting Eq. (49) in (48) for c, = 1, we get the equation 


a gi (4) ne 
Ox% du, 8 ax* $u 


Xe 


x expf— $10 (my —y) + Oe —y If ay. 


Moreover, since 


a® (| x1— |) 
Oxy 


where 


1 8 (jx1— yl) Sei) _ 


dW (| x1 — y|) 


a 
Ox; 


exp {-4O(4— xz /)}4 


(50) 


exp{— 418m —y) + Oe —9 I} =O + Fay) + Fe 9 


i) =exp{— 9(r)/8} — 1, 


then, taking (46) into consideration, we get the following equation for F(x, x): 


OF yf Un 
Oxy ie) xy 


Looking for a solution of this equation in the form 


2 Fi = exp{—@ Odu—a dtl iu—yDilm—yddy. GD 


Eaten X2) = » (m1 — x2) exp{— 4 Om — mph, 


we get (after substitution): 


F3(\x4— *al) = Fa (|x|) = exp {— 0 (xt fF (x—x DF (x) av. 


is) 


(52) 


Similarly, we can find the other terms of the expansion of F3, F3, etc. 
Thus the pair distribution function of a system of particles with short-range interaction is equal, with 


accuracy up to terms of second order, to 


Fa (1, 4) = Fa (|) = exp {—@ Ox {1 +a ex DE’) dx’). 


(53) 


Other correlation functions are found by the method of variational derivatives in the same way as the pair 


functions. 


4. SUPERPOSITION THEOREM 


In Secs. 2 and 3 we developed a method for find- 
ing the correlation functions for systems of parti- 
cles corresponding to the Coulomb interaction po- 
tential ®,(r), and to a potential ®,(r) which falls off 
rapidly with distance. In the first case, these func- 
tions are found by an expansion in powers of v; in 
the second case, by an expansion in powers of 
n=1/v. Here, the first approximation for the pair 


distribution function (27) loses its applicability for 


small r, and finding higher approximations would be 
senseless since they diverge even more strongly for 
small r.} 

Real interaction between charged particles con- 
sists of Coulomb forces (r > r,) and short-range 
forces, such that the potential of this interaction 
has the form ®,(r) + ®,(r). However, as Bogoliubov 
pointed out in Ref. 1, the problem is open at the 
present time of the construction of expansions by 
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which we could find the correlation functions for 
systems with interaction including both Coulomb 
and short-range forces; such a construction would 
make it possible to obtain asymptotic formulas for 
any approximation. 

In the present Section, making use of variational 
derivatives, we establish a “superposition theo- 
rem”, i.e., we set forth a method of investigation of 
a system with interaction of the form 


881 


Let the total energy of interaction of a system of N 
particles in the potential (54) be equal to 


> 2, (\%:—%;)), 


1<i<j<N 


U=Uy+ 


where U, is the part of the interaction energy of 
the system of particles which corresponds to the 
potential ®,(r). Moreover, if our system is located 
in an external field p(x), then the configurational 


@ (r) = ® (7) + 9, (7). (54) integral of the system is 
il 1 
Q=\expn{—-fu—+ > elx)}dx ... dew 
<i<N 
1 fi on, (55) 
= Jexp{— Ugo. o(xi} LE ie a) dee. ae. 
1<i<N 1<i<j<N 


where 
f (Xi, xj) = exp {— ®, (|x; — x;|)/8} — 1. 


The free energy of the system is equal tof =—@OlnQ. 
Both the configurational integral (55) and the free 
energy are themselves functionals of the external 
field p(x) and the interaction energy f(x;, x;). The 
correlation functions of the system F,(x,|¢| f), 
F(x,, x,|p~|f), ete., are expressed in terms of the 
variational derivatives of the functional F with re- 
spect to ~(x) according to Eqs. (4) and (7). 

In Secs. 2 and 4, we found F(x, | ~) from the cor- 


responding equations with variational derivatives 


with the help of well known expansions. We now pro- 
ceed otherwise. We shall show that the functional 
F(¢~ | f) can be expressed by the correlation func- 
tions of the system for a potential ®,(r), so that, 
for finding the variational derivatives of F(y|f) 
with respect to p(x) and, consequently, the corre- 
lation functions F,(x,,..., %, |p Lis it is not nec- 
essary to construct and solve the differential equa- 
tions for these functions; it is necessary to know 
them only forthe potential ®,(r), the determination 
of which was carried out in Sec. 2. 

With this end in view, we expand the function 


F(p |f) in a series 


oF u Ppy (ON de dyaxidy ae 
Feel = Frat Vile O(a), aedy +5) F Om Ee Va aay) anltt d o ty ne 
and find expressions for the variational derivatives therein: On the one hand, we have from (55): 
1 R : 
6d = \exp{— s LT ery >; o(x)} >) Of (Xi Xj) 
1<j<N 1<7r<j<N 
xf JL G+, x) (x, x) ] du. dew, 
1<r<s<N 

(57) 


8Q N(N—1) 1 { 
(1+ 6% 9) go = expe eB 


eae 


1<r<s<N 


de) 


mtn 


(1 + f (%,%s)) dite. : 
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(here we have set x, =x, and x, 


ian a 
a shia! ( exp|— 2540p 
N 1 


Comparing (57) with (58) and (59), we find 


- 


_ D(x} 


? ata T] (+6. 9) dx... dew. (59) 


Q2 


= y), and on the other hand: 


(1 + fr, s) dX. OF dxy, (58) 


1<r<s<N 
I] G-+f:. s\dxs...dxn 


1<r<s<N 


1<r<s<N 


8 
(eet, a eee) 


82Q S(x—y) 8Q } (60) 


89,30, iS) 89, 


and since Q = e7 F/O then, substituting the values of the corresponding variational derivatives in Eq. (60), 


we get 


i Oe we 


8F e2 | oer 
,) —) — 
(1 se I x, yi Shey Ve 39,30, 


~ 6 89, 89, +e 30, 


het ae (61) 


Again taking functional derivatives of this equation with respect tof , yr we find an expression for the 


second derivative. 


—1/,0N (N 


therefore 


(1 + fry) 8F/8fxy = 


Setting f,, =0, we get 


The right side of (61), in accord with Kqs. (8) and (4), is equal to 


— 1)V“F, (x, yle! f), 


— VoWOF, (x, y|¢(f)- (62) 


(5F [Sf xy)¢-0 = —*/2n®OF 2 (x, y|o|0), 


i.e., this variational derivative is expressed by the pair distribution function for the potential ®,(r). 
Therefore, in first approximation, and in accord with (56), the free energy of-the system for the poten- 


tial (54) is equal to 


F(p|f) = Fy-o— n?-+\ F(x, y) Fale, yl 9) dxdy. (63) 


Knowing F’,(x, y| ~), taking the functional deriva- 
tive of (63) with respect to (x), we can find the 
correlation functions F,(x|y|f), F{x% y|¢|f) 
etc., and then setting ¢ = 0, we find F,(x| f), 
F(x, y|f) etc. for our system. 

A calculation carried out by the method of corre- 
lation functions of a system for the concrete case 


®,(r) and ®,(r) will form the subject of another pa- 
per. 


In conclusion, I express my deep gratitude to 
t p co) 


Academician N. N. Bogoliubov under whose direc- 


tion this research was carried out. 
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Bremsstrahlung of Polarized Electrons 
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The polarization properties of the bremsstrahlung arising when a polarized electron beam 
Strikes a target are considered. It is shown that in this case the bremsstrahlung contains 
a circularly polarized component. For highly relativistic electrons which are completely po- 
larized in the direction of motion, the circular polarization near the upper limit of the spec- 
trum amounts to as much as 25%; multiple scattering of electrons in the target has practically 
no effect on this value. Equations have been derived for the polarization of bremsstrahlung 
photons produced by electrons of arbitrary energy. 


HE POLARIZATION PROPERTIES of brems- 
strahlung have been studied in detail in a se- 
ries of papers /'”*4on the assumption that the 
electron beam striking the target is not polarized. In 
this case the bremsstrahlung contains a linearly po- 


larized component in addition to the unpolarized part. 


If an integration is carried out over the direction of 
the final momentum of the electron, the bremsstrah- 
lung turns out to be partly polarized along the nor 
mal to the plane of emission. At high energies the 
effective polarization falls off strongly as a result 
of multiple scattering of electrons in the target. 

In connection with the possibility mentioned by 
one of the authors® of obtaining an intense beam of 
polarized electrons, the following question arose: 
what properties would the bremsstrahlung have if 
the electron beam striking the target had arbitrary 
polarization? It has already been pointed out by 
Zel’dovich® that polarization of the incident elec- 
trons leads to circular polarization of the brems- 
strahlung photons. The present paper is devoted to 
a quantitative investigation of this question. 

In order to describe the polarization properties of 
the beam of photons we will make use of density 


matrices’? ® 


Py = (1 + $9), () 


where ( is a ‘matrix vector” with components 


2=(_f}a=(iea-C-§ 


€,,.&,, €; are Stokes parameters. We recall that the 
set of values €, = 1(€, =-1), €, = &; =0 desig 
nates linear polarization along the OX (OY) axis; 
the set €, = 1(€, =-D), & = &, =0 designates lin- 


ear polarization at an angle of 45° with respect to 
the OX(OY) axis; and the set &, = 1(& =-D, 

€, = &, = 0 designates clockwise (counterclo ck- 
wise) circular polarization. The quantities €; are 
not components of a vector and under a rotation of 
the coordinate axes they are transformed according 
to a different law. The vector symbol & hasto be 
understood in a strictly formal sense; in particular, 
€Q is an abbreviation forthe sum &Q, +60, 

+ &Q,. 

If the electron beam striking the target is not po- 
larized, the bremsstrahlung parameters €; are de- 
termined by the expression 

EO= ye Sp (SySi') / Sp (SaSx), (3) 
where S)is the element of the scattering matrix 
corresponding to the emission of a bremsstrahlung 
photon with polarization vector ex(A = 1, 2; 
€,€y1 = Oya) Cy k = 0); we assume that the corre 


sponding operators of the projection are already in- 
cluded in S,, and itis possible to write down the 
“spurs” at once. 

We define Q,,,= Sp(SS30)- Calculations yield 


qiQu: ~ 4 e& Pier = Po> e; | (<2. p+ — Po> ex’) 


2 P Po_ ee Po e / 
g(it4+Be)/(24+8, r 


849" 
Xx 


ip — po Ki 


[we have ignored factors which play no role when 
Qyx. is substituted into equation (3)]; here 
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2e@ 
me (1 —vcos9), 


Qepw (5) 
oy (1 --- Up CoS Fp), 


x 


05 ae 


Po, p are the initial and final momenta of the elec 
tron, k the momentum of the photon, 64, e and w the 
corresponding energies, 0,, 6 the angles between 
k and p,, p; q the momentum transferred to the nu- 
cleus (q =p+k-—p,). 

Except for a factor, the denominator of the right 
hand side of equation (3) agrees with the brems- 


strahlung cro ss-section”: 


g4 (Qui + Qe2) ~ 94Q (Po, P» k) 
= S[k. p+enf —Slh 2+} 


P= Pol-- (6) 


Pits. 


— I 


As coordinate axes we select mutually perpendi- 
cular vectors e,, e,, andk/w. The choice of e, and 
e, is arbitrary; for definiteness in what follows we 
set ¢; =n =[pok] /|[Pok] |, @ =1=[kn]/o. 
Since Q,,= Q,,, the third Stokes parameter is equal 
to zero; i.e., the bremsstrahlung is linearly po- 
larized: 


vee Qiu — Qee 
a Qu t+ Qee 


2 (4e5 — q”) (pn)? — 2 ~- [p — po, k]? 
= = Si) 
%07 Q (Py, P, k) 


pa ie 
be Qir+ Qoe 
__ 2(pn) (e* —q 4e e — qo 
iT Ton aes o =n Di; 1), (8) 
Es = 1 (Qi2 — Qar) / (Quis + Quo) = 0. (9) 


In Eqs. (7)—(9) the direction of p is fixed. Since 
it does not interest us, we have to multiply € by 
the probability of a given direction p, which is 
equal to 


© (P) doy = Q (Po, Ps k) doy /)Q (Py, p’, k) dog 


and integrate over all directions P: 


:- \QrQuadoy || Qdryy (10) 
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The integral of equation (8) gives zero (as wasto be 
expected from symmetry considerations), and for the 
single non-vanishing parameter €&, we obtain a re- 
sult well-known from previous work”? 4, 

The state of polarization of electrons with mo- 
mentum p, is described by a four-row density ma 


trix?» 1° 
: h) ru 
P= 4‘ (Do) wa (1 ++ Gdy4) 1!) (pp), 2 = lg a)” 
(11) 
where 7 (+) (p,) is an operator of the projection onto 
a state with positive energy ¢, = V y? + p' p2 > 0 
1 
afr) (Po) Ate ip,) Tw Po= ee ep) 


and the vector @, characterizing the polarization, 
is equal to 


C= 0+ = (13) 
€° is the polarization vector in the coordinate sys- 
tem in which the electrons are at rest, Colder a is 
its component perpendicular (parallel) to the vector 
Po: 

When the electron beam is polarized [matrix den- 
sity of Eq. (11)] the Stokes parameters of the brems- 
strahlung are equal to 


B = Qyar Sp {Sy f1 + (GE) 14] SH} 


(14) 
Sp [S, (1 + 274) Sx; 


where for brevity, as in (3), we do not write out the 


Os): Ae 
in Sy, ié:, 


factors 7 (p), taking them to be included 


S, = 9 (p) Sy (p,), 


where Oe is the scattering matrix in the usual 
sense, 

We define Rj,, = Sp (SLGDy Se): It is easily 
shown that R,,+ R,, =0, and the denominator 
Sp [S, (1 + SEy4) St] = Q_ in (14) is the same 
as in(3). Consequently the polarization of the 
electrons has no effect on the bremsstrahlung 
cross-section, as calculated from the Born approxi- 
aioe Analogously, R,, - Rz,= Ry, + R,, =0. 

, the Second component in p, makes no contribu- 

Hon to €, and €,, which asbefore are determined 


BREMSSTRAHLUNG OF POLARIZED ELECTRONS 885 


by ae (7) and (8). But the parameter €,, which was equal to zero for unpolarized electrons, now does not 
vanis 


fg (Riz — Ro) | (Qi + Qos) 


= mare et a> KT, po—pIny(G, Pte 4 ope aks as) 
tyme ete +S) Ser — ah) +2 op—eb)}h 


We introduce the unit vectors a = p,/p, and b = [an]. Clearly 


as i\ (Ris — Ro) doy |} Qdop. = Ag (G°a) + Ap (§°D), (16) 


that is, the projection of the polarization vector of the electrons in the direction of the normal n vanishes 
when the integration is performed. 
In the limiting case of non-relativistic energies Eqs. (7), (8) and (15) simplify greatly: 


€ = 2° (pn)? [k, p— po] ?— 1, & = 2w* (pn) (p— po, 1) [k, p— Pol, & = (Sk) /4m. (27) 


In the opposite limiting case of extreme relativistic energies it is necessary to take account of the 
screening effect. The approximate expression for the parameter €, in this case has been given in Ref. 2. 
If in the expressions R,, - R,, and Q under the integral in Eq. (16) we replace q* by (q* + g”)~*, where 


1 
g=mZ 4/137 and carry out an integration over the directions of the vector p, with the approximation 
ee 


: eee NN 
mx, =eisin’>,, m>x=e' sin’ < eg, &, w, (18) 


then we obtain corresponding expressions for Ag and Aj: 


Ag= O71 {E10 +) + Ll —ag(int 1) + gr ta + mld}, 


Ay = — 1D (1 — 7) 1 — %) Vixo(yIn We +0 —1), (19) 


o =2[(1—1 + 7°) (1 + %9)*@ 21 — 4] In Ho — FPL + HP — 2 — 1) (1 = 


y= 0/ eo) P= Cine = (mor / Qos)” ee (20) 


The dependence of E- on x, and y for a beam of energy* w ~ 0.9 €, with |f°| = 1 we have &, ~ 25%. 


completely polarized, highly relativistic electrons RWe Ente thar qh As) loses itelepplicaniliny inate 
is shown in the figure. For C° parallel to a, the immediate vicinity of the limit of the spectrum, where 


quantity & depends weakly on %; for photons with the condition (18) is not satisfied. 
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&, (%) 


Circular polarization of the bremsstrahlung of highly 
relativistic electrons, averaged over the directions of the 
final moments of the electrons, shown as a function of 
% = (€o/m)? sin? Q@ for fixed values of y = @/€: solid 
curve—electron beam totally polarized along po; dotted 
curve—electron beam totally polarized in the plane of 
emission perpendicular to the vector po, Y = 0.5, Z = 13. 


Because of the weak dependence of A, on 0, mul- _—_ unit of length), practically disappears because of 
tiple scattering of electrons in the target of the the multiple scattering of electrons preceding the 
beam has little effect on that part of &, which is emission. Only for very thin targets (¢ ~ 10 ‘ ¢,) 
determined by the projection of the vector €° onto a. can the effect connected with A}, become notice- 
The other part of &,, corresponding to the projec- able*. 

tion of €° onto b, is small, and for targets of ordi- In the general case of arbitrary energy we obtain 


nary thickness (t ~. 10 *¢,, where ¢, is the radiation rather cumbersome expressions for Ag and Ap: 


QV Ag = — 709 [00 (1 + 7° + 00) — (1 +1) (1 + 206) cos Sp + Byuq cos?y] L, 
+ (7/209) Ao* {09 [1 — 84 + 09 (1 + 27)] + [44 — 0G (2 + 57) + 2709] cos 8 
+ Uo [6% — 09 (3 + 57) + 09] cos") — [6y — 2ug (1 + 3y) + ywd] cos?9o} Le 
+ (1 — 7) Ao” {0 (1 — 37 + 2700) + 2 [27 — 05 (1 + 27)] cos 
+ Uo [67 + v5 (1 — 3%)] cos"S — 2y (3 — 2v?) cos?9o} 
— vgv (1 —%) (> — 7cos 9) T~, (21) 


—9 (Vf eisin $,) PAy = 0; ByAgee ol ys 
+ (1/209) Ao* {7 +.00 (1 — 27) + 209 [3y — 0G (2 + 7)] cos 9 
+ [— 6; + 06 (2 + 3) + 4] cos"So} Ly + v (1 — 7) Ap? [1 — 202 + 6y, cvs 9, 
— (6 — v9) cos”%] + vgv (1 — 7) T™?, (22) 
TP = v9 [(2— 384A — 205) T? —y (0§ — 77) Ag] Ly + 0p? {2 (1 — 02) Ap? [3 
— 09 (1 + 27)] sin’) + 7° — 5y + 05(3 + 4 +77) + 09+ Ay (1 —7 + 0} L, 
— 2upAoLs + v(1 — +1) {4 (1 — 08) (3 — 02) Ag? sin’S, — 10 + 2y + 302 

+ 2(1— 4) Ay + 05 ( — 05) TT}, (23) 


*See the analogous considerations of May’ concerning the influence of multiple scattering on the effective value 
of the parameter &,. 
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where 
345 Pelee 0 + 49 (1 —y)—> 
ee eed ee ee eters 
ae Oo) v2—v,v(t1—y)—y’ ae sa 
2 2 2 
Po ="7°-F 0) — 270) cos 9, Ay = 1 — 0,c08'9). (25) 


Equations (21)—(23) are valid for values ofe, which are not too large (e, « 137 mZ ’) and for values of y 


which are not too small, for which the screening effect is unimportant. 
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Theory of Kinetic Phenomena in Liquid He? 


A. A. ABRIKOSOV AND I. M. KHALATNIKOV 
Institute for Physical Problems, Academy of Sciences, U.S.S.R. 
(Submitted to JETP editor May 9, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1083-1091 (May, 1957) 


The kinetic coefficients of liquid He® have been computed on the basis of the theory 
of a Fermi liquid by Landau. The temperature dependences of the coefficients and 
their numerical order of magnitude have also been computed. 


N THE PRESENT WORK, which is based on the 

theory of a Fermi liquid developed by Landau’, 
we shall consider the problem of the viscosity and 
thermal conductivity of He®. In accord with the 
Landau theory, the excitation energy in a Fermi 
liquid is a functional of the distribution function n. 
At temperatures close to T= 0, where the diffuse 
region of the Fermi function is not large, we can, 
according to the Landau theory, represent this func- 
tional dependence in the form of a decomposition in 
the deviation of the distribution function from its 
equilibrium value at JT = 0. Limiting ourselves to 
terms up to first order of smallness, we have 


c= <2(p)+)f(p, p’) de, 


i 
de = 2dp.dp,dpz | (2zh)?*, (1) 


where v is the difference between the actual distri- 
bution function and its value at T =0. 

It is most natural to consider that the distribution 
is the Fermi sphere at 7 =0. Then at not too high 
temperatures the excitation energy will be described. 
by the expression 


e(p) = a+ po(p — Po)/m, (2) 
where p, is the limiting momentum and a and m are 
constants (in the ideal gas case, this expression 
becomes e= p?/2m). By Ref. 2, it follows from the 
measurement of the density and entropy of He’ that 
p/h = 0.76 x 10° cem™*, m = 1.43 mys. In view of 
the fact that the energy e enters into the Fermi dis- 
tribution in the combination © — yu, the constant a 
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can be added to p; as we shall see, it is inconse- 
quential in the calculation of the kinetic coe ffi- 
cients. 

As was shown in Ref. 2, it is possible that the 
temperature dependence of thermodynamical quanti- 
ties in He? is better explained if we take as the 
ground state not the Fermi sphere but a thin spheri- 
cal shell, such that the excitation spectrum has the 
form 


e(p) =a-+ (p — po)*/2m. (3) 


We shall discuss the results which follow from 
such a form of the spectrum in Sec. 4. 


1, THE KINETIC (BOLTZMANN) EQUATION 


Let the motion in the liquid under consideration 
take place with a slightly inhomogeneous (in the 
coordinates) velocity u and let there be a small 
temperature gradient. In this case the distribution 
function will differ but slightly from its equilibrium 
value 


i= fp on, (4) 


where 


Sa at a > 
no = [exp a 4-1] , |on|<<npo. 
(5) 


The quantity Sn is found from the kinetic or Boltz- 
mann equation 


On On Oe 


On Oc 
ot rs or Op 


opor I (n). (6) 


As usual, we must substitute the function n, on 
the left side of the Boltzmann equation. In this 
case, we shall consider that at the point in the 
liquid being considered, u = 0. Substituting (5) in 
Eq. (6), we get 


a oe) ape ae 

ie Ong ff ; Oe 4 Os > 

2 de \Pi ap 3 Pl ap, Bin 

/ du; Ou, oe Ot, (7) 
Seca a cee 

\ Ox; Ox; piiee® so 


where s is the entropy per particle, and in all 
terms except dn,/dt, we takee =e(p), since they 


contain only small values for the velocity and tem- 
perature gradients. 

We now transform 0n,/dt and shall show that this 
expression no longer depends on the term with f in 
Eq. (1). In accord with Eq. (5), we can write 
se eT) (8) 


sy Ono 
a Oc 


(3e — ou — 7 
(in the variation, we consider the rate of n to be 
fixed). But, as is well known, the derivative On/de 
is different from zero in a small circle about the 
point =, where it is a rapidly changing function. 
Therefore, we can consider the quantities in the 
bracket relative to this point [corrections will have 
the relative order (k7'/)?]. In this variation, de and 
du are arbitrary and are not equal to each other, We 
note incidentally that the second term in the energy 
e of (1) is of importance only in Se. On the other 
hand, following the Landau theory, the distribution 
function is normalized by the relation 


(node = NY, (9) 


where NV is the number of atoms per unit volume. 
Differentiating this relation, we find 


oN = ( Onty (32 du : = e oT | dt 


Oe 
ee Coens = ue 
— - S de je=p. 
since \ (Ar / de) ds = — 1. Comparing Eqs. (8) 
and (10), we get 
Ono Eo ON ON ds 
yee Ot Oe (+ Nae 


Thus we have succeeded in eliminating 4e, while 
in the remaining terms, and therefore in the last 
equation, we can consider e=e(p). 

The number of atoms N satisfies the continuity 
equation 


(ON /ot) + Ndivu=0. (11) 


Thus the term with 0n,/dt gives the contribution to 
the term with div u and as a result this term takes 
the form: 


a (ity ff Al O£ de Woe 
2 (P rae ea u. (12) 
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The collision integral appears on the right side 


of Eq. (7): 
I(n) = —\w inns (1 — ny) (1 —nz,) 
— (1 — 1) (1 — ng) (ny73)) 
x 8(P, + pe — Pi — Pa) 
X68 (21 -+ 89 — e, — &5) dtydedpy. 


(13) 


Introducing the function 
6n = — No (1 —m) > = kT (Ong /de)% (14) 


and neglecting quadratic terms, we can rewrite it in 
the form 


x (di + Ye — a — 2) 6 (Dapr\Peic> Pi— P2) (15) 
X8 (ce, + e, — e, — ¢,) dt,dtdp,- 


The collision probability w depends, generallv 
speaking, on all four momenta. However, in this 
temperature region, where Eq. (1) is generally valid, 
the momenta whose absolute magnitude is close to 
the bounding value on the Fermi surface are of in- 
terest. Therefore, we can consider that w depends 
only on 6—the angle between p, and p, and y—the 
angle formed by the planes (p,,. p,) and (pj,. P,): 

We can put the function yw in a different form 
depending on which of the kinetic coefficients is 
being calculated, i.e., which of the terms on the 
left side we keep. However, independently of this, 
we apply only one method of transformation of the 
integrals. We make use of the fact that the momen- 
ta of the particles in the basic region of integration 
differ slightly in absolute magnitude from the limit- 
ing momentum po. If we turn the plane of the vec- 
tors (p,, p,) relative to the axis, directed along 
p, + p,, through the angle ¢, so that this plane co- 
incides with the plane (p,, p,), then we get the dia- 
gram shown inthe Figure. It is clear that the vec- 


tor f will be small in absolute magnitude, and the 
eee are ea ane eee 


P,* P, 


angles between all the momenta and the p, + p, 
axis will be approximately equal to 0/2 or to —0/2. 
Then we obtain 


| 0 258 
Pi = Py + fz00s—5- + fr sin » 


Po Pa — f2cos— + f, sin, (16) 
where f, is the component of f along the p, + p, 
axis, while f, is the perpendicular component. Inte- 
grating over dp,, we solve the 6-function of the mo- 
menta, while we replace the integral over dt, by 
an integral over df df dg, introducing cylindrical 
coordinates with axis along p, + p,: 


dt, = 2pysin (0/2) df,dfzde /(2nh)8. (17) 
We now introduce the following notation: 
x= (—p)/AT, y= (2—v)/AT, 
(18) 


t= (e—p)/AT, x=p/ Ft 
with © from (2). Transformation from the variables 
f,.fz, to x andy is easily accomplished with the 
help of Eq. (16). We then obtain 


m3 (RT)? dx dy (dQ / 27) (dg / 27) 


8r4h® cos (0 / 2) » (19) 


dt, ( dt,6 (e) — 


where dQ denotes the solid angle differential 

sin Od@dy on which w(8, ¢) depends. We note that, 
in view of the indistinguishability of particles, the 
angle ~ changes only within the limits 0 to 7. 


2. COEFFICIENT OF VISCOSITY 


We begin with the calculation of the viscosity coefficient. In this case, the tensor term on the left side 


of Eq. (7) is dominant. From symmetry considerations, it is evident that & must have the form 


4 de 4 de i 
b= = 4 (t) (?: ap, <a 3 Pl Op, Bin) | Say ag ax, 


d 


Ou; Ou, (20) 


2, Um 
x On| 
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Upon substitution of this expression in the collision integral, the second factor can be transformed by the 
addition theorem of spherical functions. After integration over the angle dg,, only the first terms are left, 


Mae 


P, (6, + 95) > Ps (0) Po (95), where P, (0) = 3/, cos? 4 — 1. 


As aresult, we get the following equation for q from Eq. (7): 


No (t) [1 — no (t)] = 8r4K® cos (0 / 2) 


inary (40 Fae f ay ws, 
Pn me (21) 


X Mg (t) M9 (x + y — t) LL — M9 (x)] [1 — Mo (I Eg (t) + 9 (X + y — ft) Po (8) — q (x) Po (01) — 9 (y) Po (62)I- 


In view of the fact that, in the temperature region 
we have considered, only the values of x, y, and t 
much smaller than x are important, we can consider 
the lower limit in Eq. (21) to be —oo. Under these 
conditions, and assuming that g is a symmetric 
function (this is verified by the result), we are eas- 
ily convinced that all terms with different q can be 
put in the same form in the sense of its dependence 
on x andy. Thus the bracketed expression can be 
put in the form: 


/ 


q(t) + 4 (x) [Ps (8) — Pe (1) — Ps (65). 


Expressions for the spherical functions in terms of 
the angles @ and ¢ are easily obtained with the aid 
of the Figure. Integrating over the variable y, on 
which qg no longer depends, we get the following ex- 
pression after some transformations: 


8r'hk& = =w(8, o) [ 3 ae 

(mkT)3 eu 0) sin? — 1] 
P dx xiatetO+a@—O1 , of drag) 

x1 — +2( Se on 


wee) 247 
+ \ dx xq (x yn} eT SS q(t) ——, 


where the bar denotes averaging over the solid 
angle. 

This expression is very complicated. However, 
analysis shows that for arbitrary assumptions con- 
cerning the form of w(@, ~), the error in the viscos- 
ity coefficient will be less than 10% if we simply 
take it into account that the values we need are 
t? <7’. In this case, q turns out to be constant, 
equal to 


__ 64n?h8 E (0, 0) 


ll 
~~ 3 (mkT)3 | cos (0/2) (1 — cos.6)* sin? e| + (23) 


In accordance with Landau’s theory’, the momen- 
tum flux is equal to 


Hn = (pi gen de + Ban (\ ne dx — E). (2A) 


However, it is necessary to recall that the energy is 
also a functional of the distributing function. Sub- 
stituting Eqs. (4) and(11) with v = &n, we get 


Oc x > 
gi \ Pi aoe on dt 


(25) 


a \ en f (p, p’) 2 pi ae de de’. 
€ Pr 
Substituting dz in accordance with Eqs. (14), (20) 
and (23), we find the value of the viscosity coef- 
ficient, defining it as the coefficient of propor- 
tionality between Il;, and (8u;/Sx,) + (Su,/dx;) 
— % dui/5x1 with opposite sign: 


5 
2 at 


n= B(RTY?—2 [1 + FO Pe) 5] 


(26) 


0, ; ae 
xX Ee ae (1 — cos 6)? sin? | 


Thus, it is shown thatn ~ T~?. This dependence 
was predicted earlier by Pomeranchuk? on the basis 
of qualitative considerations. So far as the numeri- 
cal value of the viscosity is concerned, this depends 
on the definite form of averaging f(0) and w(0, ¢), 
and therefore cannot be determined precisely. How- 
ever, with the help of Eq. (26), we can estimate the 
order of magnitude. We shall assume that w(, ¢) 
does not depend upon the angle ¢, and make use of 
the fact that, from Landau’s theory, 


w(O, 0) = Qf? (8) /a. (27) 
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If we consider the quantity f to be approximately 
given by f, + f, cos 0, we can find the coefficients 
fo and f, from experimental data on the compressi- 
bility (4) and the relation between m and my,3. This 
gives 


(mpg / =k?) f = 5,4 + 1,3 cos 8. (28) 


We then obtain the following expression for the or 
der of magnitude of the viscosity: 
Ho~ 1-10 ST poise; (29) 
Simple analysis shows that the second viscosity 
is a quantity of much higher order of smallness than 
n- Actually, taking into account that the collision 
integral for both cases is approximately identical, 
we can compare both coefficients, taking the corre- 
sponding integrals from the tensor term on the left 
side of Eq. (7), and from Eq. (12). Recalling that 
p,/377h* = N, we find that the terms of zeroth order 
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for the second viscosity vanish. Thus 
C/n “(kT /u)?. 
3. COEFFICIENT OF 
THERMAL CONDUCTIVITY 


We now proceed to the thermal conductivity. The 
function & has in this case the form 


om aa) (ap YT): 


In place of Eq. 12, we get here the same equation 
but with cos @ in place of P,(0) in the collision in- 
tegral, and the factor (e —n)/T ~ s on the left side. 
The presence of such a factor shows that the de- 
sired function ought to contain both symmetric and 
anti-symmetric parts, namely, 


q(t) = qs (t) + qa (t)- (31) 


Substitution in the collision integral gives two 
equations 


(30) 


8riks  ——s-w(8, 9) f m2 1. 42 ee. ex igeie st jeg 9) ack ¢ dx xq, (x) =. - a 
(mkT)8 Ss = cos (0 /2) lds (2) 2 \ dx prey 2\ cm \ Ax Xs (x )| , 
0 0 0 (32) 
Srthck, we ed pros[t, *Male—)—a e+ 
(mkT)3 bias cos (0 / 2) \ dx sees 
t 
dx qq (x) > w 0, 9) net 72 (33) 
+ 2t | A + | de xga (#1) + SET da (8) 
0 


However, in the given case, the Boltzmann equation 
does not define the complete solution of the prob- 
lem. To it must be added an additional condition 
which expresses the conservation of the total mo- 
mentum of the system, which reduces to the equality 


fre dt =0 or, in other words, 


(=( =\ 4 (t) dz = 0. (34) 


To find the odd part ga(t), it suffices to solve 
Eq. (33), in the same way as was done in consider 
ing the viscosity. So far as the even part qs (t) is 
concemed, the situation is quite different. In the 
first place we must note that q, = const makes the 
right side of Eq. (32) identically equal to zero. 
Therefore we must determine the constant term 
q;(0) not from this equation, but from Eq. (34). é 
Here it is easy to show that the additional terms in 


q,(t), namely, agt? + agt* + .., generally do not 
contribute to the thermal conductivity. Actually, 
the appearance of such aterm, for example, ato 
should change the constant term in q,(t) by an 
amount a2 so that 


0 fe) 
se P op [aint + a,]dt = 0 


From this condition, we get 


co 


g2n—l 
Rn =\ ren 


0 


a, —— (2m)! Rms 


In the calculation of the energy flow, we must com- 
pute integrals of the type 


[BEF toate +a 


(F =) \Ge (2m)! i Fee + an] = 0, 
de ep. 


| 
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We thus come to the conclusion that, to find the 
thermal conductivity, we need only solve Eq. (33), 
and select the constant term in q, in order to satis- 
fy the condition (34). In practice, as in the viscos- 
ity case, it suffices to find a solution under the as- 
sumption ¢? <7’. Here we obtain 


kT ee (8, ©) (1 —cos 8) le 
p> ) cos (0 / 2) 


— 


247? bok 
(mkT)8 ( 


(35) 


The energy flow is equal to (see Ref. 1): 


C= Ve e nd. (36) 
Substituting (4), we have 
C= \2(p) — bnde 
— | 8nf (p, p’) See (P') E> aa’. a 


Substituting 5n in accord with (14), (30) and (35), we determine the value of the coefficient of thermal con- 


ductivity: 


a Semnrie de 


ee 
22h? “dp 


Thus the temperature dependence of the coefficient 
of thermal conductivity is expressed by a 7 ™ law, 
which also coincides with the qualitative predic 
tion of Pomeranchuk®, 

Estimating the numerical value of x in a fashion 
similar to what was done in the viscosity case, we 
obtain the relation* 


x ~ (40/T) erg/cm-sec-deg. (39) 


4, LIMITS OF APPLICABILITY 


The resulting expressions for the coefficients of 
viscosity and thermal conductivity in each case 
cease to be valid in the temperature region kT ~ yp. 
However, in addition there exists a limitation which 
moves back the region of applicability of the theory 
in the direction of much lower temperatures. It con- 
sists in the fact that the energy interval of excita 
tion of order &T of interest to us must be much 
greater than the quantum uncertainty in the energy 
arising from the collisions, i.e., 


aS ART, 


where t is the time between collisions. We note 
that fulfillment of condition (40) is required not 


(40) 


*In the estimate, we pick out the term with f in Eq. 
(35). An argument in support of this is the fact that if 
we take into account 


d [He ao) ~ 


Op Pp poe 


then the term with f adds about 0.2 to the expression in 
round brackets. 


pom a fete DEI ) [2 0 ee 
p P=DPo 


cos (0 / 2) (38) 


only for the calculation of the kinetic coefficients, 
as was the case earlier, but also for the validity of 
the entire theory of the Fermi liquid!. 

We can determine the collision time for He*® from 
the Boltzmann equation if we write it in the form 


Dn = — 6n/x, 


where Dn denotes the left side of the equation. . 
Comparing this expression with Eqs. (7), (14), (20), 
(30), we get 

t~ qRT. (41) 
For the different processes which we have consid- 
ered, the functions qg are different, but for an esti- 
mate, we can make use of any one gq, for example, 
the one obtained in the determination of the viscos- 
ity. In this case, condition (40), with consideration 
of the numerical values of the coefficients, gives: 


TIO 0s" (42) 


It is possible that such a small value is connected 


with the inaccuracy of our estimate, inthe first de- 


gree arising from the replacing of w(0, ¢) by w(0, 0). 


However, it is sufficiently clear that even in the 
best case one can hardly expect that the theory 
would be suitable at temperatures higher than 0. 1— 
0.2°. This completely corresponds to the fact that 
the theoretical curve computed in Ref. 2 for the en- 
tropy or thermal capacity ceases to correspond to 
the experimental data above 0.3°K. 

Now let us consider briefly what would be ob- 


tained in the case of a spectrum of type (3). It is 
not difficult to see that in this case the tempera- 
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ture dependences of the kinetic coefficients would 
remain the same as for a spectrum of type (2). With 
regard to the numerical values of the coefficients, 

it turns out that in the given case they depend on a 
large number of unknown quantities, such as df/dp 

and the higher terms of the expansion of the energy 
in p — po. In view of this, calculation of these co- 


efficients is of no interest. The estimates of the 
order of magnitude that we have made show that in 
all probability, the coefficients will be of an order 
larger than in the case of a spectrum of type (2). 

As was shown by us in Ref. 2, for a spectrum of 
type (3), we must consider not only the low temper- 
ature range but also the Boltzmann region. This is 
quite easy, as in this region, the kinetic coeffi- 
cients ought to depend on the temperature. Actually, 
in this case, the situation is the same as for the 
rotons in He II. In accord with the calculations of 
Landau and Khalatnikov’, the roton viscosity 
does not depend on the temperature. Thus in the 
Boltzmann region, we must expect 7 = const. To 
find the coefficient of thermal conductivity, we 
must make use of the relation x/n ~ c/m*, where 
c is the heat capacity for a single particle, and m* 
is the effective mass of the excitation. But the ef 
fective mass of the roton, as is well known (see 
Ref. 6) is equal to p2/3kT. Thus in this case we 
must expect x ~ 7. In other words, the curve x(T) 
will have a minimum. 

If we apply limitation (40) to the case under ex- 
amination, it then appears that the calculations in 
the Boltzmann region can be valid if the tempera- 
ture is higher than some limit. An estimate shows 
that this limit corresponds to several degrees. 
Hence the theory which pertains to the Boltzmann 
region can, in the best case, indicate a definite 
tendency in the temperature dependence of a quan- 
tity, but cannot delineate this dependence exactly. 
The same applies to the calculation of thermody- 
namic quantities carried out in Ref. 2. 

Therefore, on the basis of data on thermodynamic 
quantities and the coefficients 7 and x we cannot 
select any definite spectra. The fact is that in the 
case of a spectrum of type (3), the second viscosity 
¢ ought to have a value comparable with the first. 
We can convince ourselves of this, just as before, 
by taking the corresponding interval from hq. (12). 
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In zeroth order, the integral does not vanish, in con- 
trast to the case of a spectrum of type (2). Thus, 
whenever the second viscosity is finally measured 
in the region of very low temperatures (for example, 
by sound absorption), we can expect more or less 
of a verification of the form of the He? spectrum. 

In conclusion, we note that there are lacking at 
the present time any sort of measurements which 
could be compared with the theory developed above. 
Measurements of viscosity recently carried out by 
Zinov’eva* apply to the temperature region from 1 
to 3°K. In this region, the viscosity is slightly 
temperature dependent and changes approximately 
from 2,2 x 10-5 to 1.7 x 10°5 poise. If we compare 
this with Eq. (29), an impression is created that 
the spectrum of type (2) leads to too small a value 
of the viscosity, although naturally Zinov’eva’s 
data refer to a very remote temperature region, and 
the accuracy of the estimate of the coefficient in 
Eq. (29) is not large. On the other hand, such a 
slow change in the coefficient of viscosity and its 
magnitude is not in bad agreement with the results 
for spectrum (3). However, because of what was 
pointed out above, this cannot be considered as 
proof of the correctness of such a spectrum. 

In conclusion, the authors express their gratitude 
to Acad. L. D. Landau for discussion of the results 
of the research. 
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The scattering of current carriers by charged impurities is considered on the basis of 
the many-electron theory of semiconductors. In addition, the ionization energy of im- 
purity centers of the third and fifth groups in germanium type semiconductors is calcu- 
lated. It is shown that plasma screening produces an essential change in the character 
of the scattering at low temperatures. The ionization energy of impurity centers is found 
to be dependent on concentration, and to decrease when the latter increases. 


1, INTRODUCTION 


AS HAS BEEN SHOWN previously?’ *, the qualita- 
tive statements of the zone theory of homopolar 
semiconductors can be justified by using the picture 
of elementary excitations of a many-electron system. 
The “conduction electrons” and ‘holes’, whose be- 
havior is investigated in experiments, are actually 
excitations of the Fermi type; unlike the other elec- 
trons, they actually behave like independent parti- 
cles, and it is legitimate to apply to them all the 
statements concerning the energy spectrum which 
are usually made in the zone theory. In particular, 
itis precisely their spectrum which is investigated 
in experiments on cyclotron resonance, etc. How- 
ever, we must emphasize that the distinction be- 
tween these excitations and “real” electrons is not 
merely a verbal distinction, but makes itself felt in 
various special features, of which the following two 
are of importance for us here: 

a) the interaction of the fermions with an exter- 
nal field and with one another is screened; its Four- 
ier expansion contains only wave numbers k > k,, 
where &, is a certain limiting val ue; 

b) in addition to the fermions, there is also a 
Bose branch of the spectrum’, consisting of oscil- 
lations of the plasma type with wave numbers 
k <k,. (We note that the effective charge of a plas- 
ma phonon is zero.) 

The second item listed is essential in the theory 
of recombination of current carriers’; the first must 
be taken into account in the theory of local levels 
and, in particular, in studying the scattering of cur 
rent carriers by charged impurities. (It is easy to 
see that the screening which is automatically ob- 
tained in the many-electron theory of semiconduc- 
tors gives precisely that cutoff of the Rutherford 
scattering at small angles which, in the one-electron 


approximation, has to be introduced in more or less 
artificial ad hoc fashion‘). In the present paper we 
shall consider the last two problems, and also the 
question of the estimate of the limiting wave num- 


ber ky. 
2, EVALUATION OF &k,* 


As shown in Ref. 2, the Hamiltonian of the many- 
electron system in a crystal can be brought to the 
form 

H=H, + H.-H’ + Ha’ = £2 
where H, and H, are the energy operators of the non- 
interacting fermions and bosons, HS Be eee 
tain their various interactions with one another (and 
are treated as small perturbations), and E, is a con- 
stant. 

We shall consider a semiconductor with current 
carriers of a single type, and for brevity we shall 
refer to them simply as electrons. This means, in 
particular, that we neglect the intrinsic conductiv- 
ity. Thus in our case the plasma is made up of elec- 
trons (or holes) supplied by the impurity, and the 
positively (or negatively) charged impurity ions. 
The concentration, n, of electrons is then constant 
and equal to the concentration of impurities. We 
emphasize that this quantity in general does not co- 
incide with the concentration of free current car 
riers, since some of the fermions may be localized 
near impurities. 

In this case? 


* The author is very grateful to L. E. Gurevich, D. N. 
Zubarev, V. V. Tolmachevy and §S. V. Tiablikov for dis- 
cussion of this question. 
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REMARKS ON THE THEORY 


ee BAAS A a0, (2.2) 


H,= >) W (&) BY (k) B(k), 


k,k<k, 


(2.3) 


Here A*, A and B*, B are the Fermi and Bose oper- 
ators of second quantization, a is the spin quantum 
number, r denotes the remaining quantum numbers 


characterizing the electrons (which, for states in the 


band is simply the quasi-momentum ff), 


W (k) = VW2 +. (n282/2m)?, (2.4) 
Wo = hV 4ene/em’, (2.5) 


and m’ is the effective mass of the electron.* 

The eigenvalues E, are determined from the ‘one- 
particle” Schroedinger equation for the fermion, 
with the Hamiltonian 

#2 
firey), 


2m 
k,k>k, 


b(k 
a emit, (2.6) 


where b(k) is the Fourier coefficient of the external 
field, V is the normalization volume (the usual pe 
riodicity conditions are imposed on the vector k). 
In describing the fermions we shall use the method 
of effective masses (and regard the mass as iso- 
tropic). 

For the determination of k, we should, strictly 
speaking, minimize the free energy of the whole 
system (including the perturbation terms describing 


the interactions of the various types of excitations). 


However, we shall limit ourselves to evaluating the 
limiting admissible values of k,. In the first place, 
the screened interaction between fermions must be 

small; this gives the obvious condition k, > ns, 


Secondly, the coupling between fermions and bosons 
must be small. This coupling is contained in one of 


the perturbation terms, and also in the supplemen- 
tary condition which is imposed when the “super- 


fluous” variables are introduced. (Cf. Ref. 3.) This 


coupling shows itself in particular in the fact that a 


certain electrical current is associated with the 
plasma quanta. But it is clear that the effective 
charge of a plasma quantum must be equal to zero. 
In an exact treatment of the problem, the current 
carried by the bosons becomes zero automatically. 
We take the supplementary condition into account 
approximately by requiring that this current be neg- 

* Strictly speaking, because of exchange effects, the 
interaction potential between the “excess” electrons is 
not purely a Coulomb interaction, so that we should 


write in (2.4) v(k) == 47:e2/k® + f(R), f(0)skoo. However, 
this will not change the result. 
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ligibly small.* This gives a second inequality: 
ky « 167nme?/h?. Thus the approximate condition 
for the applicability of our computation is 
nl —& ky < 2(nnme?/h?)'k , (2.7) 
This proves to be adequate for the evaluation of 
the magnitude of the effects we are interested in. 
Actually we shall use the lower bound, thus obtain- 


ing somewhat reduced values for the “plasma” ef 
fects. 


3. SCATTERING BY CHARGED IMPURITIES 
INCLUDING THE EFFECT 
OF PLASMA SCREENING 


In accordance with (2.6), the motion of a current 
carrier in the field of a defect with charge Ze 
(b(k) = 47 Ze/ck?; the values of Z may be either 
positive or negative) is described by a “one-particle” 
Schroedinger equation with the Hamiltonian 


Hina = am 


oo 
[othe = (= (=* 
u 


2m* Vv er \w 


du). (3.1) 
Ror 

The actual mass of the electron is here replaced 
by the effective mass of the fermion, taking into ac- 
count the effect of the periodic field of the lattice. 
(In general, the effective mass does not coincide 
with m’.) | 

Obviously, the presence of the screening factor 
(the factor in brackets) in the potential energy re- 
sults in: a) the elimination of the logarithmic di- 
vergence in the reciprocal relaxation time which 
is characteristic for pure coulomb scattering; 
b) a drastic change in the character of the scatter 
ing when the average thermal momentum p of the 
electron becomes of the order of or less than fikg. 

This last situation occurs if 


T ~ WAR/mx. 


Thus at helium temperatures we should expect 
significant deviations from the usual Conwell- 
Weisskopf formula because of plasma screening. 
(This remark retains its validity even when we 
take into account modifications introduced when 
we include the interference of waves scattered by 
different defects>. We also emphasize that, un- 
like the Debye screening, the plasma screening is 


purely mechanical.) To illustrate the type of de- 
pendence obtained, we shall treat the scattering 


*L. E. Gurevich pointed out to the author that in gen- 
eral this approximate treatment is inadequate. However, 
it can apparently be used for the probiem treated in the 
present paper. 
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from the screened potential in (3.1) by means of 
the Born approximation.* 

Then the probability of scattering per unit time 
with momentum change p — p’ is equal to 


QnPR8eANZ2 
e2p# sin? (0 / 2) 


x 2p 
B(Heni Bp) j (sin 3 —hy), 


P(p, p') = 
62 


where 0 is the angle between the vectors p and 
p, \ is the concentration of scattering centers, 


(for Z > 0 


7A) 
i (2) Oueifors ZO: 
Thus the scattering is actually “cut off? at 
6/2 = are sin (Ak,/2p). For the reciprocal relaxa- 
tion time, 1/t, we get (cf. Ref. 7). 


= PPLE) sin 6 (1 — cos) P (6) d3 

0 
= InNetZ2 5/5 2p ; ; Hko (3.3) 
Vim 22 Ee In (eye ~ oe 


Thus there is no scattering when p < hk,/2. Of 
course this result should not be taken too literally: 


8eT> 
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it is changed if we take into account both the cor- 
rection to the Born approximation and the small 

term H' which was dropped in (2.6) and (3.1). How- 
ever there is no doubt about the fact (which is ob- 
vious beforehand) that there is a marked decrease 
in scattering for p © ky. Under these circum- 
stances we must take account of other possible 
scattering mechanisms, the most important of which 
(at low temperatures) is scattering by uncharged im- 
purities. The corresponding relaxation time was 
calculated in Ref. 8 (without including screening). 
Since in the present case the forces are short range, 
the plasma screening is unimportant, so that we can 


use the formula of Ref. 8 for our estimate: 


1 [t= 202k? Ny / m*2e? (3.4) 


(The subscript 0 refers to quantities characterizing 
neutral impurity centers.) 

Remembering the illustrative nature of our compu- 
tation, we may assume that only one scattering 
mechanism acts for each value of p (on charged im- 
purities for p <#k,/2, and on uncharged impurities 
for p > hk,/ 2). Then we get for the microscopic mo- 
bility uw, the Hall coefficient R, and the Hall mobil- 


ity Lye 


ee 
422? b (uo) T'? ae 


B= smeyr X (Uo) 4 


V m* 2 e2N In (2 Vim* xT | hk) 


? 


Rash’ 64 @ (Uy) e- SOE = Ta? (xT) “Fy (to) 
W5Vnr | abl = , 
[v (uy) e + Mstoa 1 (xT) “X (Uo) |? (3.5) 
ad us {2 9 Py 
‘5 64 @ (Uo) € fa hy Oe Joy tg) 


where R’ and Kn are the values obtained from the 


Cornell-Weisskopf formula, neglecting the scatter- 


*Strictly speaking, the Born approximation is not ap- 
plicable under the conditions of interest to us; it can 
nevertheless give us a description of the true state of 
affairs. In addition, it hardly makes sense to carry out 
exact calculations of the scattering and then to use a 
kinetic equation whose criterion of applicability® is 
rather poorly satisfied at those temperatures and impu- 
tity concentrations of interest to us. 


u2 |2 eer 
0” Ys t2-a-1 (xT) 


*y (Uo) 


ing by uncharged impurities (R'= 1.93/n,ec, ne is 
the concentration of current carriers), 


a = V Im" e / 2nNe*Z? In oil as 
Wine 
el ra peepee uy \) 402% (3.6) 


Ug 


+ VE (up + 9up + 63ug + 315u2+ 945), 
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} (up) = 1 + ug /2 +456 /8 4+ uf / 48, 
‘st: T u u =u2| D) 
(to) = —.— erf ( yx = Aas ba ip 


and wu? —i2k5/8 m*x T. 
From Eq. (3.5) it is clear that for u2/2 <1 the 
plasma screening plays no part (R » R4, Ly > bey) 


945V x [b(u)e_ 
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however if the temperature is suffi ciently low (of 
the order of 1°K for n ~ 10° cm™), the scattering 
has nothing in common with the Conwell-Weisskopf 
scattering. Thus, for example, if we determine the 
concentration of current carriers, n,, from measure- 
ments of the Hall constant in the usual way 

(n. ~ 1/Rec), then what is actually determined is 
the effective concentration 


Neff = Me 64 


Q (Uo) e 


When u, > 1 this quantity has nothing in common 
with n,; under suitable conditions, the factor mul- 
tiplying n, can even increase exponentially with 
temperature (for V/N, ~ 10~?). Possibly this is one 
of the causes of the (apparent) decrease in activa- 
tion energy which is observed for high concentra- 
tions of impurities (n ~ 10** cm”). In this latter 
case the plasma screening becomes particularly im- 
portant, and its inclusion is apparently necessary 
not only at helium, but also at hydrogen tempera- 
tures. * 


4, LOCAL LEVELS WHEN PLASMA SCREENING 
IS INCLUDED 


The deviation of the potential of the interaction 
between the fermion and the impurity center from 
the Coulomb form naturally shows itself not only in 
scattering but also in the structure of the local lev- 
els produced by the center. Within the realm of the 
so-called “hydrogen-like” model, the energy of the 
local level (measured from the bottom of the zone) 
is determined by a wave equation with the Hamil- 
tonian (3.1) with Z =—1. For not too large values 
of k, it is natural to represent the potential energy 
in (3.1) in the form 


and to treat the second term as a perturbation. We 
then find for the ground state energy E, in first 
approximation: 


* However, one should remember that the use of the 
kinetic equation for these values of impurity concentra- 
tion is already entirely inadmissible. 


u? |2 —*lo 
0M Uy tat (xT) 8 (uo)? (3.7) 
— us /2 2 es A , 
+ T 4? (xT)-8 x (ug) 
‘obtehe im ef f 4{ Roo 
jin — 2e2h2 1! 2| 7 4 +e (RoQo / 2)? 
(4.1) 
! a1 2 
ta Rody |} ) 
where 
dy = en me. 


For small values of kya, (which are the only values 
for which the use of perturbation theory is meaning- 
ful), (4.1) becomes 


Ey = — (met / 227k?) {1 — (4eh?k, / xm*e*)}, (4.2) 


or, using the lower limit in (2.7) for a rough esti- 
mate, 


m* e 
tits <a 


Tyr tAE, AE= 


26%ky 
TS 
(4.3) 
We get the well-known? relation AK = const. n’, 
with a reasonable value for the constant (~10° 
if AE. is measured in electron volts and n in cm”*). 
We emphasize that the “plasma” level shift treated 
here should occur not only at high impurity concen- 
trations, but also at low concentrations if the con- 
centration of carriers forming the plasma is raised 
by some other means. This should make it possible 
experimentally to distinguish the “plasma” mecha 
nism for shift of the levels from the effect of forma- 
tion of impurity bands. 

Summarizing, we must recognize that “plasma” ef- 
fects already become significant for current carrier 
concentrations ~ 10'5 - 10'* em™’; for still higher 
concentrations (and also at low temperatures), their 
inclusion is absolutely essential. 
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The Lagrangian function for the motion of a body of small mass, in the fixed field of n 
other bodies of finite mass, is derived to the second approximation of gravitational theory. 
This function is compared with the Lagrangian function for the motion of a body of finite 
mass in the gravitational field of all n + 1 bodies. It is found that in the approximation 
under consideration, the Lagrangian function for the motion of a finite mass depends in an 


essential way on the value of that mass. 


7 ACCORDANCE WITH the principle of the geo- 
desic line, the motion of a body in a fixed gravi- 
tational field* is determined by the requirement 
that 

a| Lat =0, (1) 


where 


‘XL = mc? (1 _ = V 09 + 28514; + Binxixn ) (2) 


is the Lagrangian function of the mechanical prob- 
lem. Here m is the mass of the body under consid- 
eration, x,(¢) the Cartesian coordinates of the cen- 
ter of mass of m at the instant ¢ and g,,, g,;, g:4 


the components of the fundamental tensor as deter- 
mined by the Einstein equations of gravitation; the 


* The field of a system of bodies is regarded as fixed, 
with respect to a given body, if the motion of each of 
the bodies of the system that produces the field is sup- 
posed independent of the motion of the given body. 


Latin indices i, k take the values 1, 2, 3 and sum- 
mation over a repeated index is understood. A su- 
perior dot indicates a time derivative. 

In order to find an approximate expression for the 
Lagrangian function {) for the motion of a small 
mass in the fixed field of n other finite (not small) 
masses, we shall use an approximate solution of 
the Einstein equations of gravitation, obtained by 
Fock}. 

We consider spherically symmetric, nonrotating 
bodies, whose linear dimensions are much smaller 
than the distances between them; and we retain 
only quantities of order v?/c?, where v? is the square 
of the velocity of translational motion of one of the 
bodies. We then obtain the following expressions 
for the components of the fundamental tensor: 


Soo me St ee Oe US ae ee AU yes 
Sin = — (1 + 2U | 07) oj. (3) 
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Here 
a yma 4 - : 
U SDT ee Dee (Va — U' (a))} 
a 
| 0? 
+ a7 oe Dimalr—al, 
a 
Ma) Yo ee eat ai 
{ eaeet es oa aera 
i 
2m alp 
I Te pa jr—a|- ja—b| : (4) 
a 
a 


In these formulas, the radius vectors of the centers 
of mass of m, mg, m4, ... at the instant ¢ are de- 
noted respectively by r(x,, x,, x3), a(a,, a, a), 
b(b,,. b,, 5), ... ; v4 is the square of the velocity 
of mass mg; a prime on a summation is a reminder 
that the summation index takes all values except 
one from | to n. 

Upon substituting the expressions (3) for the 
components of the fundamental tensor in the La- 
grangian function £, we find that, in our approxima- 
tion 


m rr mr mU? 
aia 2 a mu 2c? 
mS* 4mU ; x; 3mUr? 
a ce Ge 20 
or by use of (4) 
mr? mrs 
aaa 8c? 


4 YR, 4 ng b | (5) 
2c? Di rb} =D |a—b| 
b 
ok 
ae a “Of” > 1M, |r — a|. 


a 


The dependence of the Lagrangian function (5) on 
the accelerations of the finite masses mg is not an 
essential feature of the problem; it can easily be 
removed, thanks to the fact that the variables a; 
(and likewise a; andG;) are independent of the var 
iables x;. 

Remembering that 


899 
Gp lw Darra a 
we get 
oF Dita jt —al= 2 Syma |r —al 
+ SF 8) 
—Saay  —a)) @- a). 
Consequently 
ais a aa rail? a>) = ral { = (r-a) 
ge HE) | ay 
i> = a a ip : Dy =| (6) 


d 
+ ar P(E, Hs X2, Xp); 


Da = (a: (r =a). 


i Came See ee 2 | 


An expression of the form df/dt, where f(t, x,,.%,, %3) 
is an arbitrary differentiable function of its argu- 
ments, reduces Lagrange’s equations to identities; 
therefore we may drop the last term in the Lagran- 
gian function (6). 

Before writing the final expression for the La- 
grangian function of the mechanical problem under 
consideration, we shall change to a slightly differ- 
ent notation. Denoting the radius vectors of the 
centers of mass of m and m, (k = 1, 2, ... n) by 
r(x, y, z) and n(x, yz, Z%) respectively, and the 
Lagrangian function without the term df/dt by L*, 


we have 
5 mr? mr ym, 4 ome 
ba he + aren ae 
4 (t-(r—4,)) (Fy: (t — 1) 
Sse end aaam ; 
zi Tee (t— tp)? Sey 


2X IT, a (7) 
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The equations of motion corresponding to the La- 
grangian function L (or equivalently L*) actually 
do not contain the value of the mass m; they indi- 
cate nondependence of the motion of a body (of 
small mass), in a fixed gravitational field, upon the 
value of its mass. 

In the case of motion of a body of finite mass, it 
is not permissible to treat the field as fixed with 
respect to this body. A finite mass, even in the 
first (Newtonian) approximation, affects the motion 
of the other masses, changing it; and this change 
in turn has an influence on the motion of the mass 
under consideration. However, the dependence of 
the motion of a body upon its mass, in the first ap- 
proximation, still does not affect the form of the 
Lagrangian function. 

The situation changes in an essential way when 
we go on to a consideration of the motion of finite 
masses in a higher approximation than the first (the 
Newtonian). In this case, in the derivation of the 
equations of motion it is necessary to start directly 
from the Einstein equations of gravitation. The 
equations of motion that emerge from them, for a 
system of finite masses, can also be expressed in 
Lagrangian form; but the Lagrangian function of this 
more general problem* has the form? 


C= Loi — Ve oe = is mire — mix; / OCs 
i 
{ \ Ym;m), 4 mic 
Pana ae i * 
r 2 al {i ar Ft 
(i=k) 
4 (Fj (7 — TQ) (Fy (Fp) (8) 
Te Dee Sessa 
= — | 
Sa a rp)? ei Lie mili: 
1 


It follows that when we examine the motion of the 
ith mass in the gravitational field of all thebodies 
(in the present case the number of bodies is sup- 
posed equal to n + 1), the Lagrangian function of 
the appropriate mechanical problem can be reduced 
to the following form: 


*We consider only translational motion of the bodies, 
and we take no account of the dependence of this motion 
on their shape and on other parameters. 
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mvj ffi, ts 
ag eee REL 
ae 1 me 
ieee: eos 
t 
1 (Fj — Fy) Fa) —. : 
~~ Qe? P j—tP 3a bse? 
4 aan CLT, 
Dine Pa ere 
i l 
ymy ny TR, 


In order to compare the functions L , of (9) and 
L* of (7), we set 


(be (10) 


* 
L |m—=m,; far; 


then e 


yom, 
aa Dees eB |v; it; —t,l?° 


|S 


L;—Ll; = (1) 


Consequently, the Lagrangian function L; differs 
from 1 ;* by an expression proportional to the square 
of the mass m; (whereas L ;* is proportional to the 
first power of m,). Only when the mass m; is small 
does the function L; in fact agree with L ,*. 

Thus in a treatment of the motion of a body of fi- 
nite mass, with quantities of order v’/c? taken into 
account, the dependence of this motion on the value 
of the mass expresses itself in an essential way, in 
the actual form of the Lagrangian function. 

Note added in proof (April 12, 1957). In a recent- 
ly published article’, Shirokov and Brodovskii at- 
tempt to prove that “the center of inertia of any 
body (not necessarily of small mass—I.F.) of the 
system moves along a geodesic line in the gravi- 
tational field of the other bodies,” and that the 
equations of motion derived by the principle of the 
geodesic line agree with the equations of motion of 
a system of bodies obtained by Petrova* by Fock’s 
method. 

From relation (11) of the present article, it fol- 
lows that both these assertions made are incorrect 


(for more details on this, cf. Ref. 5, p- 34). 


'V. A. Fock, J. Exptl. Theoret. Phys. (U.S.S.R.) 9, 
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375 (1939). Cf. also: V. A. Fock, Theory of Space, Time, 
and Gravitation, GTTI, 1955. 

oc. Fikhtengol’ts, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 20, 233 (1950), 

3M. F. Shirokov and V. B. Brodovskii, J. Exptl. Theo- 
ret. Phys. (U.S.S.R.) 31, 1027 (1956). Soviet Phys. 4, 
904 (1957), 
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41M. Petrova, J. Exptl. Theoret. Phys. (U.S.S.R.) 
19, 989 (1949), 

Ic. Fikhtengol’ts, Dissertation, Leningrad State 
Univ., 1952. 
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The problem of magnetohydrodynamic waves in relativistic hydrodynamics is discussed. 
Equations are derived for the velocity of these waves in the presence of a magnetic field 
making an arbitrary angle with the direction of propagation of the waves in a medium with 
an arbitrary equation of state. The properties of purely magnetic tangential discontinuities 
in relativistic hydrodynamics are also discussed. 


AY INVESTIGATION by Hoffmanand Teller! was 
devoted to problems of relativistic magnetohy- 
drodynamics. In the present note we consider in 
more detail the problem of magnetohydrodynamic 
waves in relativistic hydrodynamics. In contrast to 
Ref. 1 where the absence of a magnetic field along 
the direction of wave propagation was supposed, 
we shall assume the presence of a magnetic field 
whose direction makes an arbitrary angle with the 
direction of wave propagation. Furthermore, we 
shall not assume, as was done in Ref. 1, that the 
ultrarelativistic equation of state © = 3 p applies. 
We shall conduct the entire investigation for an ar- 
bitrary equation of state. Also, we shall consider 
the question of purely magnetic tangential discon- 
tinuities in relativistic hydrodynamics where the 
thermodynamic quantities remain continuous. 


MAGNETOHYDRODYNAMIC WAVES IN 
RELATIVISTIC HYDRODYNAMICS 


The energy momentum tensor in relativistic hy- 
drodynamics has the following form 


igs = WNUjll, + P%iz- (1) 


Here w is the heat function referred to one particle, 
n the density of the number of particles, p the pres- 
sure, u; the 4-velocity component (u? =-1). The 
speed of lightisc=1. 

We next denote the energy momentum tensor of 
the electromagnetic field by 


Ue tiie) 2 aye) 


| ; (2) 
= — (Et + H). 


We consider a medium with an infinite conductivity o. 
For such a medium there follows from Ohm’s law 


j = (E+ [vH]) (3) 


a relationship between the electric and magnetic 


fields 
E = — [vH]. (4) 


For one-dimensional motion, all quantities are 
functions of one spatial coordinate (x,), and of the 
time (x, = it). 

The conditions at the discontinuity for such a 
motion may be written in the form of continuity of 
the corresponding components of the total energy- 
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momentum tensor, which constitutes the sum of the 


tensors 7? and T° (Eqs. (1) and (2)]: 
Tin = Tix a Tin : (5) 


All components of the total tensor having the sub- 
script 1 must remain continuous. This follows di- 
rectly from the condition 


OL in| OX, 0. (6) 


We thus have the following conditions at the dis- 
continuity (we shall designate the difference be- 
tween the values of a given quantity on the discon- 
tinuity by braces) 

{ wnui + p + ao (eae eete — E)\ = 05 (7) 


{wnuu,— 7 (HH, + EE), (8) 
{wrnistt, a = (H,E5 — HE) Eat (9) 


Here we denote a vector in the 2 — 3 plane by the 

subscript t (ux has the components u, and liz, etc.) 
Let us also take account of the first pair of Max- 

well’s equations [the second pair is contained in 


Eq. (6)]. 


curllE=—0OH/ot, divH=0. (10) 

These equations lead to the two conditions 
{E,} = 0, (11) 
UE. (12) 


Finally, we also must write the condition for the 
particle density 


{nu,} = 0, (13) 
resulting from the equation of continuity 
Ont, 10%, =U. (14) 


The conditions (7) — (9) can be somewhat simpli- 
fied, using (11), (12), and (4), to read 


{enw + p+ 5- (H? — E})| = (eel 15) 


1 1 
{wnu,u,}= Gr ale {H.} + ee i; {Fy}, (16) 
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iy 


{wnt is z oH} = (17) 


eVeotL ey: 


Taking (4) into account, we may write the condition 


(11) in the form 


v2} Hy = {oH}. (ag) 
The relationships (12), (13), and (15) — (18) consti- 
tute the complete system of conditions on the dis- 
continuity. 

Making use of these conditions, we shall consid- 
er the problem of magnetohydrodynamic waves in 
relativistic hydrodynamics. Magnetohydrody namic 
waves can be regarded as the limiting case of dis- 
continuities of very small intensity. The compo- 
nents v, and v, in the hydrodynamic wave may be 
regarded as small. Asto v,, however, that quantity 
cannot be regarded as small since under relativistic 
conditions the wave can move along the axis / at a 
speed approaching the speed of light. 

In a magnetohydrodynamic wave all quantities 
are functions of one parameter. Moreover, in view 
of the infinitesimal smallness of the jumps, the ra- 
tio of the jumps may be replaced by derivatives. We 
choose the velocity v, as the independent variable. 
Derivatives with respect to this variable will be de- 
noted by primes. Thus we have, for instance 

p’ = {p}/ {01} = Wop /ow. (19) 
Below, we shall denote the derivative dp/OW by a’. 
With the aid of the known relationship between the 
thermodynamic quantities 
W=e+p, W=wun (20) 
we find the connection between the quantity a* and 
the speed of sound 


2 =O DN) On. (21) 
By simple differentiation we obtain 
c? = qa? / (1 —a?). (22) 
We introduce also the symbol 
W=W/(1 —0o}). (23) 


Considering all this, we can, after eliminating vt, 
reduce, without difficulty, the system of conditions 
(15) — (18) to the following form 
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W (1—a?) 20, + [of + a? (1 — 02)] W + HHL / 42 = 0, 
T W +0,W’ + 0,H.H,/42 = 0, 
WH,v, = (Ay/ 45 — 0 Ag / 42 — W o}) Hy + ogy / 42, 
WH 30, = (Hy / 4x — 0; Hy / 42 — Woi) Hy + v2 H5Hy | 4c. 


Let us multiply Eq. (26) by H, and Eq. (27) by H, 
and add the products. We obtain, as a result, the 
quantity H_ H¢ entering into Eqs. (24) and (25). 
H.H- = Wv,H?2/ (H? — 4<Wv?). (28) 
We next substitute the expression obtained into 


(24) and (25) and eliminate the derivative W' from 
these equations. In this way we obtain 


(1 — 01) =0, 
(29) 


which determines the velocity of the magnetohydro- 
dynamic waves. 

Taking (22) and (23) into account, we rewrite 
(29) as 


H? 0? 
2 a ead 
v 3|- - 
| ane al r H — 4nW v2 


(vi —c?) aaa eee ee 
; (eae v2 4rW 1/ 4rW 


Here W is the heat function per unit volume ina 
reference system in which the given volume ele- 
ment is at rest, and H,, H~ are components of a 
field in areference system that moves together with 


, ed +2) +24V [20+73,) 


903 


(24) 


(25) 


(26) 
(27) 


the wave front. The index zero denotes the field 
components in the reference system that is at rest 
together with the fluid. We then have 

Hii geech Shei, i we (31) 
Having expressed in (30) the field H by H,, we ob- 
tain 


9 


sae es o% Hi, * __ 2p? 
(v3 Sy Pore may | = cH2, / 42. 32) 


Hoffman and Teller! considered the special case 
where an ultrarelativistic equation of state applies 
andH,, =0. In this case 


Sa op, € =d09/Oe=,. Wie 4a les) 
and Eq. (32) leads to the result of Hoffman and 
Teller 


(v? —3/,) /(1 —v}) = 3Hz /16re. (34) 


In the general case, however, the velocity of propa- 
gation v, of the front of a magnetohydrodynamic 
wave is determined by the biquadratic equation (32), 
the roots of which are equal to 


2 272 
ed ae ad ae 


O71 — 


In the general case, two waves can thus propagate 
at different speeds; the sum of their velocities is 


equal to 


(36) 
(of)? + (OP?) = [2 (IL trio) + 10) (1 + 10). 


In the case where the external field is longitudi- 
nal, H. =0, and Eq. (32) breaks up into two. The 
first root v? = c? corresponds to hydrodynamic waves 
not connected with a magnetic field, i.e., to ordi- 
nary sound, The second root 


2dr ry) (35) 
rip = Hig /4nW, 12, = Hi, / 4eW. 
raph cae Hy (1 au Hn ) (37) 
1 4rW 4nW 


determines the velocity of the magnetohydrodynamic 
wave. 

For an arbitrary direction of the field H there fol- 
lows from Eqs. (19) and (27) that the existence of 
special purely magnetic waves is possible. The ve- 
locities of these waves are found in the following 


manner. We multiply Eq. (26) by H,, Eq. (27) by H, 
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and subtract the results; in this way we obtain 

(H? — vo? H? — 4nWv?) (H, H, — Hz H) = 0. (38) 
Hence follows an equation for the wave velocity 2: 


Hi — v2 H2—4nW v0? = 0. (39) 


Solving this equation with respect to v; and using 
(25) and (31), we find 

01 = Hig/ (Ho + 47W). (40) 
So far we used the equation of continuity for the 
density of the particles. In the ultrarelativistic 
case, at high temperatures, processes of particle 
formation are possible. In this case the law of par- 
ticle conservation no longer holds. However, in all 
cases the entropy is continuous simply as the re- 
sult of Eq. (6). As has been shown in our report on 
relativistic hydrodynamics’ results for the ultra- 
relativistic case are obtained from the above equa- 
tions by substituting the temperature 7’ for the heat 
function WV. 


ON TANGENTIAL DISCONTINUITIES 


The properties of purely magnetic tangential dis- 
continuities may be easily obtained from the condi- 
tions (13) and (15) — (18). We shall now consider 
such tangential discontinuities in which the thermo- 
dynamic quantities are continuous. We then have 


from (13) 


{uy} = {1 /V1— 0} =0, (41) 
and since {v,} =0, 
lve} = 0. (42) 
Next, we introduce the symbol 
hu, = 9, (43) 


take {v-} from (18), and substitute it into the condi- 
tion (16); thus we obtain 


4nj? (w /n){H.} = Hi {H.} + HAE. {Ey}. (44) 


We express the jump {£,} = {~v,H,+ v,H,}, with the 
aid of (18), in terms of the jump {H/<}: 
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{Ef = EH Ae (45) 
Substituting this expression into (44), we obtain an 
equation 


4zj? (w /n) {H.} = Hj {H,} — E. (E- {H-}). (46) 


which is homogeneous with respect to {U,}. The 
condition of compatability of the two components of 
Eq. (46) leads to the following equation for the ve- 
locity j of the tangential discontinuities under con- 
sideration: 


{anj2 2 — (Hi — E3)} {4ni? G-— (Hi— ES) | 


This equation has two solutions 
H? 
P= | (48) 
4TwW He -— E? 


The quantity ;* is connected with the velocity of 
the discontinuity vu} by the obvious relationship 


jt) n= 0, (Lo, (49) 
Let us dwell briefly on the relationships between 
the jumps of the fields in the tangential disconti- 
nuities. According to (15), we have 
(P| = {6 (50) 


It may easily be shown that each of these jumps 
is equal to zero. 


In fact, according to (17) and (18) 


0, {H2} = Hy (H20-}, (51) 


{u,H, — 0,H~} =0. (52) 


The square of the quantity in braces in (52) is also 
continuous, asis the quantity itself 


{02} Hi + of {H2}—20,H, {0-H} =0. (63) 
Eliminating the quantity {v~H_} from (51) and (53) 
and taking (42) and (50) into consideration, we ob- 
tain 


{H2} = {ET} = (A, /0,)? {v2} =0. (54) 


ther kinetic coefficients appear in the case of solu- 
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It follows from (47) and (54) that in tangential dis- from the figure that thereby the components v, and 
continuities of the type considered the absolute H, on the discontinuity change rheied n Bide the 
values of the velocity and magnitude of the mag- expression for E, = ~v,H, + v,/, it ie that as 
netic field do not change on the discontinuity. All aresult E, also sis pee its ‘ on the disconti 
that occurs on the discontinuity is the rotation of ity. vs a 


those vectors, without a change in their length. We 

choose axis 2 in such a manner that the component 

H, is not changed by rotation of the vector H.. Then 
v 

{H,} =0 and {v,} = 0, {v,} aa {H,}. It can be seen 


1 


(hy eS Ora H,—>—- Afi, E,—>— E£,. 


1 
F. Hoffman and E. Teller, Phys. Rev. 80, 692 (1950). 
I. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
27, 529 (1954). 
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(Submitted to JETP editor June 8, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1108-1125 (May, 1957) 


The phenomena of diffusion and thermal conductivity are investigated for dilute solutions of 
He? in helium II, on the basis of the theory of superfluidity proposed by Landau for helium II. 
A solution is found for the system of kinetic equations for the elementary excitations in the 
case of non-zero temperature and concentration gradients within the solution. The temperature 
dependence of the effective thermal ‘conductivity for the solution is determined. A comparison 


with experiment is made. 


EAN TRODUCTION the isotope He® has been investigated experimen- 
HE PROBLEM of the kinetic coefficients for tally by Beenakker, et al*?, who determined the 
solutions of foreign particles in helium II has temperature dependence of the diffusion coefficient 
been investigated by one of the authors 1! From in the temperature range from 1.2°K to the A-point 
phenomenological considerations it was demon- for a concentration c ~ 10“. In the present paper 
strated that in addition to the single coefficient of | we consider the phenomena of diffusion, thermal dif- 


first viscosity 7, the three coefficients of second fusion, and thermal conductivity for dilute solutions 


viscosity, €,, ¢,, Cy, and the coefficient of thermal of He® in helium II. 
conductivity existing in pure helium II? two fur- According to Landau’s theory’, liquid helium in 
the temperature region below the A-point (helium II) 


is to be regarded as a weakly-excited quantum sys- 
tem. This implies that thermal energy of helium II 
may be represented as a gas of elementary excita- 


tions: the diffusion coefficient D and the thermal 
diffusion coefficient Dk, where ky is the thermal 
diffusion ratio. The diffusion of an admixture of 
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tions—phonons and rotons®. The phonon energy &, 
is a linear function of the momentum 


Epo = Sp, (1.1) 
where s is the velocity of sound in helium II. 
The roton energy ©, depends upon the momentum 

p in the following way 

e, = A, + (p — p,)?/2,, (1.2) 
where A,, p,, and p, are parameters of the theory; 
Hy represents the effective mass of the roton. From 
the most recent data® 


A, fk = 8,9K, py | = 1,95-10° cms 


wy = 1,7-10°% g. (1.3) 


As has been shown by Landau and Pomeranchuk’, 
all foreign particles (including He* atoms) dis- 
solved in helium II combine with the normal compo- 
nent of the helium II, and do not participate in the 
superfluid motion. 

From the experiments of Lynton and Fairbank®, 
who determined the velocity of second sound in 
mixtures of He? in helium II, it may be concluded? 
that the excitations associated with the He’ atoms 
in helium IJ have the following spectrum: 

BE of a ane (1.4) 
where pp = 8.5 m, (m, is the proton mass). 

In order to find the dependence of the kinetic co- 
efficients for a solution upon temperature and con- 
centration it is essential to determine the distribu- 
tion function describing the behavior of gases of 
elementary excitations when non-zero gradients of 
temperature 7’, concentration c, and velocity v, 
are present within the system. The distribution 
functions are determined by solution of a kinetic 
equation which we shall now derive. 


2. THE KINETIC EQUATION 


Non-zero temperature and concentration gradients 
within the solution give rise to motion of the normal 
and superfluid components of the helium II, leading 
to the appearance of additional terms on the left- 
hand side of the kinetic equation. We shall derive 
these additional terms by means of the method em- 


ployed in Ref. 2. 
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The kinetic equation determining the distribution 
function n for the elementary excitations in a solu- 
tion of He® in helium II has the form 


on OH on OH On 


: a =— 2s 
“ae Op or or Op Eknys CS 


where n = n(r, p, ¢) is the distribution function, r 
and p are the radius and momentum for the excita- 
tion, H is the Hamiltonian for the excitation, and 
I(n) is the collision integral. When superfluid mo- 
tion of velocity v, takes place in the solution, the 
Hamiltonian has the form 


H =<«(o, p)+ pvs, (2.2) 
where e(p, p) is the energy of an elementary exci- 
tation in the coordinate system for which v, =0. 

The equilibrium distribution functions for the ex- 
citations in a solution in which there is uniform 
normal fluid motion with velocity v, and superfluid 
motion with velocity v, have the form”: 


= ae —1 
ee (exp ST = Yn) \ 1) (phonons (909) 
N =exp \ Sige nate \ (rotons); (2.4) 
la= A (é, Tex | Sp Bias Ys! (impurities); 
N ( p \ kT 
A (c, T) = Ny (QeukT)* = (co / mg) (2eukT)~ ”, 
(2.5) 


p is the solution density, c = N,m,/(N,m, + N,m,) 
is the concentration, V, and N, are the numbers of 
atoms of He® and He’* per unit volume, and m, and 


m, are the atomic masses of He® and He*. For di- 
lute solutions 


c=N3m;/o= N3m3/Nym,=em;/m,, (2.6) 


where € is the molar concentration. 


If Ve and VT are small, v, and v; are also small, 
and are proportional to a linear combination of Ve 
and V7’, Taking this into consideration, it is pos- 
sible to linearize the hydrodynamic equations for 
the solution ©» which take the form 


age === CHEW Ts ; — j . dj 
¢ div jz ¢=—— div cv: a7 + Ve =0, 
0 ’ 
ar (ee) = — div (ocv,,); 
x oe ree Ps if _ ke (2.7) 
Vn NV ig ] Sind | 
( T Pn \(s eu Mes ) 


Ps kT 
° Ms Ve, 
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where p, is the density of the normal component of 
the solution, p, = Py + Pri; Ps is the density of 
the superfluid component; o is the entropy per unit 
mass of the solution; ¢, is the entropy per unit 
mass for pure helium II; p,, is the fraction of the 
normal density which is associated with the pho- 
nons and rotons; and px = (pce/m;) is the fraction 
of the normal density associated with the impuri- 
ties. 


We can then obtain the form of the additional 
terms in the kinetic equation (2.1) by substituting 
into the left-hand side of Hq. (2.1) the distribution 
functions (2.3)—(2.5) and determining ¥, and Vv, 
from (2.7). We obtain, as a result, the kinetic 
equation for the impurity excitations in a dilute 
solution of He?® in helium II: 


D(Ni}= Nit Or Op Che Ge 
SEA aoe REF a J Clee le de; 
=— opr div Gi wn) [ &(-< ac Ses g 3 a de | 
a ren oT e 1 9; 
+ divv,| (4 ——3 RSS +5 2) + kT — de ° 3 Op p| 
7 de Wry W011 Z OV; (2.8) 
a (a Pr Bok an P| ( Ox, + Fa 3 8k B, 
o kT Er O87 
sles mg PS | te 
° ke de; Ee, Oe; kT O08; | 
+|(%04 7) P+ x ® ap ae 4 2 op YPf 
D(N;) =1 (Ni) 


Neglecting the terms in (2.8) which are.associated with the first and second viscosity of the solution, 
we obtain the kinetic equation in which we are interested: 


IN Oe, 2 Oc, €; Oe; 
0i Zz kT RT i oa 5s) i 
kT bes m; P Cc Op. ii o oy + per 2 ar ee ci Op; 
In a similar manner we can derive the equations for the rotons and phonons; these equations have the form 
dh | PE Relics Pima 
25 Pn @ "img )P 7: 


is the distribution function for the rotons 


-|vr| = 1(N,). (2.9) 


Oc 
ue UT =k (2.10) 


Here, n’ 
or phonons, differentiated with respect to the argu- 
ment (e — pv, + pvs)/kT. In (2.10), as in (2.9), the 


terms associated with the viscosity of the helium 


3. COLLISIONS BETWEEN 
ELEMENTARY EXCITATIONS 


Impurity—Roton Scattering 


have been omitted. In order to solve this system of 
kinetic equations it is necessary to know how the 
elementary excitations interact with one another. 
The scattering of phonons by phonons and rotons 
and of rotons by rotons has already been computed 
by Landau and Khalatnikov® in treating the viscos- 
ity of helium II. We shall consider below, there- 
fore, the scattering of phonons by impurities and 
the scattering of impurities by impurities and ro- 


tons. 


The impurity—roton interaction law is not known. 
In selecting the impurity—roton interaction energy, 
therefore, we shall proceed from the same consider- 
ations as those used by Landau and Khalatnikov” 
in treating roton—roton scattering. In order to-ascet= 
tain the temperature dependence of the kinetic co- 
efficients for the solution it willsuffice, in accord- 
ance with Ref. 5, to determine the impurity—roton 
scattering probability as a function of temperature ~ 
accurately to within some constant multiplier. 
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This probability is insensitive to the choice of dis- 
tribution function for the interaction of the impur- 
ity—roton system. 

Taking the impurity—roton interaction energy to 
be a 6-function of the separation, we shall treat it 
as a perturbation. 


V= Vor? (r ce r) (3.1) 


where r andr, are the radius vectors for the impuri- 
ty and the roton, respectively, and v,, is a constant 
whose value may be determined from experiments 
on the diffusion of He’ in helium II containing 
the He® as an impurity. We shall designate the en- 
ergy and momentum of the impurity and the roton, 
by E, p and £,, p,, respectively; for the state prior 
to the collision we shall use unprimed quantities, 
and for that following the collision, primed. The 
probability of a transition from the state A(p, p,) to 
the state F(p’, pj) is determined from the perturba- 
tion theory formula 


dw = (2n/h) | var |? 3(E + E, — E’ — E)) 


x (2h) 8dp'dp, Q2, (3-2) 


where ( is the normalization volume. 

Taking the wave functions for the system in the 
form of plane waves normalized over the volume, 
the matrix element for the transition v4r can be 
readily computed and integrated over the impurity 
momentum. We obtain as a result 


AG jp = (2n/Ap) | Vo, |? 9(E + Ey — E’ — E;) 
. (3.3) 
x (2xn) dp. 


assuming the roton to be at rest prior to the collision 
and taking the total momentum Q = p + p, = p’ + p, 
along the polar axis, we integrate (3.3) over p{: 


f= \ 3(E-+ E, —E, — E,) dpip2 sin 9d9dz 


(3.4) 


where 3 is the angle made by p{ with the total mo- 
mentum Q; 
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Qu, /v 
ee ea 


Pp = Po 
fap e 


ey ee wR 
Ut 


1 


pet u,Q?/u —2n,E 
1+ y,/u 


Le , y=(A+ Boosd)/L. 


The symbol R in front of the integral sign indicates 
that the integration is carried out only over the re- 
gion in which the integral assumes a real value. It 
can easily be shown, with the aid of the conserva- 
tion laws, that / in (3.4) has a real value only for 
integration over the region 1 <y < (4 +B)/L. Car- 
rying out the computation and expanding 6 and L in 
terms of p/p, we obtain 


ci, (CoS 9) i 
Jae oun 

wp \— tb - V2 
a (es) (1 + nga o) . 


1 | ox |? 


Te he 


Ui, 


Averaging over the directions of the incident mo- 
mentum for the impurity we find 

Sip = (| Vox |? u/27h4) wy e/(Ut wr). (3.6) 
An absolute value for o;,may be obtained from ex- 
perimental data® on the diffusion of He? in helium 
II. It turns out to be 


Gee, Led Ooms: 


(3.7) 


The impurity—roton interaction constant may be de- 


termined from (3.6) and (3.7) 


|%1 | = 8+ 10**erg-cm’. 
Impurity—Impurity Scattering 
The interaction law for the impurity particles is 
not known. Following, therefore, the considera- 
tions cited above in the treatment of impurity—roton 
collisions, we select an interaction energy in the 
form of a 6-function 
VU = Uo99 (Ty — Ta), (3.8) 
where r, and r, are the radius vectors of the impuri- 
ties, and v,, is some constant whose value can be 
determined experimentally. 
It can easily be seen that the computation of the 
total effective cross-section 0;; for impurity—impur- 
ity scattering is completely analagous to the compu- 
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tation for the scattering of slow neutrons by nu- 
clei”, with the single difference that since the im- 
purity particles are identical it is accordingly nec- 
essary to symmetrize the wave functions. As a re- 
sult, we obtain for 0;; 


Sig = | Vog |2u? / 4ah4. (3.9) 
To obtain an approximate value we take 

1Uo2 |? ~ 10°75 erg-cm!, 
whence 

3,; = 1,4-1075« ecm?, (3.10) 


where the constant « is included to take account of 
the fact that |v,,| is not actually known. 

In collisions of impurities with impurities and 
with rotons there can also take place, in addition 
to scattering, an emission of phonons due to decel- 
eration. Calculation shows, however, that the 
probability for such processes is small, and hence 
they need not be considered in the phenomena 
which we shall treat below. 


Phonon—Impurity Scattering 


We shall treat the impurity as a particle in a pho- 
non field. From this standpoint the internal struc- 
ture of the impurity is of no significance, since 
the phonon wavelength is much greater than the 
de Broglie wavelength for the impurity. Thus it may 
be shown, as in Ref. 2, that the total perturbation 
energy for the case under consideration is 


— 
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OA t 2 19 
Sot 1a (BVEIOND) er exe + sap 


alat bow: ' 
+ > (ap’ + 1/2 60"), 


where A is the zero-point energy of the impurity ex- 
citation, p’ the deviation of the density of the solu- 
tion from its equilibrium value due to the presence 
of a phonon, v the macroscopic velocity of the med- 
ium associated with the presence of a phonon, and 
p =—i&V the momentum operator for the impurity. 


Calculations show that the last term in (3.11) is 
much smaller than the first. The terms involving 
derivatives of A with respect to p, however, cannot 
be evaluated, since the functional form of A = A(p) 
is not known. We write the excitation energy in the 
final form 


| oA, One. 
v= —'Y/e(pv + vp) + dp ° 72 a2” 73.12) 


Further, on carrying out computations of the type 
performed in Ref. 5, we obtain for the differential 
effective phonon—impurity cross-section 0p; the ex- 
pression 


dcp; = (Pp?/4rhos)? {m (n + n’) (nn’) 
+ 5 [(mn) (mn’) (nn’) + m(n + n’) (mn)] 


4+ A+ B}d0’, (3.13) 


in which P is the impurity momentum, p the phonon momentum, s the velocity of sound, m = P/P,n = p/p, 
n' = p’/p’ is the direction of the phonon momentum following the collision, and 


en ey Cres 
Leg t os (sr) an 


nn’) + 5 (35) ar [a5 — a 


zs =| (3.14) 


Averaging (3.13) over the angles of the incident and scattered impurity particles, we obtain 


2 P 
dogs (P, Pr 8) = (gee) {A/a (1 + c05 ¥) costy + gr (A + B)(I + 2c084) + (A+ B)} dO”, (8.15) 


where cos J = (nn). 


Integrating (3.15) over all scattering angles we find for the total effective cross-sec- 


tion for scattering of a phonon of momentum p by an impurity particle 


opi = (Pp/hps)°2"/4e. 


(3.16) 


f= %/y + 4/5 (Pius) AU + 20089) + */y (Pius) B+ A? + 2AB + BP, 


the bar indicating an average over the angles. Substitutin 


known parameters, we obtain 


g into (3.16) the numerical values of all of the 
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Cgc 4721058! (YUL) Te: (S517) 
Here x is the phonon momentum in units of kT/s, 


and y is the energy of the impurity in units of 


3kT/2, so that 
P — XRT /s and. p7/2u.— YR 2. 


4, TEMPERATURE DEPENDENCE OF THE 
DIFFUSION COEFFICIENT 


We shall treat first the diffusion of the impurity. 
The kinetic equations for the impurities and the 
thermal excitations have been derived above (2.9), 
(2.10); when a non-zero concentration gradient is 
present in the system they have the form 


oo : is Pn — eran 
RT 0 ,0tg20 4, WAS line plies (4.1) 
/ ° : 
ne = : (4.2) 
Ms Pp PVE Tee + Tei 


The collision integrals in (4.1) and (4.2) refer to the 
following processes: /];,—scattering of impurities by 
excitations; /;;—scattering of impurities by impuri- 
ties; /,,;—scattering of excitations by impurities; 
1,~—scattering of excitations by excitations. 

The solution of the kinetic equations for the gen- 
eral case involves extremely tedious computations. 
For this reason we will consider four limiting cases; 
the results for the intermediate regions may then be 
obtained by interpolation. [lementary calculations 
show that for concentrations of impurity excitations 
c < 10° deviations from the equilibrium values of 
the roton and impurity distribution functions are de- 
termined by the scattering of rotons and impurities 
by one another. Roton—phonon and impurity—phonon 
collisions need, therefore, not be considered for 
e <10° in connection with the establishment of 
equilibrium in the impurity and roton gases. 

On the other hand, the momentum transfer is de- 
termined at high temperatures, as can be seen from 
what follows, by the scattering of impurities by ro- 
tons, and at low temperatures by the scattering of 
phonons by impurities. In view of these circum- 
stances we shall consider first the high-temperature 
region, in which the diffusion of the impurities may 
be regarded as taking place in a pure roton gas. We 
shall then consider the low-temperature region, in 
which the diffusion of the impurities may be re- 
garded as taking place in a pure phonon gas. The 
expression for the diffusion coefficients in the gen- 
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eral case is obtained by joining the solutions ob- 
tained at high temperatures with the solutions for 
the case of low temperatures. The temperature 
which in a given instance divides the high- and 
low-temperature regions depends upon the concen- 
tration of the impurity excitations in the solution 
and will be determined below. 

It follows from the symmetry of the problem that 
deviations of the distribution functions from their 
equilibrium values may be sought in the form 


on; =a; (c) (pi Vc) Ni, 
on = a,(s) (pVc) 2 (n+ 1). 


(4.3) 
(4.4) 


It is essential here that the function a be angle- 
independent. 


The High-Temperature Region 


Under these conditions the fundamental role in 
the thermodynamics as well as in kinetic phenom- 
ena is played by the rotons. Detailed analysis 
shows that the phonons play no part in transport 
processes at temperatures above 0.6°K. In this 
temperature region we shall consider two limiting 
cases. 

1) The relative number of impurity particles is 
much smaller than the number of excitations. The 
probability for collisions between impurity particles 
is small and such collisions may be ignored. The 
concentration region for which these conditions 
hold is determined from the condition tj, < tj; 
i.e., the time characterizing impurity—roton colli- 
sions is much smaller than that characterizing col- 
lisions between impurities. In this case the kinetic 
equation for the impurities is highly simplified. 

The deviations of the roton distribution function, 
as a simple calculation shows, are much smaller 
than the deviations of the impurity functions. The 
roton gas may thus be taken to be in equilibrium. 
Impurity particles colliding with a roton are scat- 
tered elastically. From these considerations we 
obtain 


ieee wa EG 
; Pris Pnj 


(pyc) = tt 


(4.5) 
=— \ a (pyc) OjcV;N_d TN. 


Here o* is the transport cross-section for scatter- 
ing of an impurity by a roton. 


Ge 1/4\ o;,(1 — cos) dcosy. (4.6) 
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Further, from (3.5), a, is independent of the en- 
ergy of the colliding particles. From (4.5), there- 
fore, it follows that 


@ = — (6/PntMs) (Pno/Pni)/N, ofev;- (4.7) 
We now compute the impurity current 
2 
ee pin,dt; 
g=\c WC We a a no \ vet Bye. 
(P Vv ) ei SP pPpils Nr O;.0; 


Equating the current g to the quantity — pDVc we 
obtain an expression for the diffusion coefficient 


ae eno kT 


On N pms 


)5 (4.8) 


(1/o;20 


where 


(4.9) 


2 a 62 
pindt;/ \ pindr; . 


Under the present conditions pz; K Pyo, and the 
factor Pno/Pn in (4.8) is equal to unity. Thus the 
temperature variation of the diffusion coefficient is 
largely determined by the temperature dependence 
of the number of rotons N,, which falls exponential- 
Under these conditions the dif- 
fusion coefficient rises with falling temperature as 


MT 


2) The number of impurities exceeds the number 


ly with temperature. 


of thermal excitations (rotons). More precisely, the 
time characterizing collisions between impurities is 


much smaller than that for impurity—roton collisions. 


In this case the distribution function for the impur- 
ities may be taken to have its equilibrium form. 
Since the differences between the roton energy A 
and between the momentum and p, are slight, the 
factor a in Eq. (4.4) can be regarded as energy-inde- 
pendent. For the impurity kinetic equation in this 
limiting case we write 


Co? 


PnjPn Ms 


nj (pyc) =liet Jii- (4.10) 


We now multiply both sides of this equation by the 
momentum p and integrate over the phase volume 
for the impurity dt. Since for impurity—impurity 
collisions the total impurity momentum is un- 
changed, the integral 


911 
\ pilud 


is equal to zero. Performing the indicated integra- 


tion we obtain 


Pn02/OniPntNs = A,5;,0)N,. (4.11) 


Here 


SU; = \ o;<0;pinidr/ \ pinjdr;. (4.12) 


Solving this relation for a,, we now calculate the 
roton current 


D2 np? 
a) ye. (4.13) 


g. = \ 2, (Pye) mp, ds = 


30 iP nso; 20; 


On the other hand, the total momentum of the liquid 
does not change when diffusion is present, and the 
sum of the diffusion currents of the rotons and im- 

purities is equal to zero 


&, +g; =0. (4.14) 
Consequently 
= pDVc. (4.15) 


Comparing (4.15) and (4.13), we obtain for D the ex- 
pression 


2 = 
PnoP * 
2) = oe 9; Uj = 
3p { Pps 


In this limiting case (p, 
iation of the diffusion coefficient is determined by 


(Pp9)°RT 
a, / 37,0}. (4.16) 


PniPn 


= Pni) the temperature var- 


the variation of the normal density, which de- 
creases exponentially in this temperature region. 

According to (3.5) 9,, is independent of the ener- 
gy of the impurity. Performing the elementary inte- 
grations in (4.9) and (4.12) we obtain 


=) 
Vv 


1 tor ct des aap tS ‘es ve (4.17) 


TU 


Thus the quantities (1/o;,v;) and 1/o;;v,; appear- 
ing in Eqs. (4.8) and (4.16) differ only by the factor 
32/97, which is very near to unity. This makes it 
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possible to write an interpolation formula for the 
diffusion coefficient which covers the whole high- 
temperature region: 

D = (Pno/pn)? (RT /ms)/Npoir0i- (4.18) 
For the case in which t;, <tij, Pano ~ Pn > Pni ©q- 
(4.18) reduces to Eq. (4.8). In the other limiting 
case tj; > tis Pano X Pni = Pn and Eq. (4.18) reduces 
to Eq. (4.16). Equation (4.18) may also be rewritten 
in the form 

iran) RL is) Ue os (4.19) 

where the time ¢t;, characterizes the scattering of 
impurities by rotons: 


SpulenyrenARt 20) 


N, 7 
Qr)i7K 


Making use of the experimental values for the dif- 
fusion coefficient we can with the aid of (4.19) find 
o;. and, consequently, the unknown impurity—roton 
interaction constant in Eq. (3.8). Thus we find 

Wintel LOR rea eiah (4.21) 


Inserting this value into Eq. (4.19) we obtain an 
expression for the diffusion coefficient. 


D = 2.8-10-8e-AlFT (Gn / On)?, 
(4.22) 


PnP ne po; / 3kT, 


which is applicable over the whole high-temperature 
region, in which the phonons play no role. 

As regards the time t;;, which characterizes col- 
lisions between two impurities, this cannot be ob- 
tained from the experimental data. Extremely crude 
estimates for this time yield 


4 == 4 | 9 |?” Vigo: 
SSS ean is ee 
te; 3;;0iN; T ie TU N 


= 5) OMe Gin 


(4.23) 


(v,, is taken equal to 10°* erg/cm’*, approximately 
the same rate as for the interaction between two ro- 
tons). The concentration for which the times ¢;, 
and t;; become comparable in order of magnitude is 
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The Low-Temperature Region 


In this temperature region the part played by the 
rotons, both in transport processes and in the ther- 
modynamics, is negligible. These phenomena are 
now governed entirely by the phonon portion of the 
excitation spectrum. As in the high-temperature re- 
gion, we shall consider two limiting cases. 

1) The case in which there are few phonons as 
compared with the number of impurities. More pre- 
cisely, the time t;; between collisions of two impur- 
ities is small as compared with the phonon—impurity 
collision time t;,. Evaluation of the times ¢;; and 
t;» with the aid of (3.9) and (3.18) shows that the 
inequality ¢;; <t;, limits the region of applicability 
to that indicated by the inequality 

Coa Oe ies (4.24) 

This condition (4.24) indicates that in solving the 
kinetic equations for the vresent case the impurity 
excitations may be taken to be in equilibrium for 
concentrations down to c > 10°. The phonons, how- 
ever, are scattered elastically, and their distribu- 
tion does not change (the phonons form a light gas, 
the impurities a heavy gas). Calculation shows 
that, despite the low phonon concentration, phonon— 
phonon collisions are extremely important in the es- 
tablishment of equilibrium with regard to energy in 
the phonon gas. The time required to establish en- 
ergy equilibrium in a phonon gas has been calcu- 
lated® and is 

SU re nO) See 6)? (4.25) 
(x =e/kT is the phonon energy in units of kT). The 


time t,,; characterizing the scattering of a phonon by 


pi 
the impurity gas is 


16 6!sN; 
ing a 8x 


[eee (ET |s)? / 5 
hos u 
: (4.26) 
ig 8 J Leet 
QS 45 + LG + 3ukT ) 


6 is a complicated function of the parameters des- 
cribing the impurity energy spectrum; in our calcula- 
tions it will be taken of order unity (cf. Sec. 3). In 
transport processes the important phonons are those 
having energies on the order of 6 to 7 AT. For such 
phonons the inequality ¢, <¢,; assumes the form 
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This latter inequality shows that at temperatures 
down to 0.1°K for concentrations c < 10 equilib- 
rium with respect to energy will be established ra- 
pidly as compared with the scattering of phonons by 
impurities. As regards the time 0, for establish- 
ment of equilibrium with respect to the number of 
phonons (for a more detailed discussion, cf. Ref. 
5), this will in the region of interest be comparable 


kT boi 3 
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with the time ¢;). Taking values for 9, from the ex- 
pression 6, = 2 x 10°7° we obtain 
te reges Tt arc: (4.26’) 

The solution of the kinetic equation for this lim- 
iting case follows a procedure completely analogous 
to that involved in the calculation of the phonon 
viscosity®. Omitting the simple computations, we 
give directly the expression for dn, 


s 2 
Bly — The (Pp ar 1) Fila aes 
n 


The time ¢,; for scattering of phonons by the impur- 
ity is determined from Eq. (4.26). Further, with the 
aid of (4.27) we compute the diffusion component of 
the phonon current 


ae = {po NpAT, 


and, using the fact that gj = - gp =— pDVc, we find 
the diffusion coefficient to be 


De Eee ee ages ea 


RAT (A 4.0.75 tn; /0 
oe f a pi/ an (4.28) 


Inasmuch as the temperature dependence of ppp is 
given by a 7“ law, the product pppkTt,; is, in view 
of (4.26), temperature-independent. In this region, 
therefore, the diffusion depends only weakly upon 
temperature. The entire temperature dependence is 
embodied in the factor enclosed in the braces. 

We shall now treat the final limiting case. 

2) The number of impurities is small compared 
with the number of phonons. Here only collisions 
between impurities and phonons are significant; col- 
lisions of the impurities with one another are not 
important. Simple analysis shows that in this case 
the deviations of the phonon distribution functions 
from their equilibrium values are small and may be 
neglected in the kinetic equation. 

The deviation of the impurity distribution function 
from its equilibrium value due to the presence of a 
concentration gradient can be written in the form 


On; = Qj (e) (piVc) Ni (4.29) 


The quantity a; depends upon the energy of the im- 


.2 —(ps / kT) (3.5 — 3,7 pi /9,) pVc 


(i + 81,,;/9p) p (4.27) 


purity. We can also write down the kinetic equa- 
tions for the impurities and phonons 


(71:0 / PnitNs) (PiVC) = lip, (4.30) 
(n(n+-1)0/ pats) (ppVc) = [pit Ipp. (4.31) 


We multiply the second of these equations by pp 

and integrate over the phonon phase volume; taking 
account of the fact that in collisions between two 
phonons the total phonon momentum does not change 
we obtain 


— (pkT/m,)Ve =| Polpids. (4.32) 
In what follows we shall disregard the weak depend- 
pi upon the 
phonon scattering angle. Further, it follows from 


ence of the scattering cross-section 0 


the conservation of energy 


pi /2u+ spp = pF /2u+ spp 


that the change in the energy of an impurity result- 
ing from a collision will be small compared with the 
magnitude of the energy €; 


Ae = ¢; —&; = pi (Pp — Pp) / + (Pp — Pp)? / Qu. 


This is connected with the fact that the momentum 
of a phonon is small compared with that of the im- 

; a : (Met) 
purity. We expand the difference a;p; — a;p; appear- 
ing in the collision integral in a power series to 
terms of the second order of Ac. After a simple in- 
tegration over angle the integral equation (4.30) as- 
sumes the following form: 
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(4.33) 
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We thus reduce our problem to one of solving a dif- 
ferential equation of the F’okker-Planck type. 

The relation (4.32) yields a condition which must 
be satisfied by the functions a;; this condition has 
the form 


kT 0a; pa 
— = \\ FpiS @ -- =: Ge. c) pity ae njdz;. 
(4.34) 
The cross-section 0,; depends linearly upon e;. The 
solution of Eq. (4.33) is readily found 
z —th, (4.35) 
a;= Alnme+ Boa + Ce . 
where 
A= \(S) ran (np + 1) de 
On js Ne DR? Pp 
= 20 | 2pnitMa?npapiS, (4.36) 
Pen \ Cpiflp (Np + 1) Pp dtpnidz; 
Sp iS EEE 
\ 05 Mp (Mp +l) depnidei. (4.37) 


The characteristic time previously introduced can 
be expressed in terms of the quantities of (4.37) by 
means of 


ee Ue ees (4.38) 


B and C are constants of integration. The constant 


C must necessarily be set equal to zero, since the 
number of phonons moving in any given direction 
must be finite. The constant B is determined by 
the condition (4.32) 


pis \ (A ine + B)enjdt = —okT / meno. (4.39) 


From this we obtain 
== —2A— Aline 
(4.40) 


a) 
(0) 


\Ine-en asf enjdt;. 
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We now compute the impurity diffusion current 
g; =>=— oDVc 


= \ A (In ¢ — Ine — +) pi (piVc) nidz;. “i 


From this, taking (4.40) into account,.we obtain 


D = 8ART 0p; | 30 = 40nikT [ 3MgpnoN itpis. (4-42) 


Thus we have, to within a factor of order unity 


D= (OnikT / OnofN3) i N jop;S. (4.43) 
The coefficient D thus obtained increases with fall- 
ing temperature according to a 7”* law. 

An interpolation formula embracing both limiting 
cases at low temperatures may readily be written. 


For this we rewrite Eq. (4.28), which holds in the 
region Pap K Pp 


Det ohe™ es : 
Pri) ™3 a sN, (48T / us?) 


= Pni, in the following form: 
£40.75 55/0" 

1 Ot :/ One 
(4.43") 


Here we make use of the relation (4.38) and the fol- 
lowing well-known formulas: 


Prp = AES [3st (4akT / 32) Nos Oni = ul;. 


(4.44) 


Equation (4.43), which holds for the region in which 
Pn = Pp > Pni» may likewise be rewritten in the 


form 
si 
Mie va | Ais N 


We note further that in this region the impurity con- 


4RT 
iD [G2 


(4.45) 


centrations are extremely small, and, in accordance 


with (4.26'), 
fyi / Uy Sel. 


It is now readily seen that Eqs. (4.43) and (4.45) 


can be combined into a single equation 


D =(2)2 y idee 11 + 8 tpi/O, 
Pn J ™3 ois NCAR / us?) 1+ 8t,,/6, ° 
(4.46) 


Comparing Eq. (4.18), which applies in the high- 
temperature region, with Eq. (4.46), applying in the 
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low-temperature region, we note that both of these 


equations may be combined into a single expres- 
sion 


D= (n9 / On)*(RT /ms) ti, (4.47) 
in which the time ¢; characterizes the collisions of 
the impurity with the thermal excitations is given 


by 

4kT 1+ 8tpi/ Op )-1 

Us" 14+ a / Op } 
(4.48) 


In the limit of high temperatures, for which the gas 
of thermal excitations consists principally of rotons, 


t= {ai,0iNs ae Sips p 


Pno = Pnp» and all of the terms due to phonons may 
be neglected. We obtain as a result Eq. (4.18). In 
the low-temperature region, on the other hand, we 
neglect the rotons, and obtain Eq. (4.46). 

Making use now of Eqs. (4.21), (4.26) and (4.38), 
we obtain an expression for ¢; in a form convenient 
for numerical calculation: 


e {174/19 \—2 
t; = {1-10"Te sar 4.1.9. 109T? ETE | : 


(4.49) 


It should be noted that the second term in (4.49), 
due to the phonons, becomes important in this equa- 
tion at temperatures below 0.5° K. This can easily 
be understood if we recall that in the thermodynamic 
treatment the phonon component of the normal den- 
sity predominates only for 7 <0.5°K. From the 
kinetic standpoint the times characterizing scatter- 
ing of the impurity by rotons ¢;, and by the phonon 
gas t;) are comparable only for T ~ 0.5°K. For 
temperatures higher than 0.5°K, ¢;, K tip, and, 

as a consequence, the diffusion is in this case de- 
termined by scattering of impurities by rotons. Thus 
for T > 0.5°K we may limit ourselves to the first 
term in Eq. (4.49) at all concentrations: 


1 /t; = 108Te-AlT, (4.50) 


5. THERMAL DIFFUSION 


In general, when non-zero temperature and con- 
centration gradients exist in a solution (under con- 
stant pressure) the impurity current g is defined by 
the expression 


g=—oD[Ve+ (kr/T) V7], (5.1) 
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where D is the diffusion coefficient as calculated 
above (4.38), and ky is the thermal diffusion ratio. 
Simple calculation shows that the thermal diffusion 
contribution to the diffusion current is neglible 
when the number of impurity excitations is small 
compared with the number of thermal excitations. 

1) The case for which the number of impurities 
greatly exceeds the number of rotons. Following a 
procedure completely analogous to that used in cal- 
culating the diffusion coefficient in the second lim- 
iting case, we find for the thermal diffusion ratio 

hp =C(1— 94:49 Ma/Pyp ke). 5.2) 

2) The case of low temperatures, for which the 
momentum is transported by the phonons and the 
contribution of the rotons to the diffusion process 
may be neglected. In this limiting case, the ther- 
mal diffusion ratio is 


kp =c(1+o,ms3/kc—$, o,m,/pypke). (5.3) 


For sufficiently low temperatures (7 <0.6°K), 
Pno ~ Pnp and o, ~ oy, and the thermal diffusion 
ratio takes on the simpler form 


kr, =C(1—p,, %pms/Pyy RC) = c(1 —ys?/ RT). 
(5.3) 


Comparison of kp for the roton region (5.2) with ky 
for the deep phonon region (5.3') shows that Eq. 
(5.2) can serve as a useful interpolation formula for 
the thermal diffusion ratio of the solution over the 
whole range of temperatures and concentrations: 


ky. = C(1 —p,,, 59 MMs | Pyg RC): (5.4) 


6. THERMAL CONDUCTIVITY 


The mechanism for thermal transport in the solu- 
tion can be twofold. On one hand, heat can be 
transferred due to motion of the normal component 
of the helium. On the other hand, the presence 
within the solution of a non-zero temperature grad- 
ient leads to an additional thermal current which 
arises, as in ordinary condensed media, from the 
transfer of heat by diffusion of thermal excitations. 
This thermal current is characterized by a definite 
thermal conductivity coefficient. The thermal con- 
ductivity coefficient for a solution of He® in helium 
II is defined in such a way that for zero impurity 
diffusion current g = 0 the heat current q will be 
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The thermal conductivity coefficient x for the solu- 
tion is a sum of roton, phonon and impurity compo- 
nents. Calculations analogous to those carried out 
for the thermal conductivity of helium II® yield the 
following result: 


= hy + Mp Xi (6.2) 
motel pe | 9 
ty = 1.70N,s7h Thar {1 =. ay , (6.4) 
mi ti - +h, (6.5) 


where s is the velocity of sound, 9, is the entropy 
per unit mass for pure helium II, and 9, is the en- 
tropy per unit mass of the roton gas. The effective 
time (0 is determined by the expression 


1/0 = tor oF LG Care 
N.6! 2 
ie 0,85— E or | 


tyr aur pn? (6.6) 
41 _ 6INi — (kT / sa 3 
toi 8rs eh? 


In the transition to the pure helium II case c > 0, 
and x, and x, go over into the corresponding quan- 
tities for helium II as computed in Ref. 6. 

It can easily be seen that for concentrations 
c >10°, x; Kx, +%, over the whole temperature 
range. Substituting numerical values for the quan- 
tities in (6.3)—(6.5) and dropping the negligible 


second term in x, we obtain 


ew 220-108 | 
T 4+0.2ce8-2!7 (6.7) 
7.6.7 est 114-3070, Sole | 
1+ 8-2.8-10-27  ceS9l" 1+ 80/0, Pos 4 


The temperature dependence of x for various con- 
centrations is illustrated in Fig. 1. 


7. EFFECTIVE THERMAL CONDUCTIVITY 
OF SOLUTIONS 


Experiment gives a direct determination not of 
the diffusion coefficient, but of the effective ther- 
mal conductivity coefficient 
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FIG. 1. Dependence of the thermal conductivity coef- 
ficient for a solution of He® in He* on the temperature T 
and the concentration c [Eq. (6.7)|: l-c = 107, 2— 
€= 108 33—cl = 1053 4—ci= 102°. 


Q=-x,V7, (7.1) 
where Q is the heat flow through the solution per 
unit area. The diffusion coefficient D is directly 
related tox. We shall derive an expression for x, 
under the restriction that the experiment be per- 
formed under stationary conditions. The heat cur- 
rent per unit area Q in the solution is?®: 

Q = Zevn + pT Vn + Gq’ = —%mVT; (7) 
where v, is the velocity of the normal component of 
the solution, Z = p(y,/m, — p,/m,), and p, and p, are 
the chemical potentials of the pure He® and He’ is- 
otopes. In (7.2) the thermal current q’ has the form 


g=7 | OZ Cy des 
T Oc eT OT eT 


le “VT Ceca) 
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where x is the thermal conductivity coefficient for 
the solution and g is taken from (5.11). Under sta- 
tionary conditions there follows from the constancy 
of the potential ® the equation 


2 (Z)reneR(e)er 


(7.4) 
the equation of motion for the impurities being given 
by the expression 


g + ocv, = 0. (7.5) 


Using the thermodynamic relations which follow 

from d® = (dp/p) — odT + (Z/p)dc and solving si- 
multaneously Eqs. (7.2)—(7.5), we can determine 
the effective thermal conductivity coefficient 


oO Z OT 6 
wont or / 2) 2(2) 

0 fe) ; 

sy Bo (7.6) 

kr @ Zz 
died ae 
For a weak solution 
te iy ke QZ iF 

Oc ~)=—- ms; ” 0c ep msc 


If we also introduce into (7.6) the value of the ther- 
mal diffusion ratio from (5.4) we obtain the simpler 


expression 


Mm = (pD11399/ RC) (Pn / Pro)? + % — (7.7) 
where D is the diffusion coefficient determined from 
Eq. (4.52). Setting Eq. (4.47) in place of D, we ob- 


tain 


Ln = oT opt; /'C + Pin (7.8) 
As we have already noted, the time ¢; is practically 
independent of the concentration of the solution. 
Thus the first term in fq. (7.8) depends upon the 
concentration as 1/c. As regards the second term— 
the thermal conductivity coefficient for the solution 
—this, in accordance with (6.7), depends in a rather 
complicated fashion upon the concentration of the 
solution. As can be seen from the graph (Fig. 2), 
the second term in (7.8) is negligible in the high 
temperature region for sufficiently low concentra- 
tions. We then have (p, ~ Pno) 


Mg = oT ott, |e. (7.9) 
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FIG 2. Dependence of the effective thermal conduc- 
tivity for a solution of He® in He‘ on the temperature T 
and concentration c [Eq. (7.9): ore) ice oes 
Tc = 105. 2c — 1.0) a3 — ce 0c —e | ae 
Qa I x6 Os 


The temperature distribution in a weak solution of 
He® in He* in the presence of a thermal current is 
determined as follows. We write the expression for 
the thermal current (taking the one-dimensional case 
for simplicity) 

q =—%,,0T / 0x (7.10) 
and the condition that the potential ® be constant 
along the solution 

®, — ckT/m, = const (7.11) 
(®, is the solvent potential, that for helium II, 
which depends upon temperature but is independent 
of the concentration c). Further, we express the 
concentration c from (7.11) in terms of the tempera- 


ture and an unknown constant. We substitute this 
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expression into the equation for x,, and integrate 


Eq. (7.10) 


f 
4 ° 
Gs eta oT 
x : \ Xn 


(7.12) 


T, is the temperature at the cold end of the vessel 
(x = 0). We then find, with the aid of (7.12) and 
(7.11), the dependence of the concentration c upon 
the coordinate x. This dependence includes an un- 
known constant, which can be determined from the 
condition that the impurities must be conserved. 


d 

re 
o=F \ cdXx, 

0 


(7.13) 


We shall illustrate this procedure, taking as our 
example an extremely weak solution, for which Eq. 
(7.10) is applicable; we write the latter in the form 
[with K(7) a function of temperature] 

ated AG Yao (7.14) 


It is essential here to bear in mind that for suffi- 
ciently weak solutions it follows from the condition 


(7.11) (ke/m, «9,) that: 


o, WT = — (AT / tg) Ve. (745) 


Thus 
Ve /e| [VP /T|, 


and, consequently, under these conditions the tem- 
perature varies only slightly along the helium, while 
the concentration changes quite appreciably. Inte- 
grating (7.15), we obtain 

c= —(m;/ kT) o,(T —T,), (7.16) 
where 7, is a constant of the integration. Equation 
(7.15) represents an alternative form for the condi- 


tion (7.11). We now integrate Eq. (7.10), taking 
(7.14) and (7.16) into account, and obtain 


ze T 
Se \ KAEpar oo (oes 
g @ 1134 6p (T — Fy 
sWhTK@) tp aoe (2.47) 
M390 pe i a 
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Since the temperature variation is small, the coeffi- 
cient preceding the logarithm in (7.17) can be com- | 
puted for the mean temperature of the helium. From 
(7.17) we obtain the temperature 


Te Ea ees 
1 [x)= ATK (T) / 11.9%. 


(7.18) 


Further, using (7.16) we express the concentration 
c as 


€ = — (ms | RT) 49 (Ty — Tc) e*!*, (7.19) 


and, finally, we obtain the constant of integration 


T. from the condition (7.13) 


PSB here! 
.o Co Xq 1M359 ef lxo — 1 


(7.20) 


eh Tips e) 


Ultimately, we obtain from (7.18) and (7.20) the for- 


mula for temperature distribution along the solution: 


A ogd” EE ge 
ov Xo 11359 ef lxo— 1 > 


(7.21) 


Beenakker et al.? obtained experimental values 
of the diffusion coefficient for the impurities in a 
solution. In analyzing their results, however, the 
authors used in place of the entropy o appearing in 
Eq. (7.21) another quantity f, which they took from 
the results of unpublished experiments. We have 
recalculated the data of these authors, using known 
data for the value of the entropy. This recalcula- 
tion changes the value of the diffusion coefficient 
somewhat. Under the conditions of the experiment— 
T > 1.20°, ¢ ~ 10%-the part played by the phonons 
was negligible (the quantity » could also be neg- 
lected), and the diffusion of the impurities was de- 
termined solely by their interactions with the ro- 
tons. The unknown impurity—roton interaction con- 
stant was determined from the experimental value of 
the diffusion coefficient at T =1.5°K. The effec- 
tive time ¢;, then takes the value given by Eq. 
(4.20). 

It should be emphasized that in experiments con- 
ducted under stationary conditions diffusion of the 
impurities cannot be considered alone. What is ac- 
tually determined experimentally, in accordance 
with (7.7), is a certain effective thermal conductiv- 
ity coefficient for the solution, representing a com- 
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bination of the diffusion and thermal conductivity 
coefficients and the thermal diffusion ratio. 

The results obtained in the present work are cor- 
rect for the temperature region T < 1.6 — 1.8° K, in 
which the rotons may be regarded as constituting an 
ideal gas. At low temperatures the applicability of 
the theory is limited by the mean free paths of the 
excitations associated with the transport phenome- 
na. As usual, the mean free paths must be much 
shorter than the characteristic dimensions of the 
containers. For high impurity concentrations, for 
which the mean free paths are short down to the 
lowest temperatures, the theory is applicable down 
to the temperatures at which the Fermi degeneracy 
of the impurities becomes significant. 

In conclusion, the authors wish to express their 
deep indebtedness to Academician L. D). Landau 
for his helpful discussions. 
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The state of air compressed by strong shock waves is examined by taking dissociation and 
ionization into account. Approximate expressions are given for the density and temperature 
in this region. The radiation from the front of the shock wave is considered. With increasing 
shock-wave amplitude, the observed surface temperature passes through a maximum, owing to 
the formation of an opaque layer of air, preheated by the radiation, ahead of the front of Pak 
wave. A proof is given of the non-existence of a continuous solution and of the unavoidabi ity 
of discontinuities in the velocity, density, and temperature in a strong shock wave with radi- 
ative heat exchange. The wave structure is investigated in a strongly-ionized gas with allow- 
ances for the slow energy transfer between the ions and electrons. 


ae 


| BA Aaa eat OCCURRING in strong shock 
waves are very interesting from many points of 
view. In practice we encounter shock waves during 


explosions and during the motion of bodies at super 


sonic speeds. The principal interest lies in the pe- 
culiarities of the compression in the shock wave: 
the compression occurs rather rapidly, is accom- 


panied by a sharp increase in the gas entropy, and 
is irreversible. Gas compression in a shock wave 
produces high temperatures, considerably higher 
than adiabatic compression to the same pressure. 
It was already noted by Muraour! that the glow 
observed in an explosion is neither the chemil umi- 
nescence reaction of the decomposition of the ex- 
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ploding substance nor thermal glow of the explosion 
products. What really glows is the air, compressed 
by the explosion shock wave around the explosion 
substan ce. 

O. I. Leipunskii and the author® observed rather 
high temperatures in a shock wave produced by the 
motion of a bullet in mercury vapor. Extensive in- 
vestigations of strong shock waves are being car- 
ried at the present time in the U.S. with the aid of 
a so-called shock tube®, in which a diaphragm sep- 
arates the high-pressure gas from the low-pressure 
gas, and the wave is produced by rupture of the dia- 
phragm* or with the aid of explosive substances’. 

The high temperatures of the strong shock waves 
are accompanied by new physical phenomena, such 
as dissociation, ionization, and emission of light. 
The influence of these phenomena on the properties 
of air compressed by a shock wave and on the 
structure of the wave is the subject of this article. 

Ionization and radiation in a shock wave was con- 
sidered in detail in an article by Prokof’ev’, using 
compressed monatomic hydrogen as an example. 

Let us note that we are not in agreement with Pro- 
kof’ev’s conclusions concerning the structure of 
the wave (see Sec. 5). 


1. DISSOCIATION AND IONIZATION 
IN SHOCK WAVE 


The temperatures reached at shock-wave pres- 
sures of 200—600 atmos are 5,000—10,000°, at which 
strong dissociation of the oxygen and the nitrogen 
molecules takes place®?. The compressed air be 
comes monatomic. Because of the large amount of 
energy required to break up the molecule, the gas 
pressure is substantially less than 2/3 the energy 
density (subtracted from the molecule energy at 
O°K). The density of the air compressed in the 
shock-wave therefore does not diminish to 49,, but, 
to the contrary, increases to 9—12 p, at the above 
pressure and temperature ranges. 

With increasing pressure, the dissociation energy, 
which is a constant term, becomes less and less 
important. However, noticeable ionization of the 
atoms occurs even before the dissociation is com- 
pletet. The pressure range, in which the density 


* Gershanik, Rozlovskii, and the author’ studied the 
chemical reactions using the compression shock wave 
produced in a shock tube setup, while Shluapintokh and 
the author® studied the compression in the shock wave of 
a bullet. 

t Ionization of hydrogen and argon was treated by 
Prokof’ev.’ 
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is on the order of 10 pg, is therefore quite extensive. 


Substituting into the Sach equation the electron den- 
sity corresponding to almost complete ionization of 
air compressed ten times atmospheric density, we 
obtain the following numerical expression for the 
average number of K-electrons (electrons of the in- 
nermost shell of the nucleus) in equilibrium at a 
temperature 7: 


eo lee CO ate ae he (1) 


where 7 and EF are given in electron volts, FE being 
the binding energy, which is 650 ev for nitrogen 
and 850 ev for oxygen. The detachment of the 


K-electrons occurs not at T ~ E, but at 
T~ E/n(60T%) = E/10. The energy consumed in 


the ionization therefore constitutes a large compo- 


nent in the energy balance of the shock wave. 
The density reaches its limiting value 4 p, quite 
slowly, in accordance with the equation 


p = 49) /(1 — 2Qp/p), (2) 


where (Q) is the total ionization and dissociation en- 
ergy, 20 p, = 4x 10** dyne/cm’, so that, for ex- 
ample, p = 6p, is reached at p = 10*? (10° atmos), 
when T = 230 ev = 2.5 x 10° degrees. 

One can roughly estimate that a ten-fold compres- 
sion is reached in the shock-wave over the entire 
range 7’ = 1-100 ev of interest to us; the speed of 
the shock-wave is then (D—cm/sec, p—dyne/cm*) 


D=28Vp (3) 
and the temperature (ev) is 
BR — ion p'*. (4) 


A 100 ev temperature is reached at approximately 
4.5 x 10** pressure, after which the temperature in- 
creases linearly with the pressure. The above equa- 
tions and relationships are obtained by interpolating 
the results of actual numerical calculations. 


2. RADIATION OF SHOCK-WAVE 


The ionization of the gas results in a continuous 
spectrum of emission and absorption of light. A lay- 
er of compressed air of sufficient thickness becomes 
opaque and radiates as a black body. For a first es- 
timate of the role of radiation, let us compare the 
work required to compress the air with the radiation 
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energy, both quantities being taken per square cen- 
timeter of front surface and per second. 

The work of compression, or more accurately that 
portion of the work that is converted into heat ener- 
ey, is W = pu/2 = 13p” (all CGS quantities). If 7 
is given in ev, the black-body radiation is 
S = 10**7* in accordance with the Stefan-Boltzmann 
law. 

Substituting the expression for 7 we obtain the 
radiation flux 


S = 10% p’. (5) 
The ratio of the radiation flux to the compression 
work is S/w =8x107’p%. This ratio becomes 
unity at p= 5.5 x 10°° and T = 20 ev. A conclusion 
suggests itself that the energy carried away by ra- 
diation in strong shock-waves can play a substan- 
tial role. An elementary calculation for the case of 
a strong point-source explosion, considered by 
Sedov”, leads to a divergent integral. In Sedov’s 
solution the radius of the spherical wave is ‘ 
5 


> 


2 . - - 
r~ t%, and the pressure on the front is pxr?~t 
from which it follows that the total energy radiated 


\ Sredt ~{ prt at ~\ i" dt (6) 


diverges at small values of ¢, i.e., in the initial 
stage, when the temperature is high, if expression 
(5) is used for S, 

It must be borne in mind that actually the air 
ahead of the wave front is transparent only to visi- 
ble light and to the adjacent portion of the spec- 
trum. Quanta with energies 7—10 ev and higher ex- 
perience very strong absorption even in cold air. 
Consequently, the radiation flux of the shock-wave 
increases as K* only as long as the temperature 
does not exceed 2—3 ev. At higher temperatures, 
the Wien maximum occurs already in the region of 
the spectrum absorbed by the cold air ahead of the 
front. 

If the wave front has a high temperature (above 
8-10 ev) the radiation energy in the transparent re- 
gion for cold air increases as 7, according to the 
Rayleigh-Jeans law. The ratio of the thermal losses 


of the shock-wave front to the work of compression 
actually passes through a maximum not exceeding 


1%. 
3. STRUCTURE OF WAVE WITH 
ALLOWANCE FOR RADIATION 


The energy emitted by the wave front and ab- 
sorbed by the air ahead of the front does not enter 


921 


into the equation for the final state of the air com- 
pressed by the shock wave. However, the radiation 
heat exchange exerts a substantial effect on the 
structure of the wave. 

The structure of the wave with allowance for ra- 
diation was considered in detail by Prokof’ev’ 
who derived equations, determined transparency 
coefficients (using atomic hydrogen as an example), 
and examined the structure of the wave in mona- 
tomic hydrogen and argon. His treatment of the 
structure of the wave contains disagreements with 
our work, which will be discussed in detail below 
in Sec. 5. We shall give here qualitatively, without 
equations, our ideas concerning the structure of 
the wave. 

The radiation emitted by the wave front heats 
the air ahead of the front. This heating is accom- 
panied by increased pressure. The shock wave in 
the narrow sense of the word—the discontinuity in 
pressure and density—now propagates in heated gas. 

As is known, the compression in a shock wave 
occurs in a zone whose thickness is on the order of 
the mean free path of the molecules and atoms. A 
layer of gas of this thickness is transparent at all 
temperatures. Thus, the compression follows the 
classical Hugoniot adiabatic line. Radiant cooling 
of the gas and asymptotic assumption of the final 
state occur only behind the compression, at a dis- 
tance on the order of the path length of the radia- 
tion. 

The structure of the front is shown schematically 
in Fig. 1, which shows the temperature distribution, 
and in Fig. 2, where it is shown in the (p, v) plane. 
The indices 1, A, B, and 2 of Figs. 1 and 2 pertain 
to identical states. From the condition that the en- 
tire pattern of Fig. 1 has a stationary propagation 
with equal velocity it follows that all points of 
Fig. 2 lie on a straight line. What is remarkable in 
Fig. 1 is the temperature peak 5. At a given wave 
velocity, the compression of the heated gas A leads 
to a state B, in which the temperature is higher 
than in the final state 2, which is reached by com- 
pressing cold gas 1. An entirely different diagram 
is obtained if the radiant heat exchange is set ap- 
proximately equal to the heat conduction (Fig. 3), 
and is an isothermal density jump appears at the 
origin. Actually, the narrow temperature peak, 
drawn in Fig. 3 dotted from the point 73, should ap- 
pear also at high temperatures, when the heat con- 
duction approximation would seem permissible. The 
presence of a temperature peak at Figs. | and 3 is 
closely related to the finite range of the radiation 
and to the fact that in the case of abrupt changes 
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of state, at distances less than the free path length, 
the differential equation of heat conductivity is not 


applicable. This will be treated in greater detail at 
the end of Sec. 5. 


When we estimated the heat flux in the end of Sec. 


2 we remarked on the absorption of ultraviolet by 
the cold air ahead of the front. In the visible por- 
tion of the spectrum, the cold air is transparent and 
the temperature of the wave can therefore be deter- 
mined optically. However, as the temperature rises, 
the heating of the air ahead of the wave front, ac- 
cording to Fig. 1, causes the boundary of air ab- 
sorption to shift towards the long-wave region; when 
the air ahead of the front becomes opaque, the visi- 
ble temperature diminishes. 
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Thus, in a monotonic increase of the shock wave 
temperature, the optically-measured temperature 
first coincides with the true temperature of the front 
and increases together with it, and then begins to 
lag the true temperature and passes through a maxi- 
mum. These phenomena were observed by Model’ in 
investigations”! carried out in connection with our 
ideas. Similar phenomena were observed earlier by 
Vul’fson and his associates’*. A quantitative ex- 
amination of the theory of air radiation was made 


by Raizer E. 


4, ELECTRONIC HEAT CONDUCTION 


Peculiar effects occur in strong shock waves 
with high ionization when allowances are made for 


FIG. 2 


the great difference between the electron and ion 
masses. 

On one hand, the small mass of the electron 
means a high velocity of sound in the electron gas 
taken by itself. The shock wave is subsonic and 
slow relative to the electron gas. The electron and 
ion gases are bound to each other by electrostatic 
forces. The heat conduction of the electron gas is 
large, but the energy exchange between the elec- 
trons and ions is slow. If we specify the medium to 
be electrically neutral, we are left with finding den- 
sity distribution at two different temperatures, 7; of 
the ions and 7, of the electrons. 

Assuming the energy exchange between the elec- 
trons and ions to be the slowest process, we arrive 
in the limit at a following situation: at first the 
ions in the front of the shock wave heat up rapidly, 
and the electrons remain cold. The temperature is 
then gradually equalized in the compressed air—the 
ions become cooler and the electrons hotter. The 
ion temperature 7; is at first higher than the final 
temperature assumed by the ions and electrons af- 
ter equalization (without heat losses). 

If the energy exchange between electrons and 
ions is faster, we obtain the temperature distribu- 
tion shown in Fig. 4. The front of the shock wave, 
i.e., the density discontinuity, is at the origin. 
The electron temperature 7, is shown dotted, the 
ion temperature 7; is shown solid, with a discon- 
tinuity at the ordinate. 
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The heating ahead of the front is due to the en- 
ergy transferred by the electron heat conduction, 
while the electrons in turn heat the gases, so that 
T,4T~ atx <0. The density discontinuity is ac- 
companied by a sharp jump in the ion temperature 
[;. The energy equation (in which the flow of heat 
transferred by the electron heat conduction must be 
allowed for) gives the connection between the sums 
of the electron and ion energies before and after 
the explosion. To make the system of equations 
complete, it is necessary to make use of the fact 
that the compression in a shock wave is slow rela- 
tive to the electron gas. 

Thanks to the electron heat conduction, T, is not 
discontinuous on the density discontinuity surface. 
The work of compression of the electrons at the den- 
sity discontinuity is given by the known expression 
T.ln(p,/p,) (for one electron), and the equation of 
energy for the electron gas alone remains continu- 
ous 


aT aT 


e S € 


ax \bef, raref; | dx 
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Here A is the heat conduction, AdT./dx the heat 
flux, n, the electron density in the initial matter, 
and D the velocity of the wave. The energy equa- 
tion for the ions is obtained by subtracting the 
equation for the electrons from the complete energy- 
balance equation. This results in a complete system 
of equations. 

The substance remains electrically neutral be- 
cause of electric fields that are particularly strong 
near the discontinuity. The potential difference is 
on the order of the temperature in the wave (7); a 
characteristic length is a quantity well known in 
electrochemistry, namely the thickness of the dou- 
ble layer, on the order of  T,/n,e”, from which we 


estimate the field to be / T-n,e?, where e is the 
electron charge. If T, = 300 ev and n, ~ 4x 10” 
(ionized air), we obtain a thickness of 2 x 10° cm, 
and a field on the order of 1—2 x 10° v/cm. 

The role of electrons pertains only to the extreme 
limiting case of shock waves of such intensity, that 
the ionization energy can be considered small. 
Only in this case is it possible to disregard the 
ionization process itself and the air prior to com- 
pression—evidently not ionized—can be considered 

as a mixture of cold electrons and ions. In this 
work we do not consider the considerably more com- 
plicated case of actual shock waves, in which the 
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temperature is of the same order or lower than the 
ionization energy (see, for example, Ref. 3). 


5. RIGOROUS THEORY OF WAVE STRUCTURE 
WITH ALLOWANCE FOR RADIATION 


The previously cited article by Prokof’ev con- 
tains rigorous equations for the change in state of 
the substance in the wave front, and we shall make 
use of these equations. Let us remark immediately 
that the conclusions we reached by analysis of this 
equation differ from Prokof’ev’s conclusions when it 
comes to the most important qualitative aspect of 
the problem. Prokof’ev proposes that in the pres- 
ence of radiation the state of the gas varies contin- 
uously, whereas in our opinion a strong wave with 
radiation contains discontinuities in density, veloc- 
ity, and temperature (see Figs. 1—4). 

Using Prokof’ ev’s premises and notations, and 
using a coordinate system in which the wave is at 
rest, we have 


pu =m, p+ou2?=p+mu=—n, (8) 


m(e,+4/,u*) + pu+H = (9) 
me, + nu—/, mu? + =l, 


where m, n, and/ are constants, representing the 
flow of material, momentum, and energy, respec- 
tively. In the last equation €7 is the internal (ther- 
mal) energy per unit mass of substance—a known 
single-valued function of p and p. H is the energy 
flux carried by the radiation. With the aid of the first 
two equations of (8) any two of the three quantities 
(u, p, p) can be expressed algebraically and uniquely 
in terms of the third. 

In the absence of viscosity, all the intermediate 
states are represented as points on a straight line 


in the plane p, v = l/p, the same as in the case of 


the detonation waves. 


Prokof’ev chooses ashis variable the dimension- 
less velocity u = u/u,. It is evident that “= v/%4. 

The quantity H, i.e., the thermal flux needed to 
effect any one of the intermediate states, can be ex- 
pressed in terms of uw through the third equation of 
(9). The thermodynamic equation of state gives the 
temperature 7 as a function of u. The typical form 
of the dependences H( u) and 7(u ), shown in Fig. 5, 
is based on Fig. 11 of Prokof’ev’s article. 

The fact that H <0 when u, < u, <l and H =0 
when w = land uw, =u, is a general property of 
shock waves. The presence of a temperature maxi- 
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FIG. 5 


mum is a characteristic of strong shock waves. Let 
us note that 7 reaches a maximum for a value of w 
less than the value of u corresponding to minimum H. 

An examination of the emission and absorption of 
radiation yields the dependence of H on the temper- 
ature distribution; averaging over the frequencies 
and denoting o7* = 9 (a is the Stefan-Boltzmann- 
law constant) we can write down Eq. (20) of Ref. 7 
[for the meaning of E, see Eq. (11) below] as 


) \ 0 (0 Es («—O dt 


(10) 
—2\ @ (0) E, (C—2) db 


The coordinate x is replaced here by the optical 
thickness t, dt = xdx, where x is the coefficient 
of absorption. 

The equation expresses the radiation flux through 
the t plane as a sum of fluxes from individual layers 
d€, taken with a plus sign if €& < +, and with a 
minus sign if €>. The fraction of the transmitted 
flux is given by the function 


OBM(a2=<)50 \ s%e- (#0) 5 ds, 
1 
obtained by integrating the contribution of the ob- 
lique rays over all the angles. The assumptions un- 
der which it is possible to go from the integral ex- 
pression for // to the differential equation (2) (Ref. 
7), namely, 


(11) 


CH H 


a? a 


(12) 
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are fully equivalent to replacing the function 2E,(€) 
by the exponent exp (~€/a)/a, where a is a dimen- 
sionless number that differs little from unity. 
To prove this, let us write the corresponding ap- 
proximate expression 
Tv 
Hele \ 8 (6) — esa dt, 


119.0) 


co (13) 
G =) @ (6) = et siad’, 


Tt 


We obtain 


aF [de =O/a—Fja«; dGfae=——8/«o+Gja 


(14) 
a?F 1 do ie) 
dv? oe decir gla a2? 
a’G 1 do G (6) 
dw” a dt a a2 a2” (15) 
aH d?F a?G 2 do 1 
dvi ‘dein pdetease aac ‘a2 A. (16) 


Let us note that o in the two terms of Eq. (16) must 

be the same, so that the radiation from a half space 

uniformly heated to a temperature 7 and adjacent to 
“a vacuum is identically equal to @=o7". 

One can notice that the expression H with the ex- 
ponents (13) is the Green function of differential 
equation (12). It is evident from Eq. (13) that H is 
continuous and cannot experience finite jumps; in 
particular, if T and © are discontinuous, the first 
derivatives dF/dt, dG/dt, and dH/dt become dis- 
continuous, but not the quantities F, G, and H them- 
selves. 

It is further evident that the quantity H/,,,, deter- 
mined from Eqs. (10) or (13) satisfies the inequality 
|H | <x, where Omax corresponds to the maxi- 
mum temperature 72x. Consequently, at low tem- 
peratures, when Ona, <|Hm| where H, is the ex- 
tremum of the flux of 7 as determined from Eq. (9), 
the equation //(u) = F — G cannot be satisfied for all 
values of wu and a discontinuity in the solution [a 
discontinuity in the function u(t)] is unavoidable. 
At low temperatures, this situation in unavoidable, 
since U..a; ~~ [and O may EL a 

In this respect, the case of small radiation differs 
from the case of low viscosity: if the viscosity p is 
low, the curve u(x) is continuous, decreasing u de- 
creases the width of the zone, and du/dx ~ 1/, but 


SHOCK WAVES OF LARGE AMPLITUDE IN AIR 


if » is finite the derivative du/dx is everywhere 
finite. 

In the case of a small but finite radiation, when 
Omer <1 A q|, the. solution must have an infinitesi- 
mally thin discontinuity, if we disregard other dis- 
sipative factors (viscosity). 

Let us now consider the general case, when Oar 
is not small. Let us introduce the quantity 

K =(F +G)/2. (17) 
From the definition of integrals F and G it follows 
that K, like H, is continuous; in addition 


at t=—oo, H=0, K=9, =cTi, On 
18 
a ee EP 00,071 = 0, K = 0, oT 5: 
From Eqs. (13)—(15) we get 
dH [dt =2(9—K)/«, dK /dt =— H/2«. (19) 


Dividing one by the other we eliminate t and obtain 


an equation that can be investigated in the “phase 
plane” H, K (see Fig. 6): 
dK [dH = H/4(K — 8). (20) 


.From the integral definitions of H and K it follows 
that neither can be discontinuous. 

A feature of the investigation is that H does not 
vary monotonically: if a continuous solution exists, 
H varies in the wave from zero in the initial state to 
H,, somewhere in the middle (region I), and then 
from H, to 0 (region II). 

Since H(u) and @u) are functions of a single pa- 
rameter u, an expression can be found for @(//). This 
relationship, however, is not unique, andthe curve 
@(H) has two branches with respect to the two re- 
gions of the variation of H. 

We denote this curve by 9,(H) in the first region 
(between the initial state and the extremum /,,) and 
by @,(H) in the second region (between the minimum 
and the final state). In particular, 0,(0) = @,, 

@,(0) = @,, and O,(A ) = O5(Am) = 9n-* Graphical- 
ly, @(H) for a strong wave is shown solid in Fig. 6. 
In the K, H plane the line K = O(#) is the isocline 
of infinity. The differential equation (20) should be 
written separately for each region 


* Let us remark that the value of @ at H = H,, denoted 
@,,. is somewhat smaller than the maximum value of 13) 
reached in region II, denoted ee 
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dKa/dH =H /4 (Ka —9,), 
dK, /dH = /4(K,—9,) 


(21) 


with boundary conditions (argument of function H): 
Ka (0)-= 0, = 8, (0), K, (0) == 8, =:0;, (0). #22) 


The surface of Fig. 6 is thus bifoliate with a com- 
mon intersection along the vertical H =H». 

If a solution exists in which all the quantities in 
the wave vary continuously, the transition from one 
branch to the other should occur at H = Hp. 


Ka (Hm) = Ko (Hm) (23) 


should be satisfied for the values of K, and K; sat- 
isfying Eqs. (21) and (22). 


An examination of the signs of the derivatives af- 
fords a ready qualitative picture of the field of the 
isoclines and of the behavior of the integral curves 
K, and K,. If H =0, the equation has a saddle-point 
singularity in both cases (regions I and II). Two in- 
tegral curves emerge from each saddle point. 

The value of K is determined from Eqs. (17) and 
(13) and can be rewritten as a single integral 

K(x) = = \ Q (0) e- tile (24) 
from which it follows, by the theorem of the mean, 


that 


Onin =e iK ae Omar. (25) 


On this basis, it is possible to discard immediately 
the lower integral curve emerging from point @, in 
region I, shown in Fig. 6 by dash-dot lines, and 
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marked K°,, since K <@, = Omm on this curve. 

One can analogously discard the upper dash-dot in- 
tegral curve in region II (Kp) emerging from the point 
‘© =O, on the H =0 axis, for this curve is in its en- 
tirety above the line @,(H); consequently, we ob- 


tain on the upper curve K > Omax in contradiction 


with condition (25). 

The solution should therefore consist of an upper 
line K, and a lower line Ky. The upper line Kg may 
reach the vertical line H =H,, either at 0 > O,, (see 
Fig. 6, K4,) or else at the point 9 =@,, itself (see 
Fig. 6, KZ), which is a singular point. 

The realization of any one particular case depends 
on the numerical values of the function ©. In any 
case, the only line Kg that can emerge from the 
saddle point H = 9, © = ©, cannot intersect the line 
@ (H), so that 

Ke (Hm) > On- (26) 
Exactly the same way, the line K, chosen in accord- 
ance with condition (25) does not intersect the cor- 
responding line ©, 
Kp C=O) at 2G <0: (27) 

But in this case it follows from the differential 
equation (20) that dK/dH >0, and we obtain a stronger 
condition 

Ky (H) <@, = (0). (08) 
A plot of Ky is also shown in Fig. 6. 

Since 0,<O,, for strong shock waves, it follows 
from ine qualities (26) and (28) that K,(H,,) and K,(H,,) 
cannot coincide, and consequently no solution exists 
in which H varies continuously from 0 to H,, on one 
branch and then from H,, to 0 on the other branch. 

Actually H varies from 0 to H' or H” along the 
lines Kg or Kg and then (at the point of intersec- 
tion with line Kz) there is a transition to line Ky 
and the value of H varies back from H’ or H “to 
zero. 

The transition from line K, to line Ky at the in- 
tersection point represents a shock wave in a lim- 
ited sense of the word~a discontinuity of p, u, and 
©-the width of which is no longer dependent on the 
radiation (see above). H and K are conserved in 
this discontinuity. The conservation of H denotes 
that the quantities p, u, and © to the left and to the 
right of the discontinuity are related by the ordinary 
Hugoniot equation. The values of @ to the left and 
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to the right of the discontinuity are given by the in- 
tersection points of the curves ©, and @, with the 
vertical H =H' or H =H" (see Fig. 6). 

As can be seen from the inequalities and from 

Fig. 6 

O,> Ky (H") = Ki (HS 0(H), 29) 
i.e., the temperature, to which the gas can be heated 
by radiation ahead of the discontinuity front cannot 
exceed the final gas temperature O(//’) < O, (the 
same result is obtained when K4 is realized also 
on the discontinuity H =H"). 

This result is not as trivial as it appears at first 
glance, for behind the discontinuity front there is a 
temperature peak, in which @, > O, (see Fig. 1). 

How were the continuous solutions obtained in 
Prokof’ev’s work? It can be shown that in the con- 
tinuous solution proposed by him, at the point where 
H=H,,, dH/dt experiences a discontinuity and H 
has a cusp. According to the initial equation (12), 

a discontinuity in dH/dt is possible only in the 
point where the quantity © and the gas temperature 
uniquely related with it experience a discontinuity. 
Yet in Prokof’ev’s solution the temperature is con- 
tinuous. 

The continuous solution derived by Prokof’ev is 
thus unacceptable. 

Let us remark, finally, that replacing EF, by the 
exponent [see Eqs. (10), (11), and (13)] (i.e., a 
rough allowance for the oblique rays) is a poor ap- 
proximation in the presence of a temperature discon- 
tinuity. One can assume that precise analysis will 
show that the fact itself that discontinuities are un- 
avoidable when @, > ©, will remain in force*, but 
that the temperature discontinuities will be accom- 
panied by singularities in the derivatives to the left 
and to the right of each discontinuity. 

I take this opportunity to thank N. A. Dmitriev, 
the late S. P. D’iakov, A. S. Kompaneets, L. D. Lan- 
dau, I. Sh. Model’, V. A. Prokof’ev, and Iu. P. Rai- 
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Resonant Pion-Nucleon Interaction and 
Production of Pions by Nucleons 
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The production of pions by nucleons is studied in an attempt to take approximate account 
of the strong pion-nucleon interaction. The calculation is based on the assumption that the 
probability of the process N+ N+ 7+ N +N’ is determined by the energy of the created pion 
relative to one of the nucleons. Using experimental values for the matrix elements of the 
pion-nucleon interaction, we calculate the spectrum of pions and nucleons in the reaction 
N+N-+7+N+N’, and also the intensity of pion emission as a function of the angle be- 
tween pion and er eloeil. The results are compared with experiment. 


U IS NOW firmly established that the pion-nucleon 
interaction is strong in the P-state with total 
angular momentum J = % and isotopic spin T = %. 
Upon this fact is based the hypothesis of a nucleon 
isobar state, formulated by Brueckner! and by Tamm 
and his collaborators”. To compare the conse- 
quences of this hypothesis with experiment, several 
properties of the production of pions by nucleons 
have been calculated*. Belen’kii and Nikishov* 
evaluated the relative magnitudes of single and mul- 
tiple pion production, including both direct produc- 
tion and production through an intermediate isobar 
state. Many authors, for example Aitken et al. = 
have calculated pion production by nucleons pling 
the strong pion-nucleon interaction into account ex- 
plicitly. 

Instead of making such direct calculations, one 
can establish a phenomenological correspondence 
between two processes. Assuming that the matrix 
element for the process 


N+N—or+NN’, (1) 
depends only on the relative energy of the pion and 
one nucleon, the magnitude and the energy-depend- 
ence of the production cross-section can be obtained 
from the experimental values of the total cross- 
section for pion-nucleon scattering. In order that the 
strong pion-nucleon interaction shall appear in the 
process (1), it is only necessary © that the isotopic 
spin of the two nucleons in the initial state should 


be f-wil. 


1. THE PION-NUCLEON INTERACTION MATRIX 
ELEMENT IN STATES WITH T =*% 


The cross-section for a reaction 


A+b—-C+d (2) 


is completely determined by a matrix element H ac- 
cording to the formula 
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de (6) /dQ The matrix element of the pion-nucleon interaction 
noe ae was deduced” from experimental values of the total 
= (2x /h) | H (5)? p? /2x°h? (0c + Va) Vas, (3) cross-section for pion-proton scattering in the en- 


ergy range from 30 to 400 Mev. Figure 1 shows the 
values we have used for the total cross-section, 
agreeing satisfactorily with a resonance curve®. 
Figure 2 shows the dependence of the squared ma- 


trix element on pion energy; this curve is the basis 


where p is the momentum of particles C and d, v, 
and vq are their respective velocities in the center- 
of-mass system, and vp is the relative velocity of 
collision of particles A and b. The total cross- 
section, apart from irrelevant constant factors, is 


Peeuby of the subsequent calculations. In Fig. 3 we show 


the total cross-section for photo-production of neu- 
o =| Ay? p?/ (oo + 24) Vay (4) tral pions in hydrogen, deduced from the matrix ele- 
ment plotted in Fig. 2. From the agreement of the 
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FIG. 1. Total 7*— p scattering cross-section given by the formula o, (+p) = 2x71? / [((E — Eo)? T?/ 4); 
Nc Wy Se fifa a (a? /k)?]; a=1.4h/ uc, b=75 Mev. Ey = 154 Mev, Ez is the pion energy in the center-of- 


mass system. 


FIG. 2. The squared pion-nucleon interaction matrix element in the state with isotopic spin T = %,asa 
. . . e 2 
fuuction of pion energy. The lighter curve shows the result of a p* dependence in the center-of-mass system 
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FIG. 3. Total 7° photoproduction cross-section as a function of photon energy. 
Experimental points, e—Ref. 12, o—Ref. 13, o—Ref. 14, A—Ref. 15. 
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calculated curve with the experimental points!2—-}, 


one may conclude that the processes 7+ +p > 7+ +p 


and y +p > 7° +p proceed through the same matrix 
element. 


2. PION SPECTRUM IN THE PROCESS 
N+Now+N' an. 


The vector diagram of the momenta of three parti- 
cles (Fig. 4) forms a closed triangle. The position 
of the vertex A of the triangle is fixed by energy 
conservation®, thus 


(pit p2)/2M+Vp+m=W. (5) 


Here W is the combined kinetic energy of the two 
colliding nucleons in the center-of-mass system, 
m and M are the pion and nucleon masses, and p, 
Pi, P, are their momenta. In this approximation, the 
locus of the vertex A of the vector triangle is a 


sphere in momentum space with radius 


b pve 


R=(M(W—V pm) —1, pth. 6) 


The probability for emitting a pion of momentum 
pis 
joe (77? Rip; W) prdp, (7) 


and the differential cross-section is 
ds/dp = unn|H |? R(p; W) p?. (8) 
If H is independent of energy and angle, then 
do/dp = (p?/ony) R(p; W). (9) 


For given pion momentum and auxiliary angle 0 (see 
Fig. 4), the energy of the pion relative to a nucleon 
at rest is 


=Vp +m V1+(R? + 3p? — Rp cos 6)/M? 
— pRcos6/M + p?/2M — m. (10) 


Y, ee a’ 
ée 7 Dr 


‘ 
FIG. 4. Vector diagrams for the three particle momenta in the reaction N+ No7+N+N 


center-of-mass system. The pion momentum p,, 


diagrams. 


is 100, 200, 232, 240, 248 Mev/c in the five 
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Equation (10) implies that a fixed pion momentum corresponds to a certain range of values for E,,. 


The pion spectrum is finally given by 
+1 


R (p;W)\ dcos6 {H [Env (p. 0; W))}?. ay) 


1! 


do p? 
dp Uy ny (W) 


Calculations have been made for a total energy W = 300 Mev, corresponding to an incident proton energy 
E, = 650 Mev. Figure 5 compares the averaged matrix element H(p,,) defined by the expression 


+1 ; 
H (px) =[\ dcos6{H [Env (p, 0; W =300)]}*| es (12) 
-1 
with the empirical matrix element of the nucleons, which have rather large momenta 
even for p, =0. It is also remarkable that H(p,,) 
So igac 4 ‘le has no maximum, although the pion energy in the 
oe Ezz pPR (p; alt j center-of-mass system can go up to 150 Mev. The 
cause of this “sluggishness” is the averaging over 
derived from production experiments®. energy which occurred in the definition of the ma- 
Figure 5 shows that the graph of H(p_,) does not trix element. Calculations show that a maximum ap- 
start at the origin but has a finite intercept on the pears in the graph of H(p,) at an incident energy 
vertical axis. This is a consequence of the motion £, ~ 750 Mev. 


Vc, 
a 
a 


0 50 100 160 200 250 p, Mev/c 


FIG. 5. Dependence of V <A, on pion momentum in center-of-mass system. Experimental 
points taken from Ref. 9 at E, = 657 Mev. 


3, NUCLEON SPECTRUM IN THE PROCESS Env (Py. 43 W) 
N+No74+QN' fe INE 
= {0 hpi) MS (mt e* > 2 rie opr eds vie 


The vector diagram of the momenta which deter- + p?/2M — p, pcos 6, /M—m, (13) 
mine the nucleon spectrum has the property that the 
locus of the vertex A is not a circle with center at and the differential cross-section has the form 


O, so that the distance OA =P(0,) is a function of 


‘ do Pi 
the angle 0, . dp, vy (W) 
If the momentum p, of one nucleon and the angle +. - 


0, are fixed, the relative energy of the pion andnu- %X \ (Pi. 91; W) {0 [Ean (pi, 94; W)]}2.d cos 6614) 


cleon is rl 
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with the function p = p(p,, 6,; W) defined by the pa- 
rametric representation 


peep ts Pi—P1ip COs8, = p?, 
(15) 


Pi + 2p pcosh; = 2M (W — Vp? + m*) — p?, 


where the parameter p is in fact the pion momentum. 
Figure 6 shows the nucleon spectra, calculated 
at energy E, = 650 Mev, for the case of a resonant 
interaction H and for the case of an interaction 
whose matrix element is constant. The spectra dif- 
fer significantly only near the upper limit, where 
the resonant interaction gives a less steep descent 
to zero. Theresults apply only to oj, transitions in 
which the nucleon isotopic spin changes from 1 to 0. 
The proton spectra experimentally observed” at en- 
ergy E,, = 650 Mev include not only oj, but also o,, 
transitions, and the latter occur with triple weight 
because of the existence of the process 
p+p>7 +p+p. The spectrum of oj, transitions 
has not been calculated, and therefore a decisive 
comparison with the experimental results cannot be 
made. Still it seems that the o,, and o,, spectra 
should not differ essentially in the immediate neigh- 
borhood of the upper limit. 


100 200 JOO 


400 p MeV/c 


FIG. 6. Nucleon spectra from the reaction N+N>7 +N 
+N at E, = 657 Mev; ojo transitions only. 


4, PION-NUCLEON ANGULAR CORRELATIONS 


The dependence of the cross-section for reaction 
(1) upon the angle y between the pion and one nu- 
cleon has some peculiarities arising from energy and 
momentum conservation alone. Figure 4 shows vec- 
tor diagrams of the momenta corresponding to vari- 
ous regions of the pion spectrum. When the pion mo- 
mentum is large, the angle between pion and nucleon 
becomes concentrated into the region y > 90°. For 
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P,, > 230 Mev/c and W = 300Mev, angles y < 90° can- 
not occur. 

The probability W(y) can be expressed in terms of 
the pion momentum and the matrix element HE qn). 


We find 
W (y, p) dydp =| H|? p? R(p; W) 


_, acos 9 
““d cos Y 


(16) 


sin 7 dy dp. 


The quantity (d cos 0/d cos y) is obtained from the 
geometrical relations 


PI e/a Rp cose: 
(17) 
R cos 6 =1/. p+ p, cosy, 


hence the final expression for W(y) is 


W (y, P) 
sin y 


= |H |? p? R (p; W) {| - (air) sin? 7] 
+(e Jesr[t— (dey snesd* om 


a - cos x} dy dp. 


dydp 


12 


Equation (18) shows that W(y) ~ sin y only for pion 
momenta close to zero. In the region p > 2R, angles 


y <90° are forbidden. 


Ww) 


a” 45° 90° 155° 160°y 

FIG. 7. Pion production probability as a function of 
angle y between pion and nucleon in center-of-mass sys- 
tem. Experimental histogram from Ref. hike 
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Figure 7 shows the functions Wy) calculated for 
a resonant H (full curve) and for a constant H (dotted 
curve). Also shown is the experimental histogram 
obtained?! at a proton energy of 650 Mev. Although 
the statistics are not very good, it is clear from Fig. 
7 that the experiment agrees better with a resonant 
than with a constant interaction. 

The author thanks M. G. Meshcheriakov, B. S. 
Neganov, V. P. Zrelov, I. K. Vzorov, and A. F. Sha- 
budin for information about their experimental re- 
sults, and also L. M. Lapidus for valuable advice 
and criticism. 
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DECEMBER, 1957 


Model of a Semi-transparent Nucleus with a Diffuse Boundary, Il 


P. E. NEMIROVSKII 
(Submitted to JETP editor June 12, 1956) 


J. Exptl. Theoret. Phys, (U.S.S.R.) 32, 1143-1149 (May, 1957) 


A new method is presented for calculating nuclear interaction cross-sections for low en- 
ergy neutrons. Assuming that no absorption occurs in the surface layer, it is shown that the 
energy dependence of the cross-section at low energy is the same for a potential with dif- 
fuse boundary as for a rectangular well. The capture cross-section is larger for the diffuse 
than for the sharp boundary. Values of the parameters and of the nuclear potential are found 


which give satisfactory agreement with experiment over a wide range of nuclear weights and 
energies, 


[* AN EARLIER PAPER! we reported results of 
calculations of cross-sections for a semi- 
transparent nuclear model with diffuse boundary. We 
found good agreement of the capture of cross-sections 
transparent nuclear model with diffuse boundary. 

We found good agreement on the capture of cross- 
sections with experiment, up to an energy of a few 
million volts, with the following yalues of the pa- 
rameters: 


V(r) =20MeV for r<7, 


’ 


V (r) = 20 exp {-- (r — ro) /1.4-1073} for r> ro, 
fo de bs4 nO 4? ae Db os A te ote 


The imaginary part ¢V(r) of the potential was varia- 
ble. However, it has since been reported? that the 
potential V(r) should be 42 Mev. Alsoit seems ap- 
propriate to compare the calculated results with a 
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wider range of experimental data, in order to test pers: 4 do) dinx ‘fe HO) 

the diffuse-boundary model and to choose the most a4 2 HT ay (x) E i pebids dx | 
satisfactory set of parameters to describe nuclear = "1 ree he 
matter. Therefore we decided to carry out calcula- xhy(l) HM), «| en A, 4 oie a 
tions of total cross-sections for the diffuse-boundary ee peace a 

model at low energies. We found some devices which (7) 


allow us to simplify the calculation to the point 


: : ; Introducing 
where numerical computations are avoided. 


SP = dino) /dx, SP =dlno\P/dx, 
1. CALCULATION OF PHASE-SHIFT 


fi == d In x! HY), /dx, 
Suppose V = V(r,) for r <7). A boundary condition 


must be satisfied at r=7,. The internal wave-function we find 


at r=r, is evidently (1) ea ores oP) /2|4,—SP) — Fi 
aye = 1 — |e? = 1 — —,———_, —_ 
o1-- 1) me (De) 4, =e eee 
eS his, (EOS LI a 
8 
with X = Kyr,, € = x74, where K and x are the real of!) | ' 
and imaginary parts of the wave-number. We write (Qi-+1) m2 | = ap 
! He, (x) v (2) (A, §(2) tz i) i . 
din ¥?/dX = (K/K,) At (2) Alten eee Aes ee 
l /' ( / o) 1 + Heh, (x) oD) (Ar Si) _ fF) | 
Then the boundary condition is 
4 ay) When pi?) <= oh) = land ot) = he =0, Eqs. (8) and 
1 pla) = for r= (3) (9) reduce to the formulas for a sharp boundary. 
; The case in ea aca! for r > rp) is particu- 
2) _ x 
where x = kr, and aM is the wave-function for larly simple. Then "=v = 4, 
(7) Be To. But i | oa 41m A, [Im S,; + A;] (10) 
og tA Pita ape Sarpy mec SR ie : 
ve) avi 4 at tahgaton el Pomme dol 
| 2 — |] + e—2iv—2ie Bis ieei' : (11) 
ag ¥ represents an outgoing wave at x =o, and Sat ite A,—S,—f, 
49 an ingoing wave. Substituting (3a) into (3), we 
Rein fr=2itih, v= lop,e 3) 
t 
: (2) (anny ses 
A, a (= | eee sis TN ghee + Fi), (4) Ait, ae | i+, | Care, 
x 


and hence The function S; satisfies the equation 


Il avy aY, ) 
41 = (a. Ail al | wath dS,/dx + Si + 2f1S1 + (Kolk)? V (x) =0, (13) 


with V(x,) = 1. Separating the real and imaginary 


: II i i 
Obviously, 7 and W can be written in the form eee syne meee 


wl = xh HY, (x) of (x), Vr a + a? — bf + 2g1 (x) ar —- 2hi (x) 1 


= xt HID, (x) oF (x), + ey (x) =0 (14a) 


wi Cy ht) a TE + co. From Eqs. (6) and (5) 
with v) v; or % ee 4 Qajb; + 2g1 (x) by + Qh1 (x) ar = 0.(14b) 


we obtain 
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By means of Eq. (14b) we can express b; in terms of 


a,. The Hankel functions satisfy here the identity 
2 \ gi (x’) dx’ = In hy (x). 


Hence the general solution of the homogeneous part 


of Eq. (14b) is 


foo) 


Ch, (x) exp (2 \ a, (x’) dx’ | , 


by = 


and the solution of the inhomogeneous equation is 
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b; = hy exp {2} a, (x’) dx'\ 


fos} 


x | exp \- 2 \ Qa (x”) dx"| 21 (k ax, 


x 


which reduces to 


by alts) [exp (24 at (x’) dx’) — 1] 1p. aon 
Thus Eq. (10) can be written 
41m A,h,exp 2 § a, (x’) aw| 
(16) 


and a similar expression holds for | 1 — 7; |? 
At low energy, the quantities / and h,5, are small 
and Eq. (14a) can be solved independently of (14b). 


The resulting value of a; can then be used to deter- 
mine 6). 


The function exp {2 \ ay dx\ varies slowly with 


radius and with energy. Hence we can interpolate 
between values of the function calculated at the 
ends of a wide interval. The main energy- depend- 
ence of the cross-section comes from the factor 

hy (x), which is a known rational function of the en- 
ergy. Also at low energy, when kr, </, the capture 
cross-section becomes proportional to x a as for 
a rectangular well. But it may happen that the cap- 
ture cross-section for a diffuse boundary is greater 
than for a rectangular well with the same depth and 


coefficient of absorption. 


2. COMPARISON WITH EXPERIMENT 


Detailed calculations of cross-sections were 
made with a boundary of exponential shape. With a 
well-depth V(0) = 45 Mev and a boundary shape 
e r-") where 1/a = 1x 107" cm, the calculated 
total cross-sections at 1 Mev were much larger than 
the experimental values, and had too sharp maxima 
as functions of r,. The imaginary part of the poten- 
tial was taken to be 0.03 V(r). The calculated cross- 
sections 0;(r,) and o4(r,) are shown graphically in 


Sas a ee eee ee 
[Re A, — a, — g, (x)]?+ c A, — h, exp f ) a, (x’) zal 


Figs. 1 and 2. Consequently the later calculations 
were made with the value a = K, = 1.43 x 10% cm“. 


32 dB 44 50 $6 62 68 24 80 86 38 x, 


FIG. 1. Total cross-section as a function of Tt for neu- 
tron energy 1 Mev. Parameters 1/a = 10! cm, € = 0.03. 
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Gas Capture cross-section as a function of f for 
ae energy 1 Mev. Parameters 1/a = 10-% cm, 
=I0,032 
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FIG. 3. Total nuclear cross-sections. The x axis represents atomic weight, the y axis 
neutron energy in units of 0.1 Mev, the z axis o;/7R?. 


With this value of a we constructed surfaces show- 
ing the total cross-section as a function of energy 
and atomic weight (see Fig. 3). The imaginary frac- 
tion of the potential was taken to be 0.05 for r<r, 
and zero for r>r,. The calculations with 

1/a = 1 x 10** cm had show that the vanishing of 
the imaginary part of the potential in the surface 
layer did not significantly change the behavior of 
the cross-sections. 

Satisfactory agreement with experiment was found 
with V(0) = 44 Mev and y, = 1.25 x 10-24% cm. The 
minimum of the cross-section at 1 Mev for elements 
with A ~ 200 is clearly visible, as is the maximum 
for elements with A ~ 90-100. The maximum at 1 
Mev in the region of titanium is apparently missing, 
and the cross-sections for A = 150—180 are bigger 
and less energy-dependent than the theoretical val- 
ues. The latter discrepancy is probably connected 
with the non-spherical shapes of nuclei in this re- 
gion. 

Capture cross-sections were also calculated at 
various energies. Unfortunately the experimental 
data at 1 Mev (see Fig. 4) are inconclusive. Elastic 
scattering through compound nucleus states is small 
for silver and gold, and oq ~ 2‘barns. The theory 
gives 2 barns for gold and 1.7 for silver. For iron 
the capture cross-section is probably greater than 
1 barn, since the scattering into the spin-2 level at 
860 kev is 0.4 barn and the compound nucleus de- 


cays predominantly into the elastic channel. The 
theory gives 1.8 barns for iron. Thus there is no 
contradiction with experiment. 


lpr 

8 

7 ee 

/ 

ri] 6 7 8 g 10 11 A 
% 

FIG. 4. Neutron capture cross-section in units of 


7 (ro + 1/a)? as a function of ro for energy 1 Mev. Param- 
eters 1/a =0.71 x 107" cm, C= 0.05. 


At low energy one can compare with experiment 
the quantity (I,/D). This comparison allows one to 
determine one relation between the real part of the 
potential and the nuclear radius. Fig. 5 shows the 
value of (I\,/D) for the indicated values of the pa- 
rameters V(r), re, (1/a) and ¢. The maximum of 
([,,/D) at A ~ 51 is evidently displaced to the right 
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FIG. 5. Ratio of reduced neutron width to level spac- 
ing. Parameters 1/a = 0.71 x 107 cm, €= 0.05. 


of its theoretical position. But the data are very in- 
accurate. The height of the maximum does not dis- 
agree with the theory. In the region of the minimum 
at A ~ 90-120 the agreement is also satisfactory. 
The lowering of the second maximum is attributable 
to non-spherical nuclei. For non-spherical nuclei 
the position of the maximum is a function of two pa- 
rameters, the major axis and the eccentricity of the 
ellipsoid. Since the eccentricity varies abruptly 
from nucleus to nucleus, the position of exact reso- 
nance may never be reached. For A ~ 200—230 the 
experimental values of (I\,/D) also agree with the 
theory. 

Nuclei in the range A = 90-100 should have some 
peculiar features. In such nuclei the p-wave maxi- 
mum should be visible in the cross-sections for 
forming a compound nucleus even in the energy- 
region 3—10 kev. 

In this region an increase in level density by a 
factor of 3 or 4 should be observable. There ought 
to be many weak levels, with neutron widths in- 
creasing rapidly with energy like E’’, The observa- 


P. E. NEMIROVSKII 


tion of these levels seems to lie just at the limit of 
the resolving power of present-day neutron spectro- 


scopy. 


3. SOME CHARACTERISTIC ANGULAR 
DISTRIBUTIONS 


The most interesting angular distributions occur 
for rather slow neutrons with energies from 0.1 to 
0.5 Mev. In this energy-range inelastic scattering is 
unimportant, and the cross-sections for radiative 
capture in elements at the middle of the periodic 
table are small (at 0.5 Mev not greater than 0.2 barn). 
At these energies, the main interaction of a neutron 
with nuclei is therefore elastic scattering. The 
elastic-scattering cross-section o, is equal to 
a; ~ 0; ~ o;. However, the angular distribution will 
be completely different for the two components of o;. 
We have calculated the angular distribution of the 
optical component with the same values for the pa- 
rameters as were used in calculating the total cross- 
section. Figs. 6, 7, 8 show the results for energies 
0.11 and 0.44 Mev at A = 100 and for energy 0.44 
Mev at A = 84. In each case the angular distribution 
is strongly anisotropic. In Fig. 7 there is a peculiar 
secondary maximum at 180°, which is absent in 
Fig. 8. Since the calculation of angular distributions 
of elastic scattering proceeding through compound 
nucleus formation is not equally reliable, we have 
nothing to say here about this component. It should 
be possible to make statements about the compound 
nucleus component after investigating the distribu- 
tions in various special cases. 


46/a2 


e 
JO 60 0 =—150— 180 
FIG. 6. Angular distribution of optical elastic scatter- 
ing. Parameters 1/a=0.71 x 10-8 cm, E =0.11 Mev, 
A= 100. 
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a0/a $2 


30° aa” 
FIG. 7. Angular distribution of optical elastic scatter- 


ing. Parameters 1/a=0.71 x 107! om, E =0.44 Mev, 
Ae=— 100: 
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FIG. 8. Angular distribution of optical elastic scatter- 
ing. Parameters 1/a = 0.71 x 10-43 cm, E = 0.44 Mev, 
A= 84. 


i 2 Nemirovskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 551 (1956); Soviet Phys. JETP, 3, 484 (1956). 

2R.K. Adair, Phys. Rev. 94, 737 (1954). 
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Contribution to the Theory of the Molecular Generator 


IU. L. KLIMONTOVICH AND R. V. KHOKHLOV 
Moscow State University 
(Submitted to JETP editor June 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1150-1155 (May, 1957) 


Processes of resonance interaction between an electromagnetic field and a molecular 
beam and also auto-oscillation processes in a molecular generator are examined in the 
present paper. Unlike other papers, the case of a beam of monochromatic (with respect 
to velocity) molecules is considered in detail and the peculiarities of this case are elu- 
cidated. The result obtained by taking into account non-monochromatic molecules in the 


beam is discussed qualitatively. 


_—_—_—_———— — 


NCREASED STABILITY requirements have led to 

the development of a molecular generator in which 
the electromagnetic oscillations in the resonator are 
excited by radiation of excited gas molecules pass- 
ing through the resonator. The possibility of such a 
generator was indicated in 1952 by Basov and Pro- 
khorov!’ 2. The molecular generator was almost si- 
multaneously developed by a group of American 
physicists °** and by Basov and Prokhorov in the 
U.S.S.R. Even before the experimental success of 
the molecular generator, Basov and Prokhorov sug- 
gested a theory of its operation®”’, which in es- 
sence consists of the following. Using the theory 
of dispersion, and taking account of saturation ef- 
fects, the dielectric constant of the molecular beam 
passing through the resonator is determined. They 
then examine oscillatory processes in a circuit with 
a capacitor whose dielectric has the same constant 


as the molecular beam. The dielectric constant de- 
pends on the square of the electric field. Therefore 
this oscillatory process is described by a non-linear 
differential equation whose solution determines the 
amplitudes and frequencies of the oscillation. The 
theoretical method used by Basov and Prokhorov is 
not sufficiently complete and makes difficult an anal- 
ysis of more complicated processes connected with 
the operation of a molecular generator. We therefore 
give in the present work a more rigorous statement 
of the problem, on the basis of which a thorough ex- 
amination of molecular generator operation in the 
stationary state is made. We first examine the case 
of a single-velocity molecular beam (v = v,) and af- 
terwards give a qualitative evaluation of the effect 
of molecules with speeds other than vg. 

1. In analysis of the operation of a molecular 
generator it suffices to examine two energetic states 
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of the molecules, which we shall call F, and E£,. 
Then for the description of the molecular beam state 
in the resonator we shall use the density matrix: 


Cy, (x, f) 
Co, (%, t) 


Crsilaut 
Cos Bes t) : 

For definiteness we assume that E,> E, . The 
matrix elements C,,,and C,, determine at point x 
and at time ¢ the density of molecules in states 1 
and 2 moving with velocity v). The matrix elements 
C,,,and C,, determine the polarization vector P of 
the molecular beam, which polarization is due to 
molecular transitions between states 1 and 2 as a 
consequence of the action of the field. 

P (x, t) = Pro (t) Cor + Par (f) Cre, (2) 
where p,,(t) and p,,(¢) are the matrix elements of the 
molecular dipole moment. Let us denote by 

D(X, t) =. 55 (%,,t) — Cry (Xb) (3) 
the difference in density of molecules of velocity v 


in states 2 and ] at the point x at the instant ¢. For 
D, Cy, and C,, we have the following equations: 


AD / dt + vdD / dx = — (2/ ih) [pa (t) Ci 
— Piz (t) Cai] E (t), (4) 


OC, [Ot + VOC, / Ox = — (1 / iA) pro (t) DE (t), 
(5) 
OC / Ot + VOC / Ox = (1 / ih) pas (t) DE (t). (6) 


The x axis is directed along the axis of the reso- 
nator. Equations (4)—(6) are obtained from the gen- 
eral equations for the density matrix C ;, (x, ¢), in 
which account is taken of the kinetic energy of the 
molecules. We assume that the molecular beam does 
not interact with itself and that the interactions of 
the separate molecules with the field are determined 
by the expression —(pE), where pis the dipole mo- 
ment operator of the separate molecule, and E is 
electric field intensity of that normal component, 
whose frequency @, is close to the transition fre- 
quency @,, =(E,-E,)/n. This normal oscillation 
has a homogeneous distribution of the electric field 
along the resonator. The direction of the E field is 
along the x axis. If the molecular-generator resona- 
tor is replaced by an equivalent circuit with a ca- 
pacitance shunted by a resistance, then the equa- 
tion for F has the following form: 
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Here QO is the quality of the resonator and P the 
average polarization along the x axis. 

If the generator resonator is replaced by a circuit 
with a series resistance as was done in Refs. 6 and 
7, we must add to the right half of Eq. 7 the term 
—40(@,/Q)dP /dt. However, if we limit our examina- 
tion to an accuracy of “7, we can ignore this term. 
Thus it is first necessary to find an expression for 
the polarization P of the molecular beam, and then 
substitute this expression into (7) to analyze the 
resulting solution. 

2. The beam polarization P(x, t), according to (2), 
is expressed in terms of the solutions of the system 
(4)—(6). Let us examine the solutions of this system 
in the case that oscillations are already established, 
assuming that the electric field strength is 
E =E, cos wt. In the steady state the distribution 
of the molecules does not depend explicitly on time. 
We therefore set 0D/dt = 0. If the expression for E 
is substituted into Eqs. (4)—(6), terms appear on 
the right which are rapidly varying in time (with a 
frequency @ + @,,), and slowly varying in time (with 
a frequency @,, - @ = 5). Neglecting on the right 
hand side of the equations for D, C,,.and C,, the 
terms which are rapidly varying in time and assum- 
ing that 0D/dt = 0, we obtain the following system 
of equations: 


v dD / 0x = — (1 /ih) [poie®! Cyp — pig e—*®* Coy) Eo, 


(8) 
OCy2/ Ot + VOCy, / Ox = — (*/2 ih) pype—** DE, 
(9) 
OC / Ot + VOC | O% = (1/2 ih) poe DE. (10) 


In equations (8)—(10) we take it into account that 
Pi,(t) =p,,e°"t**. These relationships will be 


solved with the boundary conditions: 


Dii De (Cy Go 10 x=0. (11) 


fori 


The solutions of equations (9) and (10) satisfying 
the boundary conditions (11) have the form 
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aa Pe E 3 “le Oe , 

Set \ exp {i E tix } ED (a) 6 
0 (13) 

Substituting (12) and (13) into Eq. (8), we obtain an 

equation for D(x) 


aD p EY 
i hey? 


\ cos © (x — x’) D(x’) dx’. (14) 


The solution of Eq. (14) satisfying the boundary 
conditions has the form 


2 p2 ; 
D (x) =D, laa cos kx + ah (15) 
Oe Sot, = 2/0. (16) 


Expression (15) describes the level distribution 
of the constant-velocity beam molecules moving 
along the resonator, as a function of the detuning 5 
and of other parameters. It follows from this that 
for a small detuning 6 there is a resonance action 
on the molecular beam: almost all molecules go from 
the upper level to the lower and back again as they 
move along the resonator. For large detuning the 
indicated transition is made only by a small part of 
the beam molecules: the function D(x) is almost 
constant along the resonator. 

We now calculate the polarization vector of the 
molecular beam. Substituting the expressions (12), 
(13) for C,, and C,, into expression (2) for the po- 
larization vector P, and using expression (15) for 


D(x), we find 
P (x, t) = — Dg (p? Ep / AQ?) [Q sin kx sin wt 


+ 6(1 —cos kx) cos ot]. (17) 
From expression (17) we find the average polariza- 
tion along the resonator of the beam molecules mov- 


ing with constant velocity. 


me 26 (——cos| Ota. 
Diet Dy ea aes sin 
(18) 
a SIO OT, f 
mo Q2 <2 COS @t |, 


where t = L/v is the transit time through a resona- 
tor of length L. 

3. Let us now proceed to analyze solution of the 
equation for the electric field in the case of a mo- 
lecular beam which is monochromatic in velocity. 
Using expressions (18) for P(t), we write Eq. (7) 
for E in the form 
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@E | ©, dE 
dt Oa 
1—cos Qt : 
ES Be ad 
Pp Q2 72 0 (19) 
— Batt "2" F cos of 


Here B = 47D,p?t/h. Putting E = E, cos wt and 
equating the sine and cosine coefficients to zero, 
we obtain a transcendental equation for the ampli- 
tude and frequency of the steady-state oscillations 


1 /QB = (1 — cos Qt) / Q??, (20) 
5 > 1—sin Or /O 
oo — o = Bo?* dx eee (21) 


Expression (21) can be written in the following man- 
ner: 
Op — Mg, = (© — @2)) 


1—sin Qt / Qt 


et (22) 


ty — ®t (@ — Wo1) 


From (22) it follows that when the resonance fre- 
quency @p equals the frequency ®,, of the transi- 
tion in the molecule, the detuning is 6 = ,,-w =0 
and therefore the generator frequency coincides ex- 
actly with the frequency @,,. In expression (22), 
for very large values of Ot the second term is larger 
than the first. We therefore have approximately 


Aer =—5 3 nS (23) 
Let us introduce the notation 
ee == (1- 2), 
A = Wp— a1. (24) 
Then 
1/QB =F (Qt), A=—¥2 Bogyt® (Qt) 6. (25) 


The functions F(x) and ®(x) are plotted in Figs. 1 
and 2. Figure 1 shows that for a molecular beam 
which is monochromatic in velocity there exist val- 
ues of the transit phase Ov for which oscillation is 
impossible for any value of the coefficient QB. 
These transit phases have the values 27n, where n 
is an integer. In these cases there is no transfer of 
energy during the passage of the molecular beam 
through the resonator and all the active molecules 
entering the resonator leave it. For all other values 
of transit phase, self-oscillation is possible for 
sufficiently large values of the coefficient QB. 
From Figs. 1 and 2 it is seen that slightly above 
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the self-excitation threshold*, when 1/QB Se self- 
oscillations are possible corresponding to small 
values of Qt that are negligible compared with 27. 
The generator frequency which is determined with 
the aid of Fig. 2 and relationship (23) is close in 
this case to the value w = @,, + 6QA/@,,7 and ap- 
proaches @,, with an increasing margin above the 
self-excitation threshold. When the coefficient OB 
becomes sufficiently large that the inequality 
1/QB & 0.024 is satisfied, we have the possibility 
of generation for transit phases in the region 
27 <Qt <4z. It is essential to note that values 
of the transit phase corresponding to increasing 
branches of F(x) determine unstable regions of self-. 
oscillation, and therefore cannot be realized. For 
large increase in the intensity of a beam that is 
monochromatic in velocity, it becomes possible to 
generate in the transit phase region 47 < Ot < 67. 
So far we have been examining the case of a beam 
that is monochromatic in velocity. In reality the 
molecules have some velocity distribution. For a 
properly selected length of level-sorting quadrupole 
capacitor and for a small entrance aperture to the 
resonator, the molecular velocities concentrate 
more or less closely about the values v,, v,/3, v9/5 
etc. If we limit ourselves to examination of the ve- 
locities vg, vy/3, vo/5 in the molecular beam the 
following changes will take place in the above der- 
ivations. Equation (25) takes on the form 


1 /Q = d,B (t) F (Qt) + dgB (3%) F (3Qx,) +... 


(26) 
where d,, d,, ... are the relative molecular concen- 
trations with velocities vu), v,/3, ... The presence 


of velocities v,/3, v,/5, etc., which differ from vp 
by 3, 5, etc., times, results in a somewhat different 
effective value for the expression B F. However, 
the new function F has almost the same character- 


* The conditions for self-excitation differ from those 
developed in reference (2) by an unimportant constant co- 
efficient, which is the result of a different averaging of 
the beam polarization vector. 
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istics as the function F for a beam monochromatic 
in velocity. In particular, when the argument of F 


is equal to 27n this function vanishes. Between 
these values of the argument the function F’ is dif- 
ferent from zero. Therefore there exist various iso- 
lated regions of transit phase for which oscillation 
is possible. The second relationship in (25) can 
also be rewritten in a form analogous to (26). We _ 
obtain in this case instead of (24) a new function ® 
which qualitatively does not differ from the old one. 
Thus the existence of the several indicated molecu- 
lar velocities in the beam does not cause a qualita- 
tive change in the basic relationships (25) which 
determine the self-oscillatory process in the gener- 
ator. Taking account of the small spread in the ve- 
locities around v,, v)/3, v,/5, etc., leads to a smear- 
ing of the function F: its minima increase and the 
maxima decrease; the function F will no longer van- 
ish for values of the argument 27n. However, for 
small velocity spreads the function F retains its im- 
portant characteristic—the existence of various iso- 
latedregions of transit phase values for which os- 
cillations are possible. For a considerably larger 
spread of velocities all regions of transit phase 
which allow generation merge into one region. It 
should be noted that for small transit angles even a 
considerable spread in velocity has little effect 

on the function F(x) and it is therefore unnecessary 
in this case to take account of this spread. 


4, Let us now evaluate the importance of various 
accidental factors on the stability of molecular- 
generator operation. Let us first evaluate the order 
of magnitude which characterizes the oscillations 
in the molecular generator. Let Q = 10*, A = 103 
sec”, @,= 1.510", t=10~* sec. For these values 
of the parameters the oscillation frequency for a 
slight margin above the self-excitation threshold is 
determined by the equation @ = w,, + 6 QA/a@,.F 
and is © =@,, +5. With increasing beam intensity, 
the oscillation frequency approaches w,,. The os- 
cillation amplitude can be evaluated from Eq. (19). 
We have for a transit phase Nt = 1, E = AQ/p 
= 10° CGS electrostatic units. The order of magni- 
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tude of the output power is determined by the rela- 
tionship W = E?w,,0/20 where @ is the volume of 
the resonator which is in order of magnitude 10 cm’. 
Substituting here the given quantities we have 

W =7 x 10-° erg/sec. To produce self-oscillation 
it is essential that B > 2/Q. Let us take therefore 
a value B = 107°. Then from Eq. (19) we have 

D, = Bh/4mp?t = 10° cm7*. The number of mole- 
cules falling on an area of 1 cm? is Dyv = 4 x 10% 
em™* sec™*. It should be noted that in real oper- 
ating conditions the molecules are concentrated in 
a narrow beam whose area is significantly smaller 
than the transverse area of the resonator. The value 
that has been usedabove is characteristic of an 
average molecular density in the resonator. The 
total number of molecules which enter the reso- 
nator in a unit time is V = D,vS = 10** sec™* where 
S is the transverse area of the resonator. The order 
of magnitude of the power emitted by the molecule 
is the same as the input power of the generator 
Nhw/2=7 x 10% erg/sec. This value agrees with 
the value obtained above. 

Let us evaluate the effect of a varying resonator 
temperature on the generator stability. The order of 
magnitude of resonator frequency variation due to 
unconstant temperature is determined by the follow- 
ing relationship: 


Ati) @, = OBR LR = «AT, (27) 


where a is the linear expansion coefficient, R the 
radial dimension of the resonator, and AT is the ac- 
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curacy with which the resonator temperature is main- 
tained. For example for invar we have a=1.5x 10°. 
For small values of transit phase 

Aw = Awy (6Q / 7) = 4-1073 Aw,. (28) 
From (27) and (28) it follows that in order to main- 
tain a stability of 5 x 107 near the self-oscillation 
threshold it is essential to maintain the temperature 
constant with an accuracy of 10~*. With an increase 
in beam intensity, the accuracy with which it is 


necessary to maintain the temperature can be de- 
creased by one order of magnitude. 
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Exact periodic solutions of the nonlinear generalized Klein-Gordon and Dirac equations are 


considered. The energy of the non 
from quantum theory. 


linear classical meson field is compared with that derived 


ET 


HE NECESSITY for nonlinear generalizations 
T of scalar, spinor, and other field equations, as 
well as the possible importance of the nonlineari- 
ties in specific effects, makes desirable detailed 


examinations of this problem. Here we consider a 
purely classical unquantized scalar or pseudo-sca- 
lar neutral meson field. We make use of the exact 
solution of nonlinear wave equations in terms of 
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elliptic functions, which are used to calculate the 
total energy and momentum of the field. Further, 
the expression obtained is expanded in a series in 
terms of a small parameter of nonlinearity. We can 
consider also the case in which this parameter is 
large. It is of interest to compare the expressions 
obtained in the case of weak nonlinearity with the 
results of a perturbation-theory treatment of the 
nonlinear quantum field. 

We also consider the nonlinear spinor equation. 


1. NONLINEAR MESODYNAMICS 


Let us take 


L=—/,{(Ve?— of} +@(9)}, OD 
to be the fundamental Lagrangian of a nonlinear 
scalar field, where the nonlinearity of the problem 
is given by the arbitrary function ®(y). We attempt 
to find a solution of the corresponding nonlinear 
equation 

oP FZ Caps mie F(¢) = 0, fi (2) ey 


in the form 
€=9(9), co=Rir%y, (ky = lo, X,= it, C=). 
@L.3) 


We shall restrict our considerations to periodic 
(a), which are known to exist at least if ®(¢) is 
a polynomial of no higher than fourth order. 

We shall find the time-average of the energy and 
momentum densities 


es fi ed m= 
H = s-\{(Ve)? + 93 +  (9)} dt, 
0 
He 


| (Ve) 9, dt. 


0 


(1.4) 
Seiler 


After inserting (1.3) into (1.2) and (1.4), we ob- 
tain 
H =a(l? + K>) /o, 


(wo? — k?) 92 + O (9) = h=const, 


‘ge 4 : (1.6) 
K2=ho/2a, a= (o/T)\ oe dt. 
0 


Let us apply the general expressions obtained to 
certain specific cases 
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F (9) = Rog, (1.7) 
F (9) = koe + a¢?, (1.8) 
F (9) = koe + Be? (1.9) 
For the linear case (1.7) we have 
oe al at ae s) , & = const, (1.10) 
where o is given by (1.3), and w —k? =k. This 
leads to 
a=7w/2, h= ko, K =k, 
alee 


H =aw, G=ak. 
Similarly, in the nonlinear case (1.8) we obtain 


cn? (o — oo) \ 
ve Abe ee ay) + 13 %» 9, =const, : (1.12) 


where 


eC at Ee Al 2 
Ke K(f 
In the nonlinear case (1.9) we have, analogously, 


iii ae ene 


(1.13) 
where 


2 
a? — RP = cages paaiig saalbeay 
A+ YaBog Jf’ 7 2 (a8 Be) 
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Here the functions (1.5), (1.6) become 
h= Re (1 + Boe / 2h?) e, a= loop? /2 (w? — 2), 


=e P—(t [I 


Ke = al + Be? / 2h2] 12, 


where K (k,), E (k,) are the complete elliptic inte- 
grals of the first and second kind, k, is the ellip- 


tic-function modulus*, and 


B4+kee=1. 


Let us now expand the expressions obtained in 


power series in the small parameters a and 8, re- 


spectively, considering the nonlinearity to be weak. 


Then in case (1.8) the average energy of the two 
solutions is 


(is a (SHAY 
= ae {1 — =|1+ is (a) os apchidies} 


and when k = 0 (writing a = k? + k2), we have 


A = He + y= at {1+ 5 [5 2(B) — 0-49 (5) — 


ko 


x } (1.14) 


(1.15) 


7m I ee 5 
ee = ao ges ae ieee 
- 5 67 102/ a \2/a\ , 
= ak {1 — a 60 100( zr) ale 6 of. 
0 0 
Similarly, for case (1.9) we have 


H =) (He cr Hitaye = A409 {1 + ae 
7 E —3 Caillerni se |, (1.16) 


and when k = 0, 


Tg ieee AE er eas eon 
= ak, {1 at ak: ? (ee 0.49(FP | +...t. 


3 
Ro 0 


We may consider more general cases in which the 
nonlinearity is given by a sum of terms such as 
(1.8) and (1.9). 
the correction to the energy will be given by the 


Then in the first approximation, 
sum of the corrections from each nonlinear term, 


namely, 


(1.17) 


Ree) 


Let us now consider the quantum theory of the scalar nonlinear field, which is usually treated by per- 


turbation theory in a way similar to an anharmonic oscillator. 


This makes it possible to find an approxi- 


mate expression for the energy in the form of a power series in the parameter of nonlinearity. In particu- 


ie 


lar, by supplementing known results’’*, we obtain a correction term proportional to {3 for the energy, 


namely 


Ha =tj{(ntz)+o["+2+ >| 


8K8 


(a) @l@+*+-a 


0 


(hp (2(Ve@t a+) +V + P+ 2) 


(1.18) 


+V (n+ 22?(2+H4+V (t+ 38 (n+ 1))? 
+ (n+ 1)(n+2)(n+3)(n+4)] +... 


*It is interesting to note that the solution of the non- 
linear equation in case (1.9) can also be written in a 
form similar to the well-known Euler expression 


oat é,(2)=cn2--isnz 
e. (6 — 69) 


co? — A = k2 + Bo?, 22 = 2392 /(@” — hk"), Pq == const 


As 8 > 0, we obtain the ordinary Euler expression 
€,(z) > ef, 


and the amplitude a is related to the quantum number 

nby a=n+h. A 
Thanks to this relation, we can compare Hg with H°. 

It is not difficult to see that they do not coincide 

for arbitrary a, although comparing (1.17) for a= 1 


with the expression 
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Pb 
ie) ke 


obtained from (1.18) by setting a = 1 (that is, n = %), 
we get 


(1° — hy). 4/5 (a Ry) (1.19) 


It should be emphasized that the classical and 
quantum results coincide only for a single ampli- 
tude, and that other values of the amplitude cause 
sharp differences. This leads to the evident con- 
clusion that the nonlinear equations correspond to 
treating a single particle. We note again® that if 
we consider N similar particles whose total energy 
is N times the energy of each particle, then to 
make the energy expression and the equation itself 
have the same form as that for a single particle, 
the parameter of nonlinearity must be replaced by 


Ki =h,/ N@rHD, (1.20) 


where A, is the coefficient of ~” in the polynomial 


O(y). 


2. SOLUTION OF THE NONLINEAR 
SPINOR EQUATION 


The nonlinear generalization of the spinor equa- 
tion previously proposed by Ivanenko, Heisenberg, 


and Mirianashvili®’ +>? 


is of particular interest in 
view of the possibility of using it as the basis of 
a general particle theory. In this section we es- 
tablish the relation between the nonlinear Dirac 
and Klein-Gordon equations and find several of 
their exact solutions in terms of elementary func- 
tions. 

Let us consider the nonlinear Dirac equation 

[in 0/ Ox.) +.4(9,%)] 9 = 0, (2.1) 

where a(w, W) is an arbitrary scalar function of y, 
wy, and y,. Let us restrict ourselves to the case in 
which a(y, w) is independent of the Vp matrices. 
We then have 


a(¥, 9) = a (9), 


= d v = be a (232) 

Further, let us assume that the equation is sep- 
arable in terms of the spin and space coordinates 
in the form 


¥(S, Xu) =X (8) O (xy), X(s)X(s)=1, (2.8) 


— 0,51 


D. F. KURDGELAIDZE 


B\2 5 67 “\ | 
é) 12 a0 (73 Pie Tae 


where y(s) is a constant unit spinor, and ®(%,) is 
a real function of the coordinates.* Then (2.1) be- 
comes 
({ 0D FOX ALD) VS) a0, 
A(®) = ap) ®. 


Applying the operator’ y,0/dx,, to equation (2.4), 
we obtain the nonlinear Klein-Gordon equation for 
D(x,,) 3500 


(2.4) 


a® / Ox; — B(®) = 0, 
(2.5) 
B(®) = A(®)dA (®) /d®. 


Since ®(x,,) is a real function, it follows from 
(2.5) that B (®) must also be a real function of ®. 
After determining ®(x,) from (2.5), the spin part 
y(s) is determined from (2.4). This should be done 
by considering only such solutions of (2.5) which 
lead to x(s) independent of x,. 

Thus the set (2.1) of first-order equations can be 
considered a linearization of the second-order equa- 
tions (2.5) in the sense that (2.1) has a solution of 
the type given by (2.3) [with condition (2.2)] whose 
spatial part satisfies (2.5). 

If Eq. (2.5) is given, its linearization reduces to 


finding A (®) from the equation 


foo) 
A) =+Y n+2) 3 @) 40, ors 
0 
j= Const. 


As we see, the transition from (2.4) to (2.5) is 
unique, although the inverse transition is not unique 
(in view of the + in front of the radical and the ar- 
bitrary constant / in (2.6)). To be specific we can, 
for instance, choose the positive sign and set 

h =0 [i.e., A(0) =O]. (2.7) 

We shall attempt to find a solution of (2.4) of the 

formt 


*It is not particularly difficult to find complex solu- 
tions, and they will be published in the immediate future. 


tEquation (2.1) has the following particular solutions: 
the function w = cexp (ikyxy), c = const, with ki Sk! 


and the constant spinor — Us which is a solution of the 
algebraic equation a(y) = 0. 
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© (Xu) = O(c), ¢= RyXp, (2.8) 

so that Eqs. (2.4) and (2.5) become 
(1,2, dD /ds + A(®))x(s)=0, (2.9) 
(k, 2D / do? — B(®)) = 0. (2.10) 


It follows from this that in order for y(s) to be 
independent of x, it is necessary that 
A (®) =)dQ/ds, (2.10') 
where Ais a constant that causes the determinant 
of the coefficients of Eq. (2.4) to vanish. 


On the other hand, the first integral of (2.10) is 
of the form 


fen) 
Ve = [e+ 2 B(b) do| 4. h=const! 
9 (2.11) 


According to (2.6), putting h’ = h makes (2.11) 
coincide with (2.10') if 


h=+M M=/VR. (2;11") 
For the spin part we obtain 
(7. + M1) x (s) =; (2.12) 


whose solution is known®. We have thus shown 
that when condition (2.2) is satisfied, Eq. (2.1) has 
a solution of the type given by (2.3), (2.8). 

Let us consider some examples; since the spin 
part y(s) is always given by Eq. (2.12), we shall 
consider only the spatial part ®(x,,). 

Let us consider the nonlinear equation’ 

(1,9 / 0x, + avd) > =0, CAE)) 
whose solution of type (2.3), (2.7) is given, in view 


of (2.5), by the solution of 


(0? / 0x2, — bO4)D = 0, b= 8a?, (2.14) 
when (2.7) is satisfied, we have 
D = (kx, +¢)—?, ¢ = const, (2.15) 


ki. = (2a)? = M?. 
Similarly, the spatial part of the solution of’ 


(7,0/0x,) + a+ 2,99) $=0, (2.16) 


is given by the solution of 


(0?/Ox2, — by — b, 0? — 6,4) © = 0, 


. (2.17) 
Do = Q, b, = 4a)ay, by = Bai: 
when condition (2.7) is satisfied, we obtain 
®=) — a, / 2a, exp U/a (Ru Xp 
+c)] {sinh[*/> (RyXy-+c)]}"" (2.18) 


ki ==(20,)* — M?, Qo So 0, Qy #& (0) 


Let us now consider the inverse problem. The 
equation 


(2 /dx2 —b,—b,82)0=0 (2.19) 


can be linearized. In particular, according to (2.6), 
we have 


(1, 0 /ox, 
+ Vi b+ (b +5 6,0") ©) (5) =0, 
e="y (s)O(x,), Y(s)x (=! 


The spatial part of the solution of (2.20) is given 
by the solution of (2.19)® 


(2.20) 


© =,Z(s), ©, = const, (2.21) 


where Z (0) is an elliptic function. 


In particular, when condition (2.7) is satisfied, 


Eq. (2.21) leads to 


O = V — by / 25, [cos (Aux, +0¢)] "5 


bi Coe (2.22) 
When 5, = 0, we obtain the linear equation 
(02 / 0x;, — 6) D =0 (2.28) 


and the analogue, in the sense of the above linear- 
ization, of the Dirac equation 


(7, OD / Ox, + Vh + b,@*) x (s) =0. (2.24) 
The spatial part of (2.24) is 


@M=c,cos¢+ c,sins. (2.25) 
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Here h = —6,(c? + c3). In particular, when condition 
(2.7) is satisfied, we have 
Cy = icy, D = ce* + c*ei (2.26) 
which gives the solution to the ordinary Dirac equa- 
tion. 
It is also of interest to investigate the nonlinear 
generalization of the Duffin-Kemmer equation 
(8. 0/ Ox, —c(9,9))o=0, — (2.27) 
where the 6, are Kemmer-Duffin matrices, and 
c({, ¢) is an arbitrary scalar function. 
I consider it my duty to express my deep gratitude 
to Professor J). D. Ivanenko for constant Attention 


to the work and to Professor Kh. Ja. Khristov for 
valuable comments. 
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Statistical Theory of Systems of Charged Particles 
With Account of Short Range Forces of Repulsion 


I. P. BAZAROV 
Moscow State University 
(Submitted to JETP editor July 5, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1163-1170 (May, 1957) 


The free energy of an electrically neutral system of charged particles (ions) has been 
found by taking into account the repulsive forces between them. The general expression 
obtained for the free energy of such systems is applied to its calculation for a concrete 
form of “long-range” and “short-range” forces. 


HE EQUILIBRIUM STATE of each statistical 

system of N particles is entirely determined by 
a knowledge of the Gibbs distribution function D or 
the equivalent ageregate distribution function 
AOR Ragin), X, )' (Siete) ke or example, 
the pair distribution function F,(x,, x,) permits us 
to find the thermodynamic potential of the system, 
knowing which we can solve any problem pertaining 
to the state of thermodynamic equilibrium. 

Ways of finding the correlation functions of sys- 
tems of particles both with Coulomb (slowly de- 
creasing with distance) potential of interaction 
@°(r), and with molecular (rapidly decreasing with 
distance) interaction ®'(r), were first developed by 


Bogoliubov’. However, the problem of the con- 


struction of an expansion by which we could find 
the correlation functions in the case of a system 
with an interaction containing both Coulomb and 
short-range forces, remained unsolved. 

Making use of an equation with variational deriv- 
atives, we” succeeded in outlining a method of 
finding the correlation functions both fur systems 
with interaction ®°(r) or ®'(r), and for the “addi- 
tive” interaction ®(r) = 0°(r) + O'(r) which contains, 
in the terminology of Vlasov®, both “short-range” 
and “long-range” forces. In this paper, following 
Ref. 2, we define as the thermodynamic potential 
the free energy F(®) of a system of charged parti- 
cles with explicit account of the short-range repul- 
sive forces between them, which enables us to de- 
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velop the entire thermodynamics of such a type of 
system. 


1. FREE ENERGY OF A SYSTEM OF 
CHARGED PARTICLES 


Let us consider a system of MM types of different 
charged particles (for example, a solution of strong 
electrolytes) with numbers N, and charges eg 
(a=1, 2,..., N) of particles of each type, and 


with interaction potentials 
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be electrically neutral and the various particles dif- 
fer only in charge; then 


>» Naa =0 or >; as eh (2) 


where ng = N,/N = concentration of particles of the 
athtype and N =N, is the total number of particles 
in a system of volume V. If this system is found in 
an external field g(r), then the configuration inte- 


gral of such a system is equal to* 


Day (r) = Day (r) + Dis (7), (1) 


where r =rq, = distance between particular parti- 
cles of types a and b. Let the system as a whole 


@=fel-F U-FZmea}é, 6 


where 


U= >» Dap (|Ta.i—Fo,j|) = SY) OSs (| ta,i — 00,7) +S) Pas (| Fa,i — 1,7) 
a<b 
is f 


= U9 + S$) Oa, (Ia,i — 1,71) 


is the potential energy of interaction of the particles with one another, r, ; defines the position of the ith 
molecule of the ath type (below, we shall call r;, or any set r;z, riy, Tiz> by the letter x;), dt is the ele- 
ment of phase volume of the system and 6=4T7. 

We can also put the configuration integral in the form 


Q=lexp {— FU? —% Develo} ]] (1 + foo (to xp) de, (4) 
a,i a<b 
i, j 


fap (i, ep EXD faa OL) (ys) (5) 


The free energy of our system, F(p | ®) = F(p | ®° + ©'), is a functional of the external field and the inter- 


action potential between the particles and is equal to 


F (9|®) = —O1nQ (?|®). (6) 
As for an arbitrary functional, 
oF 
F (p | ®°| f) = F (e| ®°) + >) \ feo (x, y) (Fea) 9 RY + 
a,b 
ny as ‘dy’ (7) 
+h SD [feo (ts 9) foro 9) (sea Ey» BaNee'dy'+ 


a,b a’,b’ 


Determining the different variational derivatives of F from Eq. (6), and comparing them, we find 


e 02 SF jade ae Tela J 
(1 + fas (*, y)) Sfap % ¥) sae { Se, (x) 89, (y) 8 S89, (x) 89, (y) 
S(x—y) dF @ Na (Ny — Sap) 


sees Fa ,y| Do + 1), (8) 
~ so, GH 3 y2 o(ey| ) 


*S f products over a, b, c run everywhere from 1 to M. The sums over i and j run, respectively, from 1 to 
ums of pro 9 0, Cy vee 


N, and from 1 to Nz (if not stated otherwise). 
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whence 


menue 


Ve 


Pees. BAZAROW, 


oe) Jepaps (ee, y| 2). (9) 


y2 


where F',(x, y|®°) is the pair distribution function of the system for the potential @%(r), and Sg, is the 
Kronecker symbol. If we set the external field ¢(x) in Eq. (7) equal to zero, then we can find the value of 
the free energy of the system of charged particles for the potential O(r) = @°(r) + @'(r). For the free energy 
of such a system, we get, with accuracy up to the second term in the expansions of (7) and (9): 


Na (Ny — 85) 


(10) 


OO) 
a,b 


\ fa (2, Y) Pap (s, y | °) dxdy. 


We can represent the free energy F(®°) of a system of particles with an interaction potential ®%(r) by a 


pair distribution function Fy4(x, y | ®°) for this system. 


Thus Eq. (10) gives the possibility of calculating the free energy of a system of charged particles with 
consideration of short-range repulsive forces between them if the pair distribution function Fay (x, y | ®°) 


is known for the ©°(r) potential of “long-range” forces. 


2. PAIR DISTRIBUTION FUNCTIONS AND 
THE FREE ENERGY OF A SYSTEM OF 
PARTICLES FOR THE POTENTIAL 


The first approximation for the pair distribution 
function for a Coulomb interaction potential be- 
tween ions: 

2, (r) = eaep/er, (11) 
was first found by Bogoliubov! by the method of 
equations with variational derivatives”; it corre- 
sponds to the well-known* Debye-Hiickel self-con- 
sistent potential 


V(r) = (a/e) er (12) 


and is equal to 


Fon (r) = — (€aép / 280) e—* Jr, (13) 
where € is the dielectric constant of the solution, 
and the quantity 


e0u 


"Is e8 "Ie 
——— see sy —_—— — —___——_-_ 
ait (zSn4 | & > na) (14) 
a a 


determines the mean radius of the ionic cloud which 
surrounds the given ion (and is known as the Debye 
radius), v = V/N is the volume per particle, and 
n =WN/V is the concentration of the solution. 

The pair function Fg,(x, y | ®°) for the potential 
(11) is, in first approximation (i.e., with accuracy to 
quantities of second order of smallness): 


Fay (r) = 1 +0 Fay (r) = 1 — (Caley / 08) eT. 
(15) 

As is evident from (13) and (15), the first approxi- 
mation of the pair distribution function for the poten- 
tial (11) diverges when r > 0, which demonstrates 
the invalidity of the extrapolation of the Coulomb 
potential to a distance of the order of the particle 
radius, and the necessity of considering short-range 
repulsive forces. The second approximation for 
Fap(x, y|®°) in the case of a system with Coulomb 
interaction was found in Ref. 5, where, as was also 
pointed out in Ref. 1, this approximation becomes 
even more divergent for small r. 

This difficulty with the divergence (at zero) of 
the pair distribution function in the use of the Cou- 
lomb potential of interaction between particles can 
be avoided as Kramers®’* bypassed the difficulty 
in the case of a purely statistical derivation of the 
free energy of an electrolyte, in which, in place of 
the energy of a solution with Coulomb interaction 
between the particles 


U= 


: [SH err 
1Imi<j<N tJ 


he used an expression of the form 


e;e; 
pe 
ei J 
1<i<j<N 4 
where 
1 SEW ny 
Gy (ee oe hij rij, 


tj 
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A is a constant quantity. From the physical point 
of view, the introduction of the functions Gj; de- 
notes implicit account of the short-range forces of 
repulsion between the ions. A qualitative account 
of repulsive forces of such a nature, which reduces 
to relieving the divergence (at zero) of the pair dis- 
tribution function F,,(«, y|®°), was carried out in 
Refs. 7—9, in which, in place of the Coulomb poten- 
tial (11), the interaction between the particles is 
determined by the potential 

ao(T) = (€ae,/er) (1 —e—). (16) 
In accord with Ref. 9, the pair distribution function 
for the potential ®°(r) with accuracy up to quanti- 
ties of third order of smallness, is ai to 


(r) + vs ees (r) 
tS) me | LFEe (ra) Foo (r=) + Fh a FU, (r2)) de 


Fos (r) = 1+ oF}, 


4 Sy Syrera | Fee (rs) FSG (1) Pho (ra) ded 
e d (17) 


where F7,(r) is the first approximation of the pair 
distribution function determined in Ref. 9 for the 
potential (16). In the present research we shall 
find the free energy (10) of a system of charged 
particles with explicit account of the short-range 
forces of repulsion, taking for the potentials ®%(r) 
and @*(r) functions of the form 


OF vior F< oe 

Peasy staan fi 2 a 
0 , 

(7) = a ter Ge (19) 


where @ is the diameter of the particle (for an ion, 

o~10%cm). We find the first approximation of the 
pair distribution function Fz4(x, y | ®°) for a poten- 
tial (18) from the Bogoliubov equation for the first 

approximation rF 


Fan (%,X') + Dy Me \ eee) Fa Oar) a 


c 


= — Vay (|x — x’), (20) 
where 
1 wo mt) for f <ac, 
Yao (7) = ‘60 Parl aes for 7. 0. (21) 
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Substituting the Fourier transform into Eq. (20): 


Fap(%, x’) = | Law (v, x) exp {i(vx’)}dy, (22) 


Yas (|X 2" |) = ge) Yan (||) exp {i (¥, x—x))} dv 


=A ysin YY ap (| ¥]) dy, (23) 
0 
we get a system of linear algebraic equations 
Lap (v, x’) + 2x? ues (|v |) Leo (v, x’) 
=: =o Vasl) exp {—i(v,x')}. (24) 
Setting 
Lap (v, x’) = Kap exp {— i (vx’)} (25) 
we get 


Kao + 20% J ne¥ ac (||) Kes = — o> Yoo(| V1). 
¢ (26) 


Since, from (21) and (23), 


Yao (\vl) = 345 \ Yan (x— 2’) 


£ ey 
X—x’)}dx'= 2, “2 cos ov, (27) 


exp {—i(v ae 
then the solution of the system (26) can be writtene 
in the form 


dary COS Ov 


Kap = 


2 ? 
2n* y2r2 + cos ov 


5 / $2 —"), 
ha = Ca | aD Nata) af 
a 
We see from (22) and (25) that Fi,(|x —x'|) is a 
radially symmetric function and is equal, according 
to the inversion formula of the Fourier integral, to 


Viens (r | °) 
= = \ vKap (|v|) sinrvdy = ——2* ri, (28) 
0 
where s 
v COS ov sin rv 
Se \ en SS 
l S v2? + cos ov , (29) 
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It is not difficult to see that at a = 0 we get the ex- 
pression (13) for Fj, (r| ®°). 

In accord with (17), the second approximation of 
the function F’,,(x,, x, |®°) consists of three com- 
ponents, of which the latter two determine the ef- 
fect of all the remaining particles of the system on 
the probability of finding two particular particles a 
and b at the points x, and x,. Therefore, for small 
concentrations, in which the collective interaction 
between the particles is small, both these compo- 
nents are small (the third is smaller than the sec- 
ond) and the principal term is the first component 


YF, (r); in case of symmetric solutions, the sec- 
ond approximation is exactly equal to this first 
term, since the two remaining terms are identically 
equal to zero, because of the neutrality of the sys- 
tem. 

Thus, with account only of the principal term of 
the second approximation, the pair distribution 
function F,,(r|®°) is, in the second approximation 
for the potential (18), equal to 


Fa» (t|®°) = 1 + oF hy (r) +0? F¥s (1) 
Zee 2\2 
Sa a ral a 2( ao . (30) 


Knowing F’,,(r|©°), it is easy to calculate the free 
-energy F(®°) for the potential ®°(r) by the Gibbs- 
Helmholtz equation, and then, in accord with Eq. 
(10), we also calculate the free energy of the sys- 
tem of charged particles with consideration of 
short-range forces of repulsion. Actually, integra- 
ting the Gibbs-Helmholtz equation F=E +T(dF/dT),, 
we get for the free energy corresponding to the in- 
teraction of particles with the potential }°(r) the 
expression 

F (®°) = —T TE (®°) dT. (31) 
The average energy of interaction of the particles 
E(®°) for the potential ®°(r) is equal to 


E(®) = \ U°Dde 


On; Bens — Xpi |)» Ddx, aeONC dxn 


= MN» ( Dis (| %1 — Xq |x, dx, | Dax, ee sakn 
a<b 
or 


E(®) == YW.N, \ D8, (r) Fay (r| ©°) 2dr. (32) 
a,b 
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Substituting (18) and (30), and taking into account 
the neutrality condition (2), we get 


E(®) =—-~> J) NaNs 
a, b 


(33) 


opr 
a 2) -2 
cdr. 
qe 2022 l 


exept 
e.e 

b ap: a 
x | a | 


er eOr 


For symmetric solutions, = Ne. = 0; therefore, the 


integral of the second term in (33) is equal to zero* 
and £(®°) for such solutions will be 


E (®) = (34) 


Sina, C cos? ov 
= \ ae dy. 
i. vr + COs ov 
The integral here does not reduce to finite form; 
limiting ourselves to the first term of the asymp- 

totic expression of this integral, we get 


E(®°) = —(S\Waed/28)-x/VI— fs, (85) 
E (@° 
ee (36) 


iNmee 
See 2x (1 $F obe 4 apm t..-), 


In the case of vanishingly small concentrations, 
where 


ox 1; 


(37) 
Equation (36) gives the Debye value for the energy 
of solution of a strong electrolyte?: 


E=— («/2e) Si Nae. 


Equation (35) for the energy of solution, being a 
function of the variables T, V, Ng, is not a thermo- 
dynamic potential, and consequently does not permit 
us to develop the thermodynamics of strong electro- 
lytes. Therefore, we must calculated the free energy, 
which is precisely the potential in these vari- 
ables. For this purpose, we substitute (36) in (31). 
After integration we obtain the free energy of the 
system of charged particles for an interaction po- 
tential in the form of (18): 


*In the case of non-symmetric solutions, the second 
term in (33) is not equal to zero, as a consequence of 
which, E(°) diverges logarithmically for 0 > 0. 
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re 
(®°) (38) 


ae ps: |e 3 242 9 
37 Nees (1 + 35 Iai ce at .) 
a 


For very small concentrations, in which the condi- 
tion (37) of the applicability of the Debye theory is 
satisfied, we get from (38) the value given by this 
theory for the free energy of a strong electrolyte*: 


PS Nee. 


r) co 
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3. FINAL RESULTS. FURTHER 
IMPROVEMENT IN ACCURACY 


Knowing the free energy F(®°) of a system of 
particles for the potential ©°(r) of “long-range” 
forces, we can calculate the free energy F(®) of a 
system of charged particles with account of short- 
range forces of repulsion. 


According to Eq. (10), F(®°) is equal to 


F (®) = F (®°) —=— 9} Na (No — bap) \ [exp \- =o}, (7)| ser 1] x Fay (r| ®°) 4nr2 dr. 


, i) 


For the potential of “short-range” forces in the form (19) and for the value of F(®°) determined by (38), the 
free energy of a system of charged particles [keeping only the first approximation in Fay(r | °)] will be: 


a ee ee ee 


The expression obtained for the free energy is the 
thermodynamic potential and therefore permits the 
determination of both the thermal and the caloric 
properties of the system: the osmotic pressure 
(more precisely, the change in the osmotic pressure 
relative to the pressure in ideal solutions), the ac- 
tivity coefficients f, of ions of the ath type, etc. 
We shall not determine these quantities, inasmuch 
as their computation reduces merely to differentia- 
tion of (39) with respect to V, T and N,. 

The free energy (39), and also Eqs. (35) and (38), 
were obtained for symmetric solutions with the ex- 
act value of the second approximation of the pair 
distribution function. In the case of asymmetric 
solutions, the expression for the pair distribution 
function (30) takes account only of the principal 
term of the second approximation of this function, 
which applies to solutions of low concentration. 
Upon increase in the concentration, the collective 


* The expression found in Ref. 8 for the first approxi- 
mation of the free energy of a symmetric solution for the 
potential (16) [Eq. (2.4) of Ref. 8], diverges for o> 0, 
but does not go over into the Debye form, which points 
out the error of this expression. The correct value of 
the free energy of a symmetric solution, for the poten- 
tial (16), is 


/ ee Bats Wo oe 
F = —7ya2o3 (Vimo ) (ViFBe+3 ). 


270° 8 


SMa (No — bas): (39) 
a,b 


interactions between particles increase, and the 
value of the second and third terms in the expres- 
sion of the second appreximation of the pair dis- 
tribution function (17) increase. Inasmuch as both 
these terms are expressed by the function F',(r| ©°), 
the value of which is given by Eq. (8), then even in 
this case we can compute the free energy of the 
system of charged particles with account of repul- 
sive forces, similarly to what was done above. 

In conclusion, I express my deep gratitude to 
Academician N. N. Bogoliubov for discussions on 
the results and for valued advice. 
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Relation Between Scattering and Multiple 
Particle Production 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1171-1175 (May 1957) 


According to Fermi’s theory, the multiple production of particles in high-energy collisions 
should be determined by the statistical weight of the respective states. In the present in- 
vestigation, the statistical weight is calculated while taking into account the mutual inter- 
action of pairs of particles, and it is shown that in this case the phase shift of the inter- 
acting particles is involved as a characteristic of the interaction. In resonance scattering, 
the effect of the scattering reduces to the appearance of an intermediate “isobaric” state 
which should be included in the statistical theory. 


Me STATISTICAL THEORY of multiple produc- 
tion as originally suggested by Fermi* is well 
known to be in disagreement with experiments. In 
neutron-proton collisions, at energies around 2 Bev, 
the production of two mesons is considerably more 
probable than predicted by the theory”. 

Theoretical and experimental results disagree by 
a factor of 20. It was suggested by Nikishov and the 
author® to modify Fermi’s theory according to the 
following considerations. The cross section of the 
scattering of 7-mesons against nucleons has a 
strong maximum at a center-of-mass energy of about 
160 Mev. This maximum corresponds to a P-state 
and isotopic spin “4. These experiments indicate 
the presence of a strong interaction between 7-mes- 
ons and nucleons in these circumstances. Such an 
interaction must also manifest itself in multiple 
particle production. It is evidently not taken into 
account in the original form of Fermi’s theory. 

A strong interaction between mesons and nucleons 
may be described qualitatively through the presence 
of an intermediate, rapidly decaying state of the 
meson-nucleon system with spin % and isotopic 
spin %. 

This concept of a so-called “isobaric” state was 
used in a number of articles®’®, including also the 
work of Tamm and his collaborators’. We have sug- 
gested (see Ref. 3) that this isobaric state should ' 


be included in the statistical theory of multiple pro- 
duction, thus effectively allowing for the strong in- 
teraction between the particles. It was suggested 
that in a collision between two nucleons or a nu- 
cleon and a meson, there may appear “quasi-parti- 
cles” (isobaric states of the system) of mass 

1.32 M,, where M, is the nucleon mass, having iso- 
topic spin 4 and ordinary spin “4, and rapidly 
decaying into a nucleon and a meson. It was also 
suggested that the probability for the production of 
such “particles” may be determined from their sta- 
tistical weight. A comparison was made between the 
modified Fermi theory and experimental results on 
the multiple production of mesons in nucleon-meson 
and meson-nucleon collisions in the energy range of 
1.4 to 5 Bev (see Refs. 3 and 8). Comparison shows 
that the theory agrees with experiments regarding 
the probability of various multiple production proc- 
esses, and also regarding the energy distribution of 
secondary particles. 

In the present article we want to bring up certain 
theoretical considerations regarding the relation 
between resonance scattering and multiple particle 
production. 

First we shall introduce the following example 
suggested by Landau. We shall consider the sta- 
tistical sum of the @tates of a non-ideal gas. In the 
first approximation we shall assume an ideal gas, 
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and in the second we shall include only two-particle 
interactions (see Ref. 9). Uhlenbeck and Beth!° 
have shown that the additional term appearing in the 
sum over the states when two-particle interaction is 
included, may be represented in the following form: 


Z = Zji-- Zs; (1) 


where Z, is the sum over states of the discrete 
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where 7) is the phase shift due to resonance. The 
phase changes by 7 when going through resonance. 
If the resonance is sufficiently sharp, then the ex- 
pression for Z, reduces to 


= 21m 
Tes ie ayeele (4) 


spectrum of the two particles, and Z, is the sum over where’ p, is the’ nomehtum at which mas wae eee 


the continuous spectrum including two-particle in- 
teraction: 


4 ° dn 
Za = Dy) LN) Gee "Tdp, (2) 
| a) 


where 1, (p) is the phase shift, p the momentum of 
the particle in the center-of-mass system, / the or- 
bital angular momentum, 7 the temperature, and m 
the mass of the particle. If the scattering shows res- 
onance character for some value of /, then 


tering takes place. Expression (4) corresponds to 
an extra “discrete” state of positive energy for the 
two-particle system. 

Now, we shall turn directly to the problem of in- 
terest and consider a 7-meson-nucleon collision. 
According to the statistical theory, the production 
of n mesons as a result of the collision is propor- 
tional to the statistical weight of the system con- 
sisting of one nucleon and n mesons. 

Excluding the interaction of secondary particles, 
the statistical weight is computed by the following 


= 1+ tan7! — (3) formula 
S.(W,n, M,) = [<2 4 Ty ap.dps (W — EW; — Wy) 3 (2p: +p) 
o(W,n, ) = aap ok i pidpo ( i M Pi + P). (5) 
i=1 


W is here the energy of the system, M, the nucleon ° 
mass (in energy units), 1) the effective volume (a 
quantity of the order of (47/3) (h/c)*, where p is 
the meson mass), p,; the momentum of the ith meson, 
p the momentum of the nucleon, W; the energy of the 
ith meson, Wy the energy of the nucleon, and the 
6-function insures conservation of energy and mo- 
mentum. The integration is to be carried out over 
the momentum space of all the mesons and of the 


nucleon. 


ail al 
SW, 2, Me) = Soar “= 


p’ i=1 


W. is here the kinetic energy of the center of mass 
of the two particles, and W’ is their total energy in 
the system where their center of mass is at rest. 

We shall sum over all possible states of the nu- 
cleon-meson system in the same fashion as this was 
done for a non-ideal gas (see Ref. 9). At large dis- 
tances, the wave function for the state with orbital 


angular momentum / and momentum p’ has the follow- 


ing well-known asymptotic form 


Now let us compute the statistical weight includ- 
ing the interaction of the nucleon with the mesons. 
We shall assume two-particle interaction. First let 
us single out in Eq. 5 a pair of particles, say a nu- 
cleon and a meson. We transform to the variables 
p,- and p’, where p, is the momentum of the center of 
mass of the nucleon-meson system, and p’ is the mo- 
mentum of the meson (or the nucleon) in the center- 
of-mass system. The formula for the statistical 
weight may then be written in the following form: 


n—-1 n~1 


(TT apa. (w — 5) Wi—We—W') 8(Spitpe)- 6) 


i=1 i=1 


F lr 
sin (4 r—- +m). (7) 


The phase shift 7, depends on the specific form of 
the particle interaction. Let the range of r be limited 
to some large but finite radius R,. The possible 
values of the momentum are then determined by the 


condition 


Roop’ /i — la/2 + Hi = sz, (8) 
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where s is an integer. If R, is sufficiently large, one may assume that s varies continuously and transform 


the summation in Eq. 6 to an integral 
SY(W,n, Mo) 
where s is the expression appearing in Kq. 6 


after the summation sign; the factor (2/ + 1) and the 
sum over / is related to the angular momentum de- 


= ys? =( pert 1s? = (Ge a) dp’ (9) 
“3 


l 


tical weight exclusive of the interaction, t.e., it 
leads to Eq. 5; the second term which includes the 
two-particle interaction reduces to the following 


generacy. The first term in Eq. 9 gives the statis- expression: 
(2) Mee et gen @ Peake) cee Me el ee Ss je 1 
Fe S| ; 5 eee pe = , d , yt 
5 = SA | ar) [] ears (W —  Wi—W.—W’)x 8(S) vs +P) a aw’ .(10) 
l i=l =1 i=1 


We have transformed here from the variable p’ to the 
variable W’ (W’ is the total energy in the center-of- 
mass system), which is uniquely related to p’. Equa- 
tion 10 should be multiplied by n to allow for the 
presence of the n mesons. The resulting expression 
for the statistical weight including two-particle 
interaction between nucleon and mesons is written 
as follows: 


S(W,n, My) = Sy (W, 72, My) 
(11) 


ot On; ; 
vay = \ Sol, n—l, We) yd dW’. 
1 


The formula for S,(W, n, M,) is obtained here from 
Eq. 5, and S,(W, n — 1, W’) is the statistical weight 
for n non-interacting particles: n — 1 mesons and 
one heavy “particle” of mass W’. Let us assume 
that the scattering exhibits a resonance character 
for some value of /. If the resonance is sufficiently 
sharp, the function S,(W, n — 1, W’) may be removed 
from under the integral sign and its value taken at 
the point W* = W, corresponding to the maximum of 
dn /OW’, and the integral [(d7n)/OW)dh’= 7. If we 
substitute for the second term of Eq. 11 just the 
term corresponding to resonance scattering, we 
obtain 


S(W,n, Mo) 
Ont 1) 


= Sn) 


(12) 
So(W,n 


—1,W,), 
where W, =M, +p +E£,, and E, is the kinetic energy 
of the nucleon and the meson for the case of reso- 
nance. 

Thus the second term of Eq. 12 which includes 
the meson-nucleon interaction formally corresponds 
exactly to a system of n — 1 mesons and a nucleon 


in an “ isobaric” state. At the same time, Eq. 12 


gives the statistical weight for the production of one 
nucleon and n mesons. It should be noted that it is 
not clear whether the interaction may generally be 
limited to a two-particle type of interaction. This is 
a natural assumption, however, for the case of the 
specially strong two-particle interaction which cor- 
responds to resonance scattering. Similarly, if we 
consider the collision between two nucleons, it is 
necessary to include the simultaneous interaction of 
the two nucleons with the mesons. Augmenting Eq. 
12, we obtain 


a a 


wT T 
Wy 1 


x\| So (Wn — 2, ’, w" _dw'dW”. (13) 


iS sv av 


S,(W, n — 2, W', W") is here the statistical weight 
for n non-interacting particles: n — 2 mesons and 
two “heavy particles” of mass W' and W”. If the 
scattering exhibits resonance character for some 
value of /, Eq. 13 reduces to the following expres- 
sion: 

Swv = (21+ 1)? S)(W,n — 


2,Wo,W,). (14) 


This expression formally corresponds to the statis- 
tical weight for a system consisting of n — 2 mesons 
and two nucleons in an state. If it turns 
out that the scattering of 7-mesons against 7-mesons 
exhibits resonance character at certain energy values 
(there is an indication of this in the literature !), 

it will be necessary to include analogously the 
m-meson interaction in computing the statistical 
weight. 


“isobaric” 


Let us consider the following example. We shall 
compute the statistical weight corresponding to the 


RELATION BETWEEN SCATTERING AND MULTIPLE PARTICLE PRODUCTION 


production of a system of one nucleon and two mes- 
ons as a result of a meson-nucleon collision. 

This statistical weight is determined by the fol- 
lowing expression: 


S(W, 2, My) = So (W, 2, My) 
2 
au i I+t+14 


T 
l 


On, : (15) 
ay tV ' 


\ So (W,1, W’) 


The formula for S,(W, 1, W') has a simple analytical 
form (see for example Ref. 3): 


So(W, 1, W;) 


C(W? — a? — Wi) (1 — (Wu)? / W4). (16) 


C is here a coefficient which is independent of 
W,=W’. If (W,/W)* <1, the second term in parenthe- 
sis is practically equal to 1. We shall assume that 
this condition is satisfied. Indeed, when W, = 1.23 
Bev and W = 2 Bev, the ratio (W,/W)* is on the order 
of 12 percent. Let us assume that the scattering 
shows resonance character for some value of l, and 
the phase shift is obtained from Eq. 3. We shall 


assume the quantity |’ is independent of the energy; 
we find, then 


d,/OW, = On /OE, = T/T? + (Eo — £,)*], 7) 
where £, = W, — M, — wp. 


The second term of Eq. 15 may now be written as 


follows: 


: (18) 
Emax TdE 
S.= 2) we —(M + Ee 
0 


where C, is a constant, and 
M,=M)+2, Emax = VW? tes eee as 


Let us transform to the variable e=£, — E,; the 
integration is then easily carried out, and we obtain 
the following result: 


Vw2—w—M 

Sy = St (WA pt — Mi (sans WEEE 
a1 Ey Per a Me 
at We 2 Ms) (19) 


O55) 


M, = M, + + E, is here the mass of the nucleon in 
the “isobaric” state. It is easily seen that as I" 
tends to zero, S, = C,(W? — yw? — M3). This expres- 
sion corresponds to the statistical weight of a sys- 
tem of two particles having respectively mass p 
(meson) and If, (“isobaric” state of the nucleon). 
Let us assume now that I’ = E,/2 and E, = 160 Mev. 
These values are close to the values obtained from 
experiments on the scattering of 7-mesons against 
nucleons (see Ref. 13). Tis given here the value 
it had at an energy of E,. Actually it turns out to 
be a function of E,. We shall evaluate Eq. 19 for 

W = 1.9 Bev. This corresponds, in the laboratory 
system, to an incident 7-meson energy of 1.37 Bev. 
We find that the value of S, for I’ = E,/2 is 0.78 
times the value for S, for I’ =0. In this case the 
computation of the level width leads to a correction 
which it is hardly worth considering in view of the 
approximate nature of the whole theory. This cor- 
rection is even smaller at higher energies. 

An attempt to compute the nucleon-meson interac- 
tion in the framework of the statistical theory was 
also made by Kovacs ‘4. That analysis, however, 
introduces, along with statistical notions, certain 
matrix elements which are evaluated by applying a 
specific type of meson theory. The computations 
are extremely difficult. It seems to us that it is in- 
consistent to combine a statistical theory of phe- 
nomenological character with computations based on 
a certain variant of meson theory which appears 
doubtful itself. 

In conclusion, the author wishes to express his 
gratitude to L. D. Landau for a discussion of the 
subjects considered in this article. 
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The mean statistical characteristics (velocity, heat current, stress tensor, etc.) have 
been determined for transport phenomena in a plasma located in a magnetic field. 


4 bas PRESENT ARTICLE develops the theory 
of a plasma located in electric and magnetic 
fields (a brief account of the principal results of 
the author’s analysis! is presented here). A meth- 
od of approximations is used to solve the Boltz- 
mann equation. The essence of this method lies 

in computing the terms of the distribution function, 
expanded in powers of some small parameter char- 
acteristic of the specific problem. One thus finds 
a so-called “local” distribution function which 
must be understood in the following sense: the 
complete distribution function is a function of 6 
variables (3 coordinates and 3 velocity components) 
while the “local” distribution function depends ex- 
plicitly upon the velocity only, and its dependence 
upon the coordinates enters only through the exter- 
nally-acting forces and the mean Statistical char- 
acteristics (temperature, density, and in general, 
velocity of the center of mass), which play the role 
of parameters. The dependence of these character- 
istics upon the coordinates is obtained by solving 
a certain system of equations which also arise from 
the Boltzmann equation. These equations represent 


a generalization of the well-known hydrodynamical 
equations. 


1. As is well known”, the Boltzmann equation for 
particles of type s, mixed with particles of other 
types, has the following form in the presence of 
magnetic and electric fields (the notation is that 
used by Chapman and Cowling): 


<5 J Sel PSs file (1) 


It will later be found convenient to rewrite the 
Boltzmann equation (1) in terms of a new set of in- 
dependent variables; specifically, we transform the 
velocity of particles of a given type into their vel- 
ocity with respect to the center of mass. The latter 
is given by the following formula: 


Vo. > | mev/sdv » \ Msf SAV . (2) 
s=1 s 


fq. (1) takes the following form in terms of the new 
variables (henceforth, we write v for v'®!): 
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Dis oF 
DET oars ee (E+ ~~ [voH}) — 


aa Of 
Dt | , 0; 
es of dv, Ov i 

+ ag [WH] By — 3e, OF Gy = — Del sn (Fos fn), 

(3) 


where D/Dt = 0/ot + V9j0/OX%;. 

As an approximate method for solving the system 
of equations (1), we expand the solution as a power 
series in a small parameter of the problem. In the 
case of axial symmetry, the following parameters 
are available: L, the dimension of the system, J, 
the mean free path, and R, the Larmor radius. De- 
pending upon the relations between these three pa- 
rameters, the general problem may be divided into 
three cases: 1) strong magnetic field (v/a <1), 
where v is the collision frequency, and w the Lar- 
mor frequency, R/] <1; 2) weak magnetic field 
(v/w > 1) R/l > 1; 3) intermediate region R// ~ 1. 

Formally, however, it is convenient to seek the 
distribution function as a series in the dimensional 
parameter 


f= Sampon, (4) 


where it follows from our exposition that the param- 
eter A turns out to be A = 1/q in a strong magnetic 
field, X = 1/v in a weak magnetic field, and A = 1/L 
in the intermediate case. 

The equations for each term f™ are easily ob- 


tained in the usual fashion. One must also include 


(fav Ne, [fvdv—= Na, a= >I 


I, = 3} | monfadv, j= dyesV Vs, p= >\Noms, E= i> 
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the fact that the Boltzmann equation must satisfy 
certain integral conditions of solubility: 


| Djsdv =0, (5a) 
py \ Dfsmsvdv = 0, (Sb) 
s=1 
es mv? 
> | Pis-g-dv = 01. (5c) 
s=1 


These equations are the equations of hydrodynam- 
ics, generalized to include a plasma in the presence 
of magnetic and electric fields, and can be written 
explicitly as follows: 

a) equation of continuity for particles of type s 


DN;/Dt + Ns divvy + div(NsV;) =0, (6a) 
b) equation of motion 
fee F 4 4 
ar = Sev iG + [voH]), —* + [UMN 
s=1 (6b) 


c) equation of conservation of energy for all the - 
particles 


DG/Dt + & div Vo + div g + Ijx009; / OXn 
—j(E + [vH]) =0, (6e) 


where we have introduced the following notation: 


dv, 


s=1 


It will be found convenient in later analyses to be certain that Eqs. (5a) and (5c) are identically satis- 
fied. The following system of equations may easily be shown to fulfill this requirement 


Dj, : Of es q Dvo of. of, Wo; 
Jae haere ip ae greta vi ani 2 Pint OR 
; af ee 
mC “Ov. oe tl (7) 
— (28 SNA) {5 yy SATS div (WW) + diva 
r=1 2 ‘ge 


+ Tyd09%/9xx — j(E + bs 


i) df, /aT = — Son fof 
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where instead of using the total interval energy © of the plasma, we have introduced the “effective” tem- 
perature of the plasma (the word “effective” will be omitted hereinafter), i.e., 

n 
C= s py is hee 


S= = 


Note that in expanding the mean quantities in terms of a small parameter, it may be assumed that the 
zero approximation completely determines NV, and 7. 

2. We shall now consider a stationary problem with axial symmetry, a mixture of two charged gases in a 
strong magnetic field. Let N,, —e, m, and f, be the density, charge, mass, and distribution function of the 
electrons, and N,, Ze, M, and f, be the corresponding properties of the ions. 

In this case the system of equations (1) has the form: 


vet otf (e+ nt) +e 
ts et Se [WH] ee ele etl ten aT) (8) 
wget to. get {F (E + — [voH] Vor get 

See an Gt Sie (WHI 2 = — (on (Forfa) + Jon (Fes bs (0) 


where the z-axis is taken along H.* 


In this case the gradients of the concentration and the electric field have no z-components, and if the 
system is sufficiently large in the z-direction, L, > 1, the distribution will be Maxwellian, and we shall 


assume that v,, = 0. 


Expanding the distribution function and the mean quantities (except N, and 7) as series in the parame- 
ter 1/@ and equating coefficients of equal power, we obtain equations which may be used for computing 


pacccaSlve approximations to the distribution function. 


We thus obtain the following equations for f{° 


and fo) 
, afio eZ Ohne 
of) of af 
Serre rece ree = ale A vot} )\ = — {Ji + Jie}, (11) 
(1) (0) 
Z fs of Z a) 
azlvH) “2 + o, oa ae L = [voll] 2 ile {Joo + Jor}. (12) 


All the equations which are used for computing suc- 
cessive approximations may be symbolically written 
as follows: 

[vos] Off” OV = Fs (v, x); ws = (eZ,/mgc) H. (13a) 


It is evident that the solution to this equation 


makes sense only when the result of the integra- 
tion does not depend on the contour of integration. 
In order for this to be true, it is sufficient that the 
following relation hold: 


curl {[uw,] Fs (u, x) / [t.@.)7} == 0, (13b) 


* Since the problem is solved locally, we replace the cylindrical coordinates with cartesian coordinates having the 


x-axis along the radius r and the axis x, = 


y along the @-direction. 
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The significance of condition (13b) becomes clearer 
when the solution to Eq. (13) is written in terms of 
new variables 

a 

0 


Condition (13b) becomes in these variables a perio- 
dicity condition, f(a) = f(a + 2a), for which it 
is necessary and sufficient that the following hold: 


1 
5” = —\ Fe (v, x) da. cot «= v;/¥y. (13¢) 
Ss 


27 


\ F,(v, x) da = 0. 


0) 


(13d) 


Condition (13d) together with the requirement that 
the temperature and density be wholly obtainable 


—_—_e——e— Sees 
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from the zero approximation, completely determine 
the solution to the equations for ee Computations 
yield the following results 


n= Nax“"8nexp (—Bho%), By = (m/2kT)"*, 


Bo = (M/2RT)'!: 


1 4 
Se =e i [A,no] vin: a hae [Aamo] vfs”, 
1on (14) 
ke VN, vr eE e (1) 
An N, =. a + or } ckT [Vo H] 
let fa 2\VI . 
( ee a 


Ny = H/H, ©. = eH/mc; w;,, = eZH/Me. (15) 


The relative velocities v, and heat currents q, for each type of particle are found to be 


EG pete al OG Vea a Le | 
nea I( Voor eres [Voto] Mo (16) 
(1) kT (a \ es 2 1 | 
-- : Vollgll pe ele 
= Mas oN ee F eet og  |Vollel Me (17) 
ye yl eZze NymZ (VN, tales -) 
cones kT Nah hs hE Ta NGM ING Pe. (18) 
Vo a Mo. 1+ Nym,/NoM ° 0 y 
ion 
(a) _ 9 Ny (AT)? [YT 9 a (19) 
pe > A + 7 Mik Ve, 
(1) (a) Gye SNeGTy ft. Tf Ne 5o = ~ 
Gio = Gi +925 = 2me., ia No UJ wey “3 5) kT (Nv, + N2V.). (20) 


In this approximation, the addition to the stress tensor I];, is zero. Since a complete solution of the 
problem requires knowledge of the addition to the stress tensor, it is necessary to obtain a higher approx- 
imation to the distribution function. Instead of solving the Boltzmann equation in higher approximations, 


it is more convenient to use it for finding a system of 


nae ; z c ; ; ~(2) 
solve these equations directly. Thus, obtaining in the second approximation the equations for 0{?), q 


equations for the mean quantities of interest, and 
(2) 
n 


and 1 and solving them (to the order m/M), we find 
rs N,RTy .y y / GRO VF al 4 ~ ive 
(2) telat Ny N i atlas (ye Nall a) (21) 
Wis 2S (eee ee xh» of a N U2, 
N,Zmo2 Nn, ZN, ) ym 
ns ua Ny Ns Ny ue ( =} 
oe me (—mz)inetaet+(z—2}: 2 
r N N, . a 
MRT) %Q (/7 3 5M, \T 1. ( nid aire 9 )} 2. N RTO 23 
i 7 mo” {3 eer) + V2 NgZ2) -T He Ny an NZ ss Des ae (23) 
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tah 2 ; 
(e) Nz (AT)?¥ oy (yz ua see peice haps eA iin V ae 
a ee ae Se i eens Z —-; - 5 
Dro * = mor? ( ( m ' 4No 2NoZ 2N2Z? ZiNe de 
N. No\ N 5 ~(2) ( 
i 2 1 ao 24) 
= 1,9 ( Ny =e zi) at + 9 Ny kT 04x, 
2 (N, fhe NE eE’ NG 
(2) Ng (RT) 2 ie 2 ( 2) 
a 2 Mo? Ne +12 ae = UES NoT kT Noe 
ion 
TIA? Ht Na aN Tera ee 
+0.9(-) —a (yt !2— ae) 
cd £ , , 2 
rd a Ne Na ge BEE ry ere ey a 
17 2MO Ns ip NG: kT Nz 
Bait 2 Jefe { iN 4 pee =) 26) 
+11 (G) — ap (ah + 38-7 — Gr} 
Iz, = — Ty, — Ilyy, (27) 
where 
= 9\92 ‘le 
> ell IV ,» aN 4V 2x ,, (Ze)? 3 (kT) ) 
= — ree LG y > p at HG! 1 1 % 
N dx’ N dx?’ Sf el 3m’! 2 (kT) le = (NV +N.) le 


The remaining components are zero in this approximation (note that the expression for II;, is obtained in 


the approximation Z < (M/m)2. As for Il,,, it only starts to differ from zero in the third approximation and 
is found to be 


1? — _ VrbeZo(kT)? 2 qy'h in SCT y ) 1N AT 4. AIT" 
a 15H re 2e%n' (Ny + Na) / | 2NaT 16T 


(28) 


Lait aby ee | eo, ito ail 
oer (CHT) © A Ng Na em ee ea) NG 


3. In this section we shall investigate the existence of transport phenomena in a mixture of electrons 
and ions, for a stationary case with arbitrary symmetry, when v/w ~ 1. The expansion parameters are in 
this case R/L and //L. Formally, this leads to the fact that the collision integral and the magnetic term 


v x H of/ov must be considered on equal footing in the Boltzmann equation. The zero approximation for fy 
is obtained from the system of equations 


af) Z af) 
gy in (A, AP) + Jaa (A, 2), = IH] 2 = Joe (FD, I) Hor (FO, FO). (29) 


e 
a Seal CAN 


It is easily seen that solution (14) satisfies the system (29). We also obtain the following system of 
equations for fo: 


af) z 
(Av) fi” — = vH] S— = — Dy Vin (A, fr’) + Jan (fi) fr”), 
n=1 
A-y) #0) 4. £2 oe : SI (0) (0) (0) 5(0)), San 
(A2V) fo +. al av = — 2) Wan (fos fn’) + Jon (fas Fr’); 


n=1 
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Considering the form of the free terms, it is natural to seek solutions of the form fo =hv eee and to 


seek h in the form of a series of Laguerre polynomials to the *%4 power, 


h, = >: pL (8207). 


From (30), the following system of algebraic equations* may be obtained for the coefficients p\"? 


> Sy Wiles (s r 5 = r r 

bee — FF is — MPO) BH ey FD (PO Hts + PH} =0, 
r=0 

(32) 


n 5 VT x 3), Ph ~ r r 
5,, be + MnP pay T ey Te (PLM + POH?) = 0, 


where R = N,/N,2’, 
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BY) MIN 2 tae 175 
ei a ee lame er 16 m 


Landshoff3, who obtained numerical values of the transport co- 
= 1, 2, 3; we are interested in the explicit form of the depend- 


solved by 


* The system of equations (32) was also ey, 


efficient for certain values of the ratio @/V 


ence of the transport coefficient upon Z, M, and w/v, as derived below. 
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It is easily seen that 
8 5 (eT)? N, 


Hap RT (0) (1) 
Vn = 7g Pa qn = 2M, (Pr Res ). 


The condition that the sum of the relative momenta be zero yields 


ay = Nip\”/Ns. 


We shall consider later the case when the concentration gradients are perpendicular to the magnetic field 
(transport phenomena in the H direction are the same as if there were no magnetic field); in addition we set 
N, ~ N,Z (quasineutral gas). Omitting a rather cumbersome computation, we obtain with sufficient accu- 
racy the following expressions for the quantities of interest (we omit the expression for II;, as being too 


cumbersome): 
~a) AT ([VN, , VN, Vr Ny 
ores MO a \(Fxt+ Ny a z a} (1 ia x) 
ET {NV Nog eaViNOne de : ~(1) 
“is me.) Be Noe ae ) ns| Ng oe 
~a)_ &T {/VN, , VN, VT VN, , VN2) VT 
vo Fes oe WJ + Fee — [(m (Sr + ZN) tT 
(SNe « Voke eZE 
+z (ont ery Vy no|\ (35) 
v viPN,m/N.M, (36) 
a) _ 5N, (AT)? (15/VNe , VN\/o VT Vr VN, , VNy\\ 
Got = “Imes a ae acne CS te a (% sp a (Tae ee )) |} (37) 
where 


= 


£5, 9.4 Z 29 [ w \2 v 7.34 3.417/Z 
a= 10.56 a i + Ge - oF (2 y , y= — (S)0 = ), 


es ZL 79 [® 5. 
Ro % a Pel). Se ore | eres 


2N2 (V2 (M/m)'? + 15/2Z) (w/v) 4 


Z ; 4 2 
51 (w/v), + xe (15N4/2ZN 2 -+ (2M/m)2z)2 
el T 95 ) 


Be ise kee 1 ‘ 1 
oa HE(S), + (609421 5)(4 Sper 4d 
(w/v)? No/ZN, 
4 
(a@jv)2, + (15Ny/2ZNq ++ (2M/m)y'!2z)2 


4.8 Ds 
Cj = Nie a 


4. We shall consider here transport phenomena in a mixture of electrons and ions located in a weak mag- 
netic field, and in order to be more general, we shall consider a non-stationary problem (the center of mass 
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has arbitrary velocity). In this case it is convenient to alter somewhat the system of equations (3) in such 
a way that the process of successive approximation does not apply to v,, and that the conditions of solu- 
bility (5) are automatically satisfied. In order to do this, it is sufficient to replace Dv,/Dt in Eq. (3) by 
the right-hand term of the equation of motion [see (6b)]. 


Omitting a rather laborious development, we pre- 
sent the final results for this case 


yw) See. (4.9R?°+13.35R+-3.4)(VNy/N+VT/T+eE /kT +(ejckT)[voH])+(5.14-9.9R)VT/T (38) 
MV} AOR teen 
QQ) Ny (RT)? (11.25R? + 43.3R + 13.5) {VNy/N,y + (e/kT)(E--c[voH])} 
tot Mm.) 4.9R?-+5.4R+1 


(11.25R? + 93.3R + 46.5)(VT/T) 
7 4.5R? + 5.4R +1 (39) 


The diffusion coefficient is 


D = (kT /myy) (4.5R? + 13.35R + 5.4)/(4.5R?+5.41R 41.01), R=N,/No2?. 


(40) 
The thermal diffusion coefficient is 
Dy = (AT Jv) (4.5R? + 23.3R + 8.5)/(4.5R? + 5.41R + 1.01). (41) 
The electrical conductivity is 
6, = De®N,/kT. (42) 
The viscosity is 
a) for (N,/N,)(M/m)2Z7? > 1 
Hy = (RT) hM"2/8x'he*Z4 In L; (43) 
b) for (N,/N,) (M/m)#Z? < 1 (for heavy elements) 
he = DV 2 (AT) EN ym’ b/8x'he4Z2Ny In L; L = 3 (AT) +/2e8x'* (Ny + No)". (44) 


Note that in the latter case the Boltzmann equation can be solved exactly without expansion in series of 
Laguerre polynomials, and yields the following expressions whose values are close to those obtained 
above: . 


ex > Gia iP Sle op 2 4 
D®* = 326T Bama, Dr = 5/yD% 3 a°% = 32V 2m RT) "Ny/158 "ZN ee ln L. ns 


Note, in conclusion, that in the case of strong temperature gradients, it is not enough to restrict oneself 
to the dependence of the stress tensor II;;, on the gradients of v,, and for heavy elements we find 


ou OU, h 


0i 


OX», Ox; 


2. De (te ee ) 
5; 1V Qo; : 
poe Vain + orn oe Tae, oY ee 


Up = (Ny + Na) kTB in — te ( 


5. a) Of special interest is the case when the plasma is located in a strong magnetic field deviating 


slightly from axial symmetry, i.e., when 
1 AH 


R 5 
cite ik oak 
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(AH is the variation in the magnetic field due to deviation from axial symmetry). In this case we obtain the 


following final results: 


dian = ED (et ret 2+ Z— a2) 


2M.) 


So [(0.8V div qu + 1-809 divmeetial 


M (v0) ion 
scenes : 6 div qs? + 0.64 div vo”) 
si [E+ Sie H]),n »| (0.4 iv ds +0, 1V Vo 
re lon c 
N, (&T)ve VT Vo(M yh WNa Ny | ABMs vas (47) 
Sar A 2 a) anon acm omit een 
el 2 
~ BE T(NN, Ns OD oy) a 
i ay (Getmt e+ 0, | 
v\ &T(VN, , VNo Lee. 4 (1 
—(2 oF We +N, + F =) — i) 
[(0.46 V div q@) + 0.64 V div vi), ny} ee 
ei NM (ov) ion ‘ Ae 
kT VN; " Vite ete le ve VAT boa a Vz 
“OS laren i, TOLER N,Zmo®, VN, * ZN 
VT / 1 1\, , _{(0.46 Vaiv q&)) + 0.64 Vdiv vi), nj 5 
77 & we a NM (wv), : 4 
where 
oe kT {(VNg Bae a) 5 Ne (kT)? pa 
* Mo. [( Ne +5 7 RT 9, ae 2 Mo. I No |> (50) 
ion 1on 


= 10/Ox + j0/Oy, Vion = 8x"*Nge4Z4InL/3 (RT)2M'h, 


b) To conclude this section, we shall consider the case of a plasma consisting of electrons and ions in 
the presence of an electromagnetic field which varies in space (both in magnitude and direction) and in 
time. We shall restrict ourselves to the case when the time variations of all the quantities that character- 
ize the plasma during the periods between collisions are smaller than the quantities themselves (i.e., 
of/ot < vf where v is the collision frequency. In this case (as in Sec. 4), it is convenient, in order to ob- 
tain the local distribution function, to transform the Boltzmann equation in such a way as to satisfy iden- 
tically the conditions of solubility (5), independently of the values of N, T, or v,. Here the space and time 
variation of these quantities need not be expanded in power series in a small parameter, but their values 
will be obtained by solving the complete system of generalized hydrodynamical equations. Omitting the 
computations, we present here the final results. In this case: 


vy = Wik ma [[Ain, }Mo] + a, | n | + a [Aino] 
= (1) <(1) 
eal eng] + %5 + + %,A ahi bP ee HCN 5 Vass (51) 


G 


Gio = en {8 [fAing] n [+8 IF n | n|+ Bs [Aino] + Ba a n| + BsAi + Be =I , (52) 
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where 
A= itp tap (E+ loll): a=14+2R°+7(<\ ve 
a 2 
+ (2) (28 + 2249.22), 


6 = 4.5R24+.5.4R +1: aH = {I +2R—3(S) | SA rior ; 


igen ATV 2R 25 @ \2 
a = 2 (B+ ? + 3 (3), + 282) — > (45R* + 13.35R + 5.4); 


m= (2) (2+ Var), 


= LP (2) + +(2) (+5 V2R+2R*)b; as =— (6.1 + 10R)/b; 


% = — (4.5R? + 13.4R+43.4)/o; By= —— se 


oe kee Past Loe SI eae eee 0.4 (7.5Z2-2 +V 2M/mNo/Ni) . 
ar a2 oe V2R Br v ie (V2R 2 )t af 8MZ?/25m + (w/v)%, ; 


B= —F(4.5R? + 173R $5.4) +2(F+2VIR+G(S), + 2K); 
By.= oie fa om (+), (24.84+8YV2R + oR»); 


a vy Jel 
2 ie Ny |/8Z2M w\2 \. 
a v rail 25 m aL 


\ 


@ 1 =~ ® 
og i3e4 +1.5VIR+2.5 ( : ) 
pp = — + (4.5R? 4 17.3R+5.4); By = — > (13.2 + 20R). 


6. Up to now we have found the quantities of interest in each concrete case as averaged out by a “local” 
distribution function. Space and time dependence enter only through the externally acting forces and the 
mean statistical characteristics, and are obtained by solving the generalized hydrodynamical equations 
(6a—c). The complete solution of the problem of plasma motion requires, in addition to the given initial 
(and boundary) conditions for j, II;,, 0 and q through 7, v9, N, also the Maxwell equations for the electro- 
magnetic field 


: 1 OH 4 0E LETC 
divE = 4 DieN; cwlE=—— 5, curl H— — > = = (j-+ DNses¥y). (53) 


As an example, we shall consider a plasma in a strong magnetic field (stationary case with axial symme- 


try). It follows, in this case, from the equation of continuity that 


Upr = Ur = jp = 0. (54) 
From (21)—(22), we have: 
1 dN, , 1 Nz eo = 
Ni aio) Ny ar te heye= 5.) Tap = (55) 


from which it follows that 
WN NING, (PL) (56) 
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where N,, 7, are the initial values of the density and the temperature. If, in particular, the gas is almost 
quasi-neutral, we have*: 
NG = Nesconset ae 


We obtain next a generalized equation for the conservation of momentum in a magnetic field from the 
equation for the radial component of the momentum 


H2/8x + (Ny + Np) kT + (ek (ZN, — N,) dr = const. (57) 
In this case the equation of conservation of energy, to a good approximation (including sources), takes the 
form 
4] a! tN, (RT) el ime LS V4 aT = 
i ae oar a) aS oe 


TLD ey 


where S is the heat source. 

Including the equations of the electromagnetic field and the equation of motion in the @-direction, we 
have 5 equations for the 5 quantities N,, NV,, E, T, and H, and accordingly the given boundary conditions 
completely determine the solution. 

In conclusion, the author wishes to express his profound gratitude to Academician J. E. Tamm and to 
Prof. V. L. Ginzburg for valuable advice and discussion of the results. 


1p, S. Fradkin, Otchet (Report) FIAN, 1950-1951. 3. Landshoff, Phys. Rev. 76, 904 (1949). 
Chapman and T. G. Cowling, The Mathematical Translated by M. A. Melkanoff 
Theory of Non-uniform Gases, Cambridge (1939). 238 


*If, in particular, the plasma consists primarily of electrons and ions of Z = 1 amongst a mixture of ions of various 
types, one may obtain the following law for the density distribution: Ney = Nz_, = const ae 


—((MZ(3Z+ 4)—Mi(3Z-+-2)]/4(M,+-M 7) 


Nz =const T » where Mz is the mass of an ion of charge Z. 
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Asymptotic expressions for the tensors of the thermal conductivity and Thomson coeffi- 
cients In a strong magnetic field have been found. No special assumptions on the disper- 
sion law or collision integral are made in the derivations. 


| i IS KNOWN that the magnetic field changes not 
only the resistivity of a metal but also the heat 
conduction, the Thomson and Peltier coefficients, 
etc.! Using the techniques developed earlier’, the 
dependence of the kinetic coefficients on a strong 
magnetic field can be determined. As in Ref. 2, we 
will not take into account quantization of the elec- 
tron motion in the magnetic field. The limits of the 
applicability of such a classical analysis are indi- 
cated in the reference cited. 

To find the kinetic coefficients, it is necessary 
to calculate the current density j, and the energy 


flow w; due to the electric field F;, and the temper- 
ature gradient OT /dx;. If the addition to the equilib- 


rium Fermi distribution function 

fo= (Co iy* [e =e (p)_ is the electron 
energy, p the quasi-momentum; ¢ = ¢(7) the chemi- 
cal potential of the electron gas, and €(0) = €, the 
limiting Fermi energy] is denoted by f,, then 


je = 2e(2nn)*\ vfs (aD): 


= a) 
w} = 2 (2nk) \ vif, (dp). 
The function f, satisfies the linearized kinetic 
equation which we write schematically 
oft Of, 
aes ( ah 
(2) 


Se hee ee}. 


Here, the first term on the left describes the change 
in the distribution function in a constant and homo- 
geneous magnetic field. In the notation of Ref. 2, 


(Of, / Ot)tiela = to Of; / OF. 


However, this form will not need suit us later. One 


need merely bear in mind that if ~ is a function of 
the energy only then (dy/dt)gie1q = 0. 
Now, let us put 


fr=— Flee +7 op(F) oem) 


Then 
ji = SREn + SiROT / Oxn; 


(4) 
w; = ORE + sinoT /O%n, 
where 
gi —e| o" Slo A, (2) de; 
0 
: tnd fesstya 
esi, = Te’\ € OT (=) ote Bin (e) de = 
0 
—e\ en Slo B (c) de, (5) 
0 
and 
2 Viv, 
An()= gap | eas. 
c (p)=e 6) 
2 U;Pp 
Bin (2) @nkp ds. 
c (p)=e 
The functions YW, and ~, are the solutions of the 
following equations 
OY, Oha\ oe? Ofo a, 
( AS ( sy le ),, ( Oc vn) Ss: 7) 


aa Ofo\ EOL \ exsOle 
ee (5) (+ ie lar on) = Up, 


which differ from each other only in the form of the 
component describing the change in the distribution 


function because of collisions. 
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If the collision operator is an energy 0-function, 
we see from (6) and (7) that 


Aix (c) = Bip (e). (8) 


This holds in two cases: a) at temperatures high in 
comparison with the Debye temperature, when the 
collision integral is f,/t, (t, is the relaxation time) 
and b) for very low temperatures (the criterion de- 
pends on the purity of the metal) when elastic colli- 
sions between electrons and impurities play a fun- 
damental part. 

To express the experimentally-measurable coeffi- 
cients (resistivity, heat conduction, Thomson coef- 


(n) (n) 
and Sip 


ficient) in terms of o; , let us write the law 
of conservation of Sickey for an electron gas. 
If Q denotes the internal energy of the electrons, 
then evidently 
(9Q / ot) + 


(Ow; / Ox;) = Ea ti. (9) 


We easily obtain from (4) and (9) 


e) OL 
og = (9) - tiie {ott Bats si + — 2 « 1G oft) g(0)— Oh ing 


KAGANOV, AND LIFSHITZ 


integral depends on the temperature; second, be- 
cause of the temperature dependence of the electron 
equilibrium distribution function f,. Since the elec- 
tron gas is always strongly degenerate CT ea) 
a calculation of the first non-vanishing terms of the 
expansion of these coefficients in powers of the 
small parameter T/C, is of interest. 

We will use the well known formula*: 


(13) 


[~(e) is an arbitrary function of the energy]. This 
expression can be considered as an expansion in 
powers of the temperature if it is recognized that 
the chemical potential of the electrons ¢ is con- 
stant. However, the number of electrons n is con- 
stant. Consequently, the ¢-function of the tempera- 
ture, which can be found from the normalization 
condition 


2 2nny"*{ jo () (dp) = 2 2x8)" Tole) @ de =n 


xn (n is the electron density), where 


ies) (a) (yO) 5 oT) 
ar ge. {lst — 92st Smk] Ox, ge 


Hence, it is seen that 


(0)—1 
SiR 


ean (10) 


is the resistivity tensor, whose asymptotic form in 
a strong magnetic field was studied in Ref. 2; 


TS gD g)—-1 5%) 


ipo pq Sgk} == *ik (11) 


is the tensor of the heat conduction coefficient*; 
and 

off 160 4 tS (oo) = wn 
is the Thomson coefficient tensor. 

Let us note that relations (10)—(12) are always 
valid and are not related to the presence or absence 
of a magnetic field (see for example Ref. 3): 

All the kinetic coefficients depend on the temper- 
ature for two reasons: First, because the collision 


(12) 


* As is known, the heat conduction of a metal is deter- 
mined not only by electrons but also by other “ quasi- 
particles” in the metal (phonons, spin waves, etc.). 
Hereinafter we shall understand x, ik to mean only the 
electron part of the heat conduction. 


peat) Be dS jv 
s(p)=s 


is the density of the levels in the energy interval de. 


Denoting C(T) — ¢, by A, we obtain, using (13) 


A = —(=°T?/6) 8" (Co) /2 (0). 4) 


We have from (13) and (14) 


Using the expressions obtained, we easily find 
(0) “7 wT? A! g’ (So) Wie vie 
Ci, = = {Ain (C5) ae =a | Ain 0) >= 2 A" (&0) |} 
AR = & 1A (60) So. 


“leaneregs 


v 


Seal. J meray 
age Co) Fe} 


3 —e{9.\ Bin (2d 


Oo: 


cra ee pes 
—"y [Bix (6) — 


Bin Go) Seyi} 8) 
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In obtaining the last formulas, we used the fact that 
Aix(e) and By, (e) are smooth functions of c. The 
latter follows from (6) and (7). It can be shown that 
this is not so because Eqs. (7) contain derivatives 
of the Fermi function. However, if the general form 
of the linearized collision integral is taken into ac- 
count [see for example (8.18) of Ref. 1], it is easy 
to show that W, and g, do not have singularities at 
e='e (as T + 0). 

Using formulas (15), the first non-vanishing terms 
of the expansion in powers of T/C, can be obtained 
for the quantities of interest to us: 


Op = C'AirGe)s tine == fet RAT Bin), 
ai Te R2T {247A i»! ABD 


3e 
— Bin — ABs) ee | (16) 
Co 
rans, 
aes Air ar \ Bix (¢) de 


The last term in the expression for ,, can be 
omitted, as arule, since electron scattering by im- 
purities, which is practically independent of the 
temperature, plays a fundamental part at low temper- 
atures (which are of greatest interest). 
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When condition (8) is satisfied, the expressions 

obtained are simplified considerably 
Sin = CAin (Oo), *in = 1/gn?k?T Ain (6), 
Min = (WRT [3e) (2A Ans — Aj Ann). 

As is seen, the Wiedemann-Franz law, independent 
of the magnitude and direction of the magnetic field 
(see Ref. 3), holds here for each of the components 
of the conductivity and heat conduction tensors. 

The asymptotic form of the conductivity tensor 
oj, li.e., Ajx(C,)] was analyzed in Ref. 2 in a 
strong magnetic field, where it was shown that this 
asymptotic form is independent of the kind of colli- 
sion integral and is determined only by the topology 
of the equal-energy surfaces. Since the equations 
for y, and WY, differ only in the kind of collision 
integral, evidently the asymptotic expression for 
the tensor B;,(¢,) differs from that for the tensor 
Aix(f,) only by those factors of the corresponding 
powers of the magnetic field which depend on the 
kind of collision integral (see Sec. 3 of Ref. 2). 
Hence, the asymptotic form of the heat conduction 
tensor x;;(H) is similar to that of the tensor o;,(H). 
If the z axis is directed along the magnetic field, 
then 


(17) 


f (epee, { mh \2 vi (1, =H; ) Og 
“#H? 3 3) H fal 
1 /mwk\2 _, 2 (ny — 1) yy Ay, 
ne~ | 2 (er geet 
a a 
= eet 


Here n, (or n,) is the number of electrons (or 


“holes”)”. The expansion of the matrices aj, in 
powers of 1/H starts with the zero term. If n, =n, 
then x, ~ 1/H?. 

Let us note that the Wiedemann-Franz law is al- 
ways satisfied [independently of condition (8)] for 
asymptotic values of the xx and 0, y components 
independent of the kind of collision integral for un- 
equal numbers of electrons and “holes.” A compari- 
son of the results of the present analysis concern- 
ing heat conduction with experiment is difficult. 
This is because of the scantiness of experimental 
data on simultaneous measurements of resistivity 
and heat conduction in strong magnetic fields and 

because the total heat conduction (which does not 
| equal the electron heat conduction) is always meas- 
ured. However, the latter difficulty is automatically 
avoided if the following quantity is measured 


[Xxy (H) — xxy (— H)]/ [oxy (A) — oxy (— AIT, 


which must be asymptotically equal to the Lorentz 
number ¥4(7k/e)? for n, #n,. Here, the phonon part 
of the heat conduction (which evidently is independ- 
ent of the magnetic field) drops out. 

As we saw, the asymptotic forms of the tensors 
%ik and oi, differ substantially in those cases when 
n, #n, and n, = n,. It is seen from (16) that the 
asymptotic form of the Thomson-coefficient tensor 
is also related to the topology of the equal-energy 
surfaces. Generally speaking, its components de- 
pend on the kind of the collision integral. However, 
ifn, #n,, then 


tnx S pyy 3S (7 / Be) TV’ (60) / V (6). 
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Here V(Z,) = V,(¢,) — Vil); Vil¢o). is the volume 
in momentum space occupied by the electrons; 
V,(€,) is the volume “occupied” by the “holes.” 
As is seen, px and py, depend in this case on 
the angles between the field and the crystallo- 
graphic axes and are determined exclusively by the 
energy spectrum. If the open surfaces are substan- 
tial”, then py, and py are functions of the angles. 


Mi st, [hence V(C,) = Vig.) — V4(¢,) = 0 and 
V'(¢,) £0]*, then the asymptotic form of the tensor 


* There is no foundation for the assumption 
V'(Co) = 0. For example, in the case of a quadratic iso- 
tropic dependence: 
V’ (C,) = 2m (3V, , / 4m) [(2m,)? + (2m,)'%], 


m(m) is the effective mass of the electrons (“holes”). 
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Ht; is as follows: the 1,2 increase linearly with the 
magnetic field (a, 3 =x, y), and the p;, approach 
saturation. Hence, a study of the asymptotic form 
of the Thomson coefficient tensor in a strong mag- 
netic field affords an additional possibility of in- 
vestigating the topology of the equal-energy sur- 


faces of the conduction electrons. 


As H. Wilson, The Theory of Metals, Cambridge, 1954. 
21 ifshitz, Azbel’, and Kaganov, J. Exptl. Theoret. 
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A is Landau and E. Lifshitz, Statistical Physics, 
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Physics Institute of the Ukrainian Academy of Sciences 
(Submitted to JETP editor July 16, 1956) 
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The ground-state energy is calculated by a variational method for the system defined by 
Hamiltonian (1), The trial wave-function i is given by Eq. (3). The results are applied to 
the special cases of F and F‘-centers. In the limits of weak and strong coupling, the cal- 
culated energy agrees with the exact results of second-order perturbation theory and of the 
adiabatic treatment respectively. The calculation can be regarded as an interpolation 
through the intermediate coupling region. It is valid when the effective size of the local- 
ized electron state is large, and when the conditions of the continuum model of F and F’ 


centers are fulfilled. 


W° CONSIDER systems described by a Hamilton- 
ian of the form 


(1) 


Hete r; is the radius-vector of the ith particle, m; 
is its mass, @, is the vibration frequency of the 
continuum corresponding to a wave-vector x and to 


branch number ¢ of the energy-surface, Int is the 
normal coordinate of the same vibration, are | 

the coupling-constant between this vibration At 
the ith particle, V(r,,...., ry) is the potential of 
the interaction of the particles with each other and 
with external fields, and 


ae sin (xr: at =) 


parcegl 
(2) 


QUANTUM STATES OF PARTICLES 


Thus the X,% are a complete system of functions 
normalized in a volume V, comprising a cube of 
side L. In Eq. (1), the first term is the kinetic en- 
ergy of the particles, the second is the energy of 
free vibration of the continuum, and the third is the 
interaction between particles and continuum. Such 
Hamiltonians occur in many physical situations. 
For example, the conduction electrons in a crystal 
have an interaction with the lattice vibrations which 
reduces to the form of Eq. (1) after the effective- 
mass approximation is made. The same is true of 
electrons localized around an impurity center, 
whose effect is included in the term V(r,,..., ry). 
The same type of Hamiltonian describes an exciton 
of large radius, in which the electron and hole move 
as two interacting quasi-particles. A similar Ham- 
iltonian arises in the problem of a particle interact- 
ing with a quantized field. 

The particular forms of wyz, c¢ and V(r,,...,rN) 
will be chosen later when particular applications 
are considered. Initially we develop a general ap- 
proximation method which applies to all values of 
these quantities. The energy levels will be calcu- 
lated by a direct variational method which is valid 
for any strength of coupling. The results obtained 
go over, in the limits of weak and strong coupling, 
into the well-known results of perturbation theory 
and of strong-coupling theory. In this paper we con- 
sider the case of particles localized in a potential 
well produced by an external field. There is no 
translational symmetry. A following paper will deal 
with the case of translational symmetry. 


I. CHOICE OF APPROXIMATE WAVE-FUNCTION 
AND DETERMINATION OF ITS 
VIBRATIONAL PART 


One of the authors ’* showed earlier that the 
strong-coupling limit represents the particle as fol- 
lowing adiabatically the comparatively slow oscil- 
lations of the continuum. The adiabatic approxima- 
tion® consists in assuming for the system a wave- 
function of the form 


WY = 0 (ti, Gut) P (Gut), 


hw 
= (Ag,) sail Jean iG si 


se [i HDS Vides Vi x ae Dri 


De 


with W varying much slower than ® as a function of 
7,4 We showed further 1,2 that in Ur ;, 


replace the coordinates q 


ie) one may 


ut by a self-consistent set 

of mean values, with an error which becomes smaller 
as the coupling becomes stronger. Consequently, as 
the coupling strength tends to infinity, the multipli- 

cative approximation 


Y= ty) UL ae 


becomes exact. This is explained by observing that 
the particle moves so fast in its potential well that 
the slowly moving continuum feels only the average 
field of the W-cloud of the particle. Thus the con- 
tinuum moves as if it were subjected to a given ex- 
ternal force. The field of the w-cloud produces a 
displacement in the equilibrium positions of the con- 


W(Rapecics 


tinuum coordinates q,,. The equilibrium values of 
these coordinates are functionals of Ww. If the cou- 
pling is weakened, the particle motion becomes 
slower and the continuum begins to feel the instan- 
taneous field of the particle. Then the equilibrium 
positions q,’, of the coordinates become functions 


i? Tit = Vt (r, ... RN). 
We thus approximate the wave-function of the sys- 


of the particle positions r, 


tem by the expression 


Bie x = x 


where r denotes the totality of particle coordinates 
r;. We number the normal vibrations by a single in- 
dex x instead of the pair of indices x,t. The dou- 
ble indices can be reintroduced in the final results. 
The approximation (3) is a generalization of the mul- 
tiplicative approximation mentioned earlier. We min- 


any Oa) 


imize the functional 


H =\¥"AWdrdq, dq = J] dq. 


with the supplementary condition that ¥ be normal- 
ized. To do this we transform from the variables 

‘ . 
Fines @y q,,- The Jacobian of 
the transformation is unity. The energy-operator in 
terms of the new variables is 


to the variables r;... 


o2 


0 
Vides V idx.) 09,04, 


Nan ee 


(4) 


a ; . 
alt DAH atte) +¥ 0. 
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Without loss of generality we may suppose that each of the functions W, ®, is normalized. We also sup- 


pose these functions to be real. Then, using the identity 


(ered) 
(0.57 dg, = 0 
04, 


and writing C= \e (r)' ~ (r) 2 dr, we find 


a 
H[¥]= > aa (ye Pdr + Dime 


i=1 


+30 \o,,( a ee Aq, + eee (5) 


ho x 


f+ Seal (ep) HY i ata) 


We minimize this functional with respect to ®,, for fixed w, and obtain the Euler equation 
—a, (POD, / 0/2) + g?20, + 24,8, D, = (2h, /ha,) D,,. 


Here A, is a Lagrange multiplier introduced by the minimization. The Kuler equation has the solution 


=p A 


Oe "To 4 2 
O=20, = Ane “Hy kale bees eae 


2 (6) 
a “Ge = Bx), 


where Hp, is a Chebyshev-Hermite polynomial and nx =0,.1, 2,.... Substitution of this result into Eq. 
(5) gives 


H[f] = Q [%...99] = tt 2 to, (n,, + 1/o +2 2 - (Vq2)2 (n,, + Ys) 


+ DS Upke, (q@ —q yt 2 [gx_, (= 4° Xo, (7) 


m=, Lh Wt ar Sr Duet) Pale (Oe (8) 


i=] x i 


In deriving Eq. (7) we suppose that qt) V~% and We shall next minimize the functional Q, varying 


pass to the limit V » «0. In this case we can write q,,(r) for fixed Wr). The resulting Euler equation 
n looks complicated and has not been solved in the 
w= lt >? 2m,o, (Vidz). general case. We solved it in the limits of weak and 


strong coupling and found that in both cases the 


The functional (8) differs only in notation from the solution can be written in the form 


functional J[W] appearing in the earlier papers, 
Se ean Meee aes gq. = a. — (r;) ) 

where the multiplicative approximation was used. * Cx —x (9 

See Eq. (29) of Ref. 2, or for F and F'' centers i 

Eqs. (23.11) and (26.10) of Ref. 1. 


with a suitable choice of the coefficients a. We 
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therefore use the approximation (9) for gy Ar) i in the 
general case, _and use the variational metiod to de- 


termine the ai . Substituting Eq. (9) into (7), we ob- 
tain 


QIv.. 
! ts 
+ Dam; 
ho, 
+ [> 


%, i, ty 


J=J(¥I4+ SS) hex (tx + 1/2) 


Ox [yiX—x(Ti) 12% + #0) 


(10) 


Get cha’ | 


xX. bp Hoste ie AT) Maer) |. 


2. THE GROUND STATE 


We obtain the energy of the ground state as the 
absolute minimum of the functional (10), in which 
we should set all n= 0 since this removes positive 
terms from the functional. The minimum is then 
found by a direct variational method. 

If we take w = const = V~%, which corresponds 
to the case V(r) = 0 in the limit of weak coupling 


(ee > 0), then 


x_, (ri) =9; 


3. 
lla) % 3g Cape 
Mh Hues ora a1) 

Ivey, 6a)? = => 14) = 0. 
When Eq. (11) is substituted into (10) and the result 
is minimized with respect to the as the ground- 
state energy becomes 


(12) 


Cy 
ra 8 i a (h?x?/2m ,) + he, 
This coincides with the energy calculated by 
second-order perturbation theory. The last term in 
Eq. (1) is treated as the perturbation. In particular, 
in the polaron problem which has N=1, 0, =© in- 
dependent of x, and 


—eY 4zhoc)|%|,c=1/n?—l/e, (13) 
the energy is given by 
Eyp = — tho, « = ech-"2 (m/2u)'"", 14) 


Here «¢ is the static dielectric constant of an ionic 
crystal, n is the refractive index, and m is the ef- 
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fective mass of a conduction electron in the crystal, 
assuming the ions to be fixed and motionless. Eq. 
(14) was obtained earlier by Fréhlich* using per- 
turbation theory, and by Gurari® and Lee, Low and 


Pines® 


using variational methods. 

From the other side, the approximation (3) also 
gives the correct ground-state energy in the strong- 
coupling limit, since even the less general multi- 
plicative approximation, as we mentioned earlier, 
gives the right result in that limit. Knowing that: 
the approximation (3) gives accurate results in both 
weak and strong coupling limits, we may hope that 
it also allows us to make a reasonable calculation 
in the intermediate coupling range. 

In problems where W(r) is symmetric in the parti- 
cle coordinates, for example for the ground-state of 
an F “center, and in various other cases, we may 
use for &(r) the approximation 


N 
vir T er) (15) 
i=1 
If we also assume wr (rj) = Wi (-r,), we find 
[Vix_, Fi) P=?/V, [x_, dl? 
(16) 
eal ss (tae V— cos «rj. 


When these values are substituted into Eq. (10) and 
the result is minimized with respect to the a we 
obtain 

i ——2 
cx (1 — cos xri) 


a (h2x2/2m ;) + ho, (1 — cos xr?) 


(17) 


ie, Se 
C, (cosh) 


Q=JIM—sy > 


xi 


(H2x2/2m,) + ho, (1 — cos xr) © 
(18) 


In the subsequent calculations we must specify 
the form of the functions ¥(r,). For many applica- 
tions the following choice gives a good approxima- 


tion: 
&; (ri) = (28;/z) “exp (—Bir?). (19) 
In this case 
cos xr; = exp (— x?/83;) 
and Eq. (18) gives (20) 


é \ cl’ (1 — exp (—x?/4B,))? 
OF ay > (K32/2m,) + ho, (1—exp(— 2/48 ,) 


974 


In the F-center problem there is only one electron 
(N = 1), V =~ze?/er, c,, is given by Eq. (13), and 
one may neglect the dispersion of longitudinal opti- 
cal vibrations of the ions by setting @, = @. Then, 
replacing sums by integrals according to the rule 


» jf (*) = (20)-*V | f (x) dx,dx,dxs, 


we obtain i 
a eae 

rice Tae (21) 

J¢)= pias i ae eet Oe 


The ground-state energy of the F-center is the mini- 
mum of Eq. (21) with respect to B. 

In the strong-coupling limit we shall see that B 
is large. Thus J/(8), which contains terms of order 
B and B2, is considerably larger than the second 
term in Eq. (21) which is of order 87%. Hence the 
extremum of Qf can be found approximately by mini- 
mizing the term J/(B8) alone. This minimization was 
carried out in our earlier paper’, with the result 


B = (mPet/9nnt) (c+ 2*2/s)*. (28) 
This value of 8 gives 
mes pry 2 
Ea Orh? (c te € , 
‘ oO 
_ Bete (etait) °F Ue iar 
Shen? \ bax? 4 one? (24) 
0 


bp = (2me*/9xh3a) (e+ 22 /8)2. 


In the denominator of the integrand in Eq. (24) we 

2 
neglect (1 — e~*) in comparison with the large term 
bx’. The final result is then 


et g’le\2 ge 
eles =| ~1,76h0/ (1 =e =). 
(25) 


We can go from the F-center to the polaron prob- 
lem by setting z = 0. Eq. (24) then gives for the 
ground-state energy of the polaron 
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9 ma —x?)2 
me*c? Ze" nGe yl—e dx 


Eup = — Grae aah bax? 1 — on™ 
0 


Bb, == 2c chro. (26) 
If here we neglect (1 ~ e~*™) compared with Onx. an 
the denominator of the integrand, we obtain 


Eyp = — (0.106a? + 1.76) ho. (27) 


This is the polaron ground-state energy in the 
strong-coupling limit. 

It is interesting to see that Eq. (26) also gives 
the correct result (14) for the energy in the weak- 
coupling limit when B is small. The reason for this 
is that as c > 0, B » 0 too and hence W > const. A 
constant W, as we saw earlier, gives the perturba- 
tion-theory result. Hence Eq. (26) gives a single 
analytic expression for the polaron ground-state en- 
ergy which is correct in both weak and strong cou- 
pling limits. It is reasonable to use it as an inter- 
polation formula for the energy in the intermediate 
coupling region. But Eq. (26) was obtained from 
Eq. (21) by substituting the value of B from Eq. 
(23). This value of 8 was found by minimizing Eq. 
(21) in the strong-coupling limit. If we minimize 
Eq. (21) in the intermediate coupling range, we 
shall find a value of 6 differing from Eq. (23), and 
this will give a more accurate result (a lower value 
for Ey,,) than Eq. (26). 

A shortcoming of the approximations (3) and (19) 
as applied to the polaron problem is their lack of 
translational invariance. Only in the case of weak 
coupling, when wW = const, is the correct transla- 
tional symmetry preserved by the approximations. 
This shortcoming will be removed in a following paper, 
in which problems with translational symmetry will 
be considered separately and the correct approxima- 
tions to use in such problems will be developed. 
We shall then find a lower value for the polaron 
ground-state energy. 

The above criticism does not apply to problems 
of localized electron states where V(r) contains a 
potential well binding the electron by means of ex- 
ternal forces, for example the problems of F and F' 
centers, for in these cases there is no translational 
symmetry. 

If we compare the formula (25) for the F-center 
ground-state energy with the corresponding result 
of the multiplicative approximation 8, we see that 
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the second term of Eq. (25) is new and is always 
negative. Thus our approximation (3) gives a lower 
ground-state energy. The lowering of the energy is 
particularly large for crystals with a high dielectric 
constant. 

In the case of an F'-center there are two elec- 
trons (V = 2) attached to a positively charged crys- 
tal defect. 


uid ze / 1 ae | i e2 
So NtAy lo ANty = Te |" 7 


and c, is given by Eq. (13). Then Eq. (20) gives 


7 8 — ich y= 4ce? VB : (1 ga aa 
Qr (3) af (8) = \ me ne , (28) 
Aes 3h 202 , 9425 re 
Jp (8) = hips (c aE =) B 
i ‘ i 
ees: (29) 


We minimize Q‘ with respect to 8 by going to the 
strong-coupling range and minimizing only the main 
term J-'(8), just as we did for the F-center. This 

gives 


3 = (mret/9xh4) (c’ + 2)?2/2)2, (30) 
me? 
Er a “On h?2 c ‘a 
los} 
4ce*m (c’ + 2°!22/e) i. (a2e-* j2ax 
= ee ; DX? +1—e a 


bp = 2met (c’ + 2°?z/2)?/9ah3w. (31) 


In the strong-coupling range we keep only the term 
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bj‘ x” in the denominator of the integrand, and ob- 
tain 


4 
Pees me (c 


3 9 re 

A = 3,02cho 
« 9 7 
3th é 


(32) 


This expression likewise differs from the result 
of the multiplicative approximation” only by the ap- 
pearance of the second term on the right. 

We have also studied the excited states of 
F-centers, for which the corrections to the results 
of the multiplicative approximation are significantly 
larger. These results were published elsewhere © 
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It is shown that for the case of nucleon-nucleon scattering there is no analog of the trans- 
formation of phases which, in the case of scattering of pions by nucleons, leaves the scatter- 
ing cross section invariant. In the case of nucleon-nucleon scattering, a transformation con- 
sisting of a rotation of the spins does not yield a new set of phases which are physically 


meaningful. 


INTRODUCTION 


N THE CASE of scattering of spin 4 particles by 
epleer particles, there are two sets of 

phases!~° which cannot be distinguished except by 
means of polarization experiments (or by investigat- 
ing the energy dependence of the scattering cross 
section at low energies). These sets of phases are 
obtained from one another by a simultaneous inter- 
change of the phases referring to a given value of 
the total angular momentum. If 5} denotes the phase 
of the scattered wave for given values of j and J, 
then the transformation is 


i = a 
Oj—t!, Gj +1}, 


(for all 7 simultaneously) (1) 
In a paper by the authors * it was shown that the 
existence of this transformation is a consequence 
of the obvious invariance of the cross section for 
scattering of an unpolarized beam with respect to 
rotation of the spin through an angle of +7 around 
the direction v of the wave vector of the scattered 
particles. The transformation (I) is easily general- 
ized to the case of rotation of the spin through an 
arbitrary angle y, and then takes the form: 

Et, 


,>i cos, E}_+, — sin Els, 


! ms a) 
Eji1,—> i Cos + Ej, — sin Ej), 

Ej here denotes the quantity exp (276%) ~— 1. The ex- 
iorence of this transformation is proven most simply 
by applying to the scattering amplitude the operator 

i exp(—isvy/2), which is proportional to the opera- 

tor for rotation of the spin through angle y about the 
direction v. The scattering cross section can be ex- 
pressed in the form:* 


ds/do = f*h,, 


where fy, denotes the scattering amplitude when the 
projection of the total angular momentum along the 
direction of the incident beam is %. It is obvious 
that the cross section is invariant under replacement 
of fy, by fy, = 7 exp (-iov y/2)fy. By using the stand- 
ard rules for quantum-mechanical addition of angu- 
lar momenta, the pe a is expressed in terms 


of the eigenfunctions Y; Y, (v) of the operators j’, 
P, s* and s,: 

ya ss 

"2 => 2 


(j a5 Hy ay: {Ely mf io ler af, (¥) 


a ze Nepahge (y)}. (IID) 
If we now use the relation® 
ovY i452, (v) = Y; ih (Y)5 
1 me ae 
pak =7-1={17) /2 for fe /2 
j—*/, for 1 =j+4)/s, 
the amplitude fy, can be put in the form 
f= SFB *{(icos SEL, 
J='l2 
— sind El, SY ee _(¥) (IV) 


rs 


ji, ile 


—sin5 E}s ey rg (v)b. 


3 


° +. i 
— (i cos + Ej4u, 


Comparing (III) and (IV), we see that the amplitude 
fy, can be obtained from fy by means of the transfor- 


mation (II), and consequently the cross section is in 
fact invariant under this transformation. The new 


* 
As a ee of the invariance of the interaction Hamiltonian with respect to rotations and reflections the 
’ 


fy, = Fy fo 


the scattering cross section for an unpolarized beam. 


relation /;" 


, holds. Because of this the amplitude f_ 


does not appear explicitly in the expression for 
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phases will be complex for all values of y except 
the values y = +77 considered by Minami. Therefore 
the transformation (II) with y 4 +7 cannot be con- 
sidered in the phase analysis of data on scattering 
of spin 4 particles by spinless particles. 

It is of interest to investigate the question of the 
existence of a similar type of invariance in the case 
of nucleon-nucleon scattering. We shall show that 
such a transformation does exist. However, this 
transformation does not satisfy the physical condi- 
tions of the problem. The symmetry of the system 
demands that the phases be independent of the mag- 
netic quantum number m. But the phases obtained 
from the transformation we are considering turn out 
to depend on | m|. Consequently, in contradiction 
to our earlier expectation*, there is no ambiguity of 
the phases of the type which occurs in a system 
with total spin %4. 

We shall limit ourselves to considering proton- 
proton scattering, since the more general case of 
neutron-proton scattering gives nothing essentially 
new. 


1, AMPLITUDES AND DIFFERENTIAL 
SCATTERING CROSS SECTION 


i In this section we give a brief presentation of 
the method for describing the collision of identical 
particles with spin %4, and express the amplitudes 
for proton-proton scattering in a form which is con- 
venient for investigating their behavior under spin 
rotations. . 

The wave function of two protons moving along 
the z axis before the collision can be written in the 
center of mass system (c.m.s.) in the form 


si1 —ikz 


een ~ (22 — (— ly eS Lem 
| Fey, (9) e* jr. (1.1) 


Here x, are spin functions (s =9 and s = lin 
singlet and triplet states, respectively; m is the 
projection of the total spin on the z axis), £ is 
the wave number, while v is a unit vector along the 
direction of motion of the scattered particles. 

The scalar product* < F,, Fee > determines the 


differential scattering cross section 7 ,_(v) for 


* By the scalar product of two linear combinations of 
spin functions 
a Dr be Ly mttsm and P— » ra: 2 9 hs ea? 
Ss’ mm Ss” mt 
we mean the quantity 
<a, & = a > ae Pe 
vat 


s 
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given initial spin s and spin projection m. The 
cross section for scattering of an unpolarized beam 
is gotten by averaging the cross section do,,,(v) 
over all possible initial spin states: 


do (¥)/deo = */,4(Fug(¥), Fos (9) 


< (1.2) 
1 > CF ym (y¥), Fas (¥)>}- 


m——1 


Using the standard methods for investigating the 
asymptotic behavior of wave functions (cf. for ex- 
ample, the paper of Blatt and Biedenharn®), one can 
easily obtain explicit expressions for the amplitudes 
FAV) in terms of the elements of the scattering 
matrix S and the functions tae The singlet scat- 
tering in a state with given j is described by means 
of the single matrix element Sj = exp (2iA)) , where 
A; denotes the corresponding phase. The descrip- 
tion of the triplet scattering is much more compli- 
cated. Here we have to distinguish two groups of 
states, with j =1 and j + 1=I1 respectively. In the 
first group (j = 1) are the states with odd j, while 
the second contains states with even 7. In the 
states of the first group, as in the singlet states, 
the orbital angular momentum is conserved, so that 
the scattering is again described by a single matrix 
element Tj = exp (2i5;). In states of the second 
group the orbital angular momentum is not conserved, 
and transitions are possible between states with 
1 =j+landl’=j-1(e.z, the states *P, and *F,). 
Consequently the scattering in states with a given j 
is described by a two-bytwo matrix. In the example 
of the states *P, and *F, its matrix elements are 
given by the transition probabilities *P, > *P,, 
2P, 3K, °F, +*P,, and?F, + 7K. This matrix is 
symmetric (the equality of the transition ampli- 
tudes for *P, + 7F, and ?F, + *P, is a consequence 
of the invariance of the interaction Hamiltonian un- 
der time reversal), and is unitary. We shall label 
the matrix elements of the scattering matrix in 
states with a given j according to the scheme: 


iXvij—1 j+!1 


{j=1 4 Ap eee; 
74-4; B; 


. ae oy 
The unitarity condition enables us to express® 
the three complex parameters A;, Bi and G in 
terms of three independent real parameters consist- 
ing of the two phases a and a and a mixing param- 


eter €; , by means of the relations: 
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A; = COSte Exp (2i2}) + sin? ¢; exp (2187), 
;) + cos? ¢; exp (248; er3) 
Gea), Sil 227 (CX? (234) — exp (2i3;)). 


B, = = sin®s; exp (219 


Fii(vy= 


= 


= Bag fag SE HOC ae ie 
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The mixing parameter is associated with the tensor 
forces and vanishes if they are absent. 
The scattering amplitudes are given by: 


Yi.j0 (v), 


(27 +1)" T)Yiia 0) 


‘4 ae “By (J + 1) "G i) Yeas), 


Fio(¥y) = 


Fai (y 


= Diy BP GN) "OUPY en (9) oe 


a=") rs 1)? BPO NY pay) 


(1.4) 


[) Cn aye 


+ (2j 41 ET YT) + PPB: + G4 1) PCH Vita 9}. 


S;,17;, Aj and B; denote the quantities S;- 1, 
T;' - il. A; = | and B; 
singlet scattering amplitude is taken only over 

even j in accordance with the Pauli principle. In 


— 1. The summation in the 


the triplet scattering amplitude, the summation is 
taken over odd j for states with j= lJ and over even 
j for states with j + 1=l. 


2, BEHAVIOR OF SCATTERING AMPLITUDES 
UNDER SPIN ROTATIONS 


We now proceed to investigate the transformation 
of the scattering amplitudes F’,,,(v) under rotations 
of the total spin and the spins of the individual pro- 
tons, and find substitutions on the elements of the 
scattering matrix which lead to the same transfor- 
mations of the amplitudes. 

We start by studying rotations of the total spin 
s = (0; + o;)/2, where the oj are the Pauli spin 
operators for the two protons. The operator for rota- 
tion of the spin s through angle y around the axis 
v is given by the direct product of the operators for 
rotation of the proton spins through the same angle: 

R (¥, ¥) = exp (—isyy) = cos? 3 


—isvsiny + sin? (1 —2(sy)2), 2.1) 


The effect of R(v, y) on singlet spin functions is 
the same as that of the unit operator, since the pro- 
jection of the total spin on any direction is zero in 
the singlet state. 

We note first of all that, in the case of identical 
particles (two protons), rotations of the total spin s 
through an arbitrary angle y cannot lead to physi- 
cally admissible substitutions on the elements of 
the scattering matrix, since the amplitudes 
bo = R(v, y) F sm which result from this transfor- 
mation do not satisfy the Pauli principle. On the 
one hand the rotation operator R(v, y) commutes 
with the square of the total spin s’, and conse* 
quently leaves the spin parity of the state unchanged. 
On the other hand, rotation through an arbitrary an- 
gle y changes a state with a definite orbital parity 
into a linear combination of states with different 
parities. The exception is the case of y=+7, 
when the rotation operator becomes 1 — 2(s-¥)?, 
which does not change the parity of the state. 

One can show that the amplitudes F{,,(v), corre- 
sponding to a total spin s rotated through the angle 
+ 7, have the form 


set) Foo (¥) = Foo (¥), 


Do aca Mi + 1)*4;+7*(2/+3) C 


j 


MIN AMI TRANSFORMATION FOR NUCLEON-NUCLEON SCATTERING 
ert) QBN een) Ore yr yas (8) 


GAAS Qp— 1) Cy — PBA Vass (»)} 
R(¥, +) Fio(¥) = i 


Vaal 


Fis (v) = ih 


— j2(j + 1) Bj) Vigain yy 


Fess (WH RY, + 


ine ae | +4 
+(j+1)'B BAY 3 i2a(n)h, 


A ¢ how 4 
A ear 3-9 


ey By ety) (tT = 
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PrAyt (i+ 1)"(Qi—1)C; 
J 
1 Pls (2j 
[(j + 1)" 2}4; — 7+ (Qj +3) C; 
(2.2) 


[(j+1) "Aj +7 *(2j+3)C; 


4] < - 
ee Mt 1) A 


+ (f+ 1)" (Qj = 1) Cj —7*BAY Tha 


This transformation of the amplitudes is equivalent to their transformation by the following substitutions 


on the triplet elements of the scattering matrix: 


> — 


<1 


== () 


| 
ss 
| 
| 
‘i on 
| 
( 
| 
| 


| 


The cross section do(v) remains invariant when 
we replace F,,, (v) by Fgmlv) = RWv, +t m)F sm(v) 
because of the unitarity of the operator R(v, +7). 
This means that do(v) is also invariant with re- 
spect to the substitutions (2.3). However, substitu- 
tion (2.3a), which gives the desired transformation 
of the amplitudes F) + ,(v) differs from (2.3b), 
which gives the transformation of Fy, o(v). The sub- 
stitutions do not depend on the sign of the projec- 
tion m of the total angular momentum, but they do 
depend on its absolute value. The difference be- 
tween the substitutions (2.3a) and (2.3b) is seen 
most simply in the case where tensor forces are ab- 
sent (C; = 0; this does not result in disappearance 


—(j+1)" 
> lj + 1) 25; — (2 +3) Cy + G1)" By, 


(j+ 1)"A;+j'C;— 
(Ui + 1)" 4j47' 
P'By + (J+ 1)"Cp> 


*(2j +3) C; + (j + 1) "2jB,], 


; * (2.3a) 
sa 2 G+ AV + G+ I 1) C;— PHBA, : 
LW rico! Ls 
fiAy— U4 1) 
Say sa litAi + G+ 1)" Qi — 1) Cj; — 727 + 1) By, 


of polarization effects, since a nuclear spin-orbit 
interaction between nucleons may still be present). 
In this case the substitutions (2.3) become a deter- 
mined set of substitutions on a pair of parameters 
and take the form: 


m=+1: Ajo 


i] 
4 ; 

Peri DA, 
T;,—>—T;; 


Bo Bj], 
(2.4.a) 
[A,—2() + 1) Bj], 


(2.4b) 


4 
m = 0: eae al 


1 : 
Di eee [2jA; + 8], Tj—>—Tj. 
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The difference between (2.4a) and (2.4b) is obvious. 


The reason for this difference is the difference in 
the weights with which the angular wave functions 
ym, with different values of |m| enter into the ex- 


pansion of the initial plane waves [the first term in 
(1.1)]. The distinction between the substitutions 
(2.3a) and(2.3b) in the general case follows directly 
from the incompatibility of the system of four 
equations for the three elements of the new scatter- 
ing matrix S’, which do not depend on the value of 
the projection. These equations are obtained from 
(2.3a) and (2.3b) by replacing the > by an equality 
sign and replacing A;, B; and C; on the left sides 
of the equations by the elements S’~ 1. 

The difference in the substitutions corresponding 
to different values of | m| means that the elements 
of the scattering matrix become dependent on | m| 
after we carry out the indicated substitution. This 
fact is not compatible with the symmetry of the sys- 
tem and consequently we cannot, by means of rota- 
tions of the total spin, construct a physically ad- 
missible set of scattering matrix elements from the 
set obtained by analysis of data on the scattering 
of unpolarized protons. 

We can attack the problem of investigating the 
transformation of the scattering amplitudes under 
rotations of the spin of one of the protons by a 
similar method. These transformations, like the 
amplitude: transformations for rotations of the total 
spin, do not give physically admissible substitu- 
tions on the elements of the scattering matrix. In 
the first place, the amplitude resulting from the 
transformation by a rotation of one of the spins cor- 
responds to a scattering matrix with non-zero ele- 
ments for singlet-triplet transitions (the operator 
g;-v does not commute with the square of the total 
spin s*), and consequently does not satisfy the 
Pauli principle. Secondly, the substitutions lead- 
ing to the required amplitude transformation depend 


on | m|, as in the case of rotations of the total spin. 


R.M. RYDNIN AND IA. A. SMORODINSKII 


However, in the special case when only *S, and a 
states (with zero projection of the total angular mo- 
mentum) contribute to the scattering, we find the 
well-known invariance of the cross section with re- 
spect to interchange of the phases S(S,) and S(P,), 
which occurs for a rotation of the spin of one of the 
protons through tz. 

Finally, we note that a treatment of the collision 
of non-identical particles, for which the limitations 
imposed by the Pauli principle are absent, gives 
nothing new beyond what was found for proton-proton 
scattering. Moreover, the results of the investiga- 
tion of the behavior of the scattering amplitudes 
under rotation of the total spin of the two-nucleon 
system can be taken over directly to the case of 
scattering of deuterons by spin zero particles. 

The only system (for the case of non-relativistic 
particles), for which the spin rotation leads to an 
ambiguity of phases in the analysis of data on scat- 
tering of unpolarized particles is the system with 
total spin 4, since in this case there is only value 
of | m|. 
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It is shown that the taking into account of magnetic interaction, within the framework of 
perturbation theory for an ideal electron gas, does not lead to anomalous diamagnetism. 


[ THE PRESENT WORK the diamagnetism of 

electrons in a metal is studied with the magnetic 
interaction of the electrons taken into account. 
Some considerations regarding the importance of 
magnetic interaction of electrons for superconduc- 
tivity were presented by Welker \ However, in view 
of the complete absence there of quantitative cal- 
culations, the question remained open. 

It is possible to point out more convincing argu- 
ments than those in Ref. 1 in favor of the possible 
importance of magnetic interaction for anomalous 
diamagnetism. It is not difficult to see that the en- 
ergy of a system in a magnetic field, for arbitrary 
specification of the vector potential A, must have 
the following form: 


E = D\(Aq A—q) — 7? (q, Aq) (4, A-g)] 2 (9°) 
q 


acd (1) 
Ay= a — HaNIKA (1) dr. 


Relation (1) follows from the equation of continuity; 
one can easily check this by using the expression 
for the current density j, = — c OH/6A. In the case 
of a slowly changing field, pcan be expanded in a 


series, 
o(P=gn+n9?+..- 


Anomalous diamagnetism is possible only when 
the term of zero order, ¢, differs from zero. In fact, 
in this case we get for the current London’s equa- 
tion 


jq ~ —C% (Ag — 7 7 (q; Aq) Q), 


i.e., curl j = — CoH. 


Thus in order that London’s equation may be ob- 
tained (for div A 4 0), there must be a pole of type 
g? in the expression for E or jg. Schafroth has 
shown that interaction of electrons with the lattice 


vibrations, within the framework of perturbation 
theory, gives no poles of this type *. But Coulomb 
interaction of the electrons, at first glance, might 
give such a pole. In fact, the correction to the en- 
ergy in the third approximation of perturbation theory 
(the second with respect to the interaction of elec- 
trons with a magnetic field, is 


— (e/2mc) De [p:A; + Ajpi] 


t 


and the first with respect to the Coulomb interaction 
is 4 % e?/r,;) has the form (the factor g? is charac- 
teristic of an interaction of the type 1/r): 
eS iy (Pi + 4/2, Ag) (P2—q/2, A_g) 4nhi2e? 
mc) (Ey — £1) (Eo — Es) gV 


Pi, P22 


q = P\—Pi1=P2—P)- (2) 


However, as was shown by Schafroth, Coulomb in- 
teraction in perturbation theory does not lead to 
anomalous diamagnetism, because the summation 
over p, and p,, which enters to the first power in the 
numerator, gives zero. In the case of magnetic 
interaction, there is an additional factor 
(pp. — %2Pi4q + “2P2q) in the numerator, thanks 
to which expression (2) will not reduce to zero. But 
in this case the Hamiltonian contains other terms 
that are likewise capable of giving an energy cor- 
rection quadratic in A. It will be shown below that 
magnetic interaction of the electrons similarly does 
not lead to anomalous diamagnetism, within the 
framework of perturbation theory. 

In the nonrelativistic approximation, the Hamil- 
tonian contains a rather large number of terms that 
depend on A; it therefore proves more convenient to 
use the relativistic Hamiltonian for electrons inter- 
acting with a quantized electromagnetic field. In 
this formulation the interaction of the electrons, 
either Coulomb or magnetic, is not introduced ex- 
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plicitly but is a consequence of the exchange of the electron paths. The contributions to the energy 
virtual photons (longitudinal and transverse). Then from two diagrams that differ only in the directions 
the first nonvanishing energy correction quadratic of the electron paths are exactly equal; it is there- 
in A is obtained in the fourth approximation of per- _ fore possible to consider only the four diagrams 
turbation theory, viz., in the second with respect to shown in the figure, by doubling the energy correc- 
the external potential and in the second with respect tion that corresponds to these diagrams. 
to the radiation field. To this correction correspond We write the matrix elements for the first and 
eight diagrams: the four shown in the figure and four second diagrams (the notation is the same as in 
obtained from them by reversal of the directions of Ref. 4): 
Sy = ie Vi (02) 7 LEEDS & (9) ule) Ae (ps) wD, (@) u (pa) 03 
1 = Qn 2719 (pe +g)? + me at UY G9 me pane 


ee =) 
a Ge, he are rae 


(pi: — Qe spohte= 


EB i (Do — g)—m a 
Se = Gar \# (Ps) a(—9) DBP yt (2) -3 


It is evident that in the case of the third and fourth diagrams, the factor q~ is replaced by (p, — —pit+q)-. 
Because of the absence of a pole of type q”, these diagrams cannot give anomalous diamagnetism; we 
shall therefore not consider them. 


We calculate S, and S; according to the general rules: 


mcs 4/m? 
St = Gas \3 Fina + Cay Hy L? (P14 (9) Pr» — (P14 (9) 4 


— (92 (q)) Pry + (P19) @ (9)) [2 (P2@ (—4)) Pov + (Poa (—@)) qu + 
++ (qa (—q)) Pov —- (Pog) ay (—9)] 24q; (3) 


ie* 4) m2 
Se (27)4 We (—2 (p19) + a?) (—2(p2q) + q?) [2 (P14 (9)) Pav — 


— (P14 (9)) G — (9a (9)) Pry + (19) @ (9)] [2 (P24 (—4)) Pov — (P24 (—Q)) qu 
— (qa (—Q)) Pov + (P29) ay (—q)] d4q. (4) 


Henceforth we shall suppose that a, = 0 and that A is independent of time. Then 
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a (q) = \A (r) e—ilax) d4x — Ag \ e'%sXe dX. 


Since all the terms in (3) and (4) contain a(q) a(—q), 
it is appropriate to replace a,,(q) a,(—q) everywhere 
by the product 

A, (q) Ay (—q) 2x6 (qa) At 
(Atisa normalizing interval). As is well known, 


the energy correction Ac is connected with the 
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Thus for Ae, and Ae, we get the same expres- 
sions (3) and (4), except that the integration must 
be carried out only over the three-dimensional vol- 
ume dq, not over d*q, and the four-dimensional vec- 
tors q and a(q) in all the terms must be replaced by 
the three-dimensional vectors q and Ay: 

Upon adding S, and S, and taking account of the 
fact that (p,p,) = pyp, — ©,€,, we get (p, has been 
replaced by —p, in S,): 


1 


matrix element by the relation S = — iAt Ae. 
[ —2¢e4 
As = at: So) = 
Ai (51 + 52) (27)? m? )q? (— pig + 97/2 


— 2 (pia) (p2a_) (Piq) — 2 (pya) ( 
— 2(p1a) (P2a_) (P2q) + 2 (p.q) (p2a_) (p2a) — 2 (qa) (p2a_) (pips) 


)(— poq + 92/2) [4 (pia) (P2a_) (PrPe) 
qa_) (PiP2) +- 2 (p,a) (Peq) (pra_) 


+ (Pia) (P2a_) gq? + (qa) (qa_) (PiP2) — (qa) (poq) (pia_) 


— (Pq) (qa_) (p2a) 


here a = Ag, a. = Aig. 

To get the correction AF to the energy of the 
whole system, Ae must be summed over p, and p,. 
We integrate first over angles in p,- and p,-space, 


i.e., we find 
et \ Az sin 9, d, sin 9, d%, de, d25 
= | AedQ, dQ». 


We point the z axis for p, and p, along q. The in- 
tegration of all the twelve terms that enter in (5) 
reduces to the calculation of the following three 


integrals, which are to be understood as principal 
values: 
1 
sin 3 dd 1 dy. 
a FN D) 
—pqcos8+@/2 pq Jutrq/ep 
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es fase! 


a= al ; 
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dee ( cos #sin ddd ee ee 
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sc eePiads ued ie ts) 
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iat, cos? } sin ¢ dd ry AV 
re —pqcos®+q?/2°  ~— op? 
GON Pe ey ‘ Ges : 
Se 


here p? = p’. 
To clarify the problem of anomalous diamagnet- 
ism, it is sufficient to consider merely the term of 
zero order, ¢, in the expression (1). In this case 
only terms quadratic in q need to be retained in the 
expansions of J,, J,, and J,. 
We calculate the first term Ae’, in the expression 


As’: 


[cos $; cos 8 + sin 9; sin 8 cos (9; — ®)] 


d : 
Aci = 46( 4 (Rape 


cos 9; + g? / 2) (— pag cos 9 + g?/2) ~* 


x [cos 9, cos & + sin 9 sin 9, cos (9, — %»)] sin 9, dd, de, dQ, = 


dq 


[cos? Sycos 8 cos S92 + 1/2 sin? 4, sin 8 sin 9, cos (~2 — M)] 


= 4b (2x) p?ap, (P,, a_) \ 
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x sin 2) dy, aQ, = 8xbp2aa_ \ 


OF: 
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b = — 2e4/(2z)?m?; a= {a,6,O}; a_={a_, era Dae. 
In the same way we calculate the remaining terms: 
A years Gag (argy ek (Vt ee eee 
4b7* 2 \ 4 4p? 4p? 3 
! ’ dq{/ g (aq) (a_a) ( q \| qe, 
Ae = —4) (1 fal) ee nie 
sone A q? {( 3,8) ) q? ai 4p? 
1 / 
Ne = Ae: As’ = —4\4 | (aa_) — 
2” Abr? 6 in ae 
UUSCE CD Sac Fame ); Nel = Ac’: 
? ap )|\" apg} 2% 
Ae NS, a — Ae Ae ae a De, 
1 dq q? q? 
Nee 4\ (a_a) (1 : 
2 2 — ¢ 
4br 12 q 4p Ap? 
Adding, we find Po is the maximum momentum. 
The mean kinetic energy of the electrons is 
12 
T Ay = po 
, \' , Av Po ? 
Ac’ = )} Ac’ = 0. 


Thus the magnetic interaction (likewise the 
Coulomb interaction, since we have also taken ac- 
count of exchange via longitudinal photons) gives 
no anomalous diamagnetism. The neglected terms of 
higher order in q’ give a correction to the ordinary 
diamagnetism. There is no point in considering 
higher approximations of perturbation theory in the 
case of magnetic interaction, i.e., the sixth (of 
fourth order in the radiation field), etc., since the 
fourth approximation, already considered, would 
give for the London constant in the case of anoma- 
lous diamagnetism an extra factor of order 1/137, 
the sixth would give one of order (1/137)? and so on. 

We point out that the application of perturbation 
theory to magnetic interaction is apparently justi- 
fied. In fact, the mean interaction energy of a single 
pair of electron is 


U, = (e/me)® p> |r, = (e/ me)? p/h; 


Az = As 4+ As@. AY = 


ae 


(2) 
Ac) 


2mc?V \ 
(P+q /2,A,) (p+q/2, A_g) 


Ug, / Ty, = (€? / WC) Py / me = po/ 137me< 1. 


In conclusion, I express my gratitude to I. M. 
Polievktov-Nikoladze for an interesting discussion. 


APPENDIX 


In the appendix we present a simple proof of the 
absence of anomalous diamagnetism in the case of 
a system of free electrons within the framework of 
perturbation theory ra 

The Hamiltonian of a single free electron in a 
magnetic field has the form 


PSH tye 


2 


Im a 


a 


2 


2 
H’ = — 5" [Ap + pA] + 5—5 A’. 


The correction to the energy of the electron, quad- 
ratic in A, in the second approximation of perturba- 
tion theory, is evidently equal to 


7AeW «Mite 
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In the summation over all electrons, i.e., over p, 
we first carry out the integration over angles in 
p-space. In this step the calculation of 
Ae’ = f AedQ reduces again to the calculation of 
the integrals J,, /,, and J,, in which we limit our- 
selves to terms quadratic in g. According to (6), 


Aci” = — (e? / me*) 2x D\[(Aq A—) 


— 2q7* (Aqq) (A-aq)}; 


As?” —— wee ———— (e7 / mc?) Qn > (Aqq) (A_qq) / fa 


q 


and Ae {2 , it is easily seen, has the form 
~ = (qA ,) (qA_ ale i.e., in general gives no anoma- 
lous diamagnetism. 

Thus the sum becomes 


4 , 
Sac Abe gee >i (Agdaa); 
q 


Pp i=1 p 


i.e., it is equal to the sum SAc?) 


versed. Consequently, anomalous diamagnetism is 
absent. This proof relates to an arbitrary system 
of free electrons with an isotropic distribution in 
p-space and with momenta p different from zero, 
i.e., to a Fermi gas and to a Bose gas not in a 


with the sign re- 


state of condensation. In the case of a charged 
Bose gas in a state of condensation, this result re- 
tains its validity for electrons with momenta p + 0. 
For electrons with p = 0 (let their number be N,), 
the energy in a magnetic field may be found directly 
from formula (A.1) by setting p = 0. Then 


Vi ce2 
AE = sr {D) AgA—a— Di (Ad) (Aaa) /9°)- 
: : (A.2) 
We see that (A.2) agrees with expression (1) for 
Pp = N,e?/2mce’; that is, a Bose gas in a state of 


condensation possesses anomalous diamagnetism? 
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A theory of paramagnetic resonances in metals is constructed, based on the simultaneous 
solution of Maxwell’s equations and the kinetic equation for the density operator. The re- 
sultant nuclear polarization is determined. It is shown that this polarization varies very 
slowly with depth, decreasing exponentially up to depths of 10°* to 1 em, which is the mean 
distance traversed by an electron between collisions involving spin reversal. It is found 
that paramagnetic resonance brings about selective transparency of metallic films. 


1, STATEMENT OF THE PROBLEM. 
A COMPLETE SET OF EQUATIONS 


SIS WELL KNOWN’, paramagnetic resonance of 
of the conduction electrons takes place in me- 
tals placed in a constant magnetic field H, and a 
variable electromagnetic field of frequency 
@ = Q, = 2u/,/h (uw is the magnetic moment of the 
electron). 

As Overhauser has shown’, this resonance is ac- 
companied by polarization of the nuclei of the me- 
tal; in this case such polarization takes place as if 
the nuclei possessed an effective magnetic moment 
Hetf, equal to 

Mote = May t BOT  / (1 + 47 ge) (1) 
(ny true magnetic moment of the nucleus; 7's¢ is the 
time of free flight of the electrons between collisions 
involving spinreversal; a=(4,7H?/h?)T 5; is the prob- 
ability of spin reversal of an electron per unit time 
in a variable magnetic field 2H, cos wt). However, 
it is easily seen that Eq. (1) is applicable only for 
very thin metallic samples, the thickness d of which 
is of the same order as, or small in comparison with, 
the thickness of the skin layer: 10% to 10°° cm. In 
fact, the resonance probability of spin reversal per 
unit time can be introduced only when the electron 
is found in an almost homogenous field for a time 
interval significantly exceeding the period of the 
field. In the case of a large sample (d > 6), this 
condition is satisfied for 5/v > 27/w, which corre- 
sponds to the frequencies 


*A preliminary note on this research has already been 


published ’*°, 


@ S> (Qau /c) V 2z0/ ty ~ 10% sec* 


and in a magnetic field H, = %w/2p > 10° Oe, which 
is practically unobtainable at the present time. 
Therefore, the polarization of nuclei by the 
Overhauser method takes place only in small par- 
ticles of micron diameter, in which the electrons 
always-move in a practically homogenous field®. 

At the same time, it can be shown that the 
Overhauser method permits polarization of the nu- 
clei in layers whose thickness is tens and hundreds 
of times greater than that of the skin layer. In ac- 
cord with Ref. 2, the degree of polarization P of the 
nuclei is determined only by the relative depolariza- 
tion of the electrons along the direction x of the 
constant magnetic field: 


P =+{(1 +3) coth( I -- 5); 
= yHp i ee) 


r Ww SSS 5 
2 i xo 


we coth + DW, fs 
where M is the spin magnetic moment of the elec- 
trons, / = nuclear spin. Polarization of the electron 
at a given point is determined by all the values of 
the magnetic field 7, which it experiences along 
the path (up to the given point) from the previous 
collision involving spin reversal. Therefore, the 
magnetic moment at the given point is connected 
with the values of the magnetic field at all points 
within distances of the order of 5,4, passed by the 
electron between two successive collisions with 
spin reversal. Since the time 7, between such col- 
lisions is much greater than the usual times of free 
flight ¢, of the electron, the diffusion length is 
Sere = V Vtol ¢4/3 wl? Silene velocity of the 
electron). Consequently, beginning with the low 
frequencies w ¥ c?/2 700845, when Ogres > 8 (for 
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Uetave IOS sec and T ¢5 ae, 10 sec, @ Sey sec‘), a 
peculiar “anomalous skin effect” for the magnetic 
moment takes place; the coupling between the mag- 
netic moment M and the variable magnetic field H, 
is an integral, in which the integration is carried 
out over aregion with radius of the order Se4;. This 
leads to a slow change in the magnetic moment with 
depth; the “depth of skin layer” for the magnetic 
moment is equal to de¢¢. 

There then follow two important physical conse- 
quences: 

1) Polarization of nuclei in the metal can take 
place in layers of thickness of the order Ses, ~ 10? 
to lem. This gives the possibility of obtaining 
rather thick polarized nuclear targets*. 

2) The slow attenuation of the magnetic moment 
leads, in accord with Maxwell’s equations, to the 
presence in E and HI, of small, but slowly vanishing 


parts. In the case of a film of thickness d > 6, just 


this part will determine the transmission coefficient 
for electromagnetic waves through the film in the 
vicinity of resonance. Consequently, for paramag- 
netic resonance, not only resonance absorption ap- 
pears, but also resonance transmission of the film, 
in which the transmission coefficient can increase 
by many orders of magnitude. Thus, for low tem- 
peratures, the transmission coefficient of the wave 
through a film of about 0.1 mm thickness (at reso- 
nance) can have the order 10°’ to 10**, while away 
from resonance, it has the order of 10° to 10 °°. 
(We note that such a phenomenon occurs at all tem- 
peratures.) 

The present research was also devoted to the de- 
termination of the degree of polarization of nuclei 
in metals and the transmission coefficient of metal- 
lic films with account of the spin diffusiont. 

This problem is solved by use of the Maxwell 


equations 


1 OB . 
curlE = —— 7); 
: (2) 
ear! H = a B=H,+4« 


c 


*As Rozentsveig and Fogel’ noted, nuclei of adsorbed 
hydrogen can be polarized in this manner. 


+We note that determination of the power absorbed in 
paramagnetic resonance in a metal in the case of a con- 
stant magnetic field, perpendicular to the surface of the 
metal, and a weak electromagnetic field (when saturation 


é 4 
of resonance is absent), was carried out by Dyson” on the 


basis @f a study of the diffusion of electrons. The polar- 
ization of nuclei and selective transparency of a film was 
not considered at all by Dyson. 
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and the Boltzmann equation for the density operator 
of the electrons*: 


aj af of cm 
apo ae 5p {ck ae (vB}| 
Wee epee (3) 
+5 A+ (Soo 


H = poB; B=B,+B,(r, t); v=Vpe(p). 


Here e, p and v are the energy, quasi-momentum and 
velocity of the electrons; 6 is the spin operator: 


nen oe 3 (0 ; nee °) 
10775 ee eames 0) tiie 0O—1/’ 
the z-axis is chosen along the direction H,; 

(df/0t) oo) is the collision integral for the electrons. 
It remains to write down the boundary condition 
for f. Describing the reflection of the electrons from 

the surface € = 0 semi-phenomenologically®, and 
considering that the electron spin does not change 
in collisions with the surface, we have (for € = Ot): 


Aa 


Fe) =(1—gftat(—o), ve >0 = @) 


(the bar denotes averaging over the momenta). 

Solution of the Boltzmann equation permits us to 
determine the relation between the current density j 
and the direction of the electric field E, and be- 
tween the spin magnetic moment M and the direction 
of the variable magnetic field H,: 


A e fa Spal 
j= \v Spi as, & 


M = 4z-\Sp(¢f)dz,; de, = dp, dp, dp,. 


Equations (2), (3) and (5) form the complete sys- 
tem of equations for the problem under considera- 


tion. 


2. REDUCTION OF THE EQUATION TO 
CANONICAL FORM 


We set 


f= fot’, (6) 


A 
where f° is a function which at each given moment 


corresponds to the equilibrium state for & = 0. 


* After completion of this research, a paper appeared®, 


in which the same equation was used. 
+ In Ref. 5, this condition was written for q= 1. Evi- 


dently, g~0 almest always. 
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Evidently, in a system of coordinates in which the direction of the magnetic induction B coincides with 


the axis €, fe has the form 


& — vB) 0 ») == [fo 
0 folco+uB))~ 2 


RK 1 
+ + 4 [fo (20 — vB) — fo (¢o + uB)] = % [fo (20 + 


[ 


te 


(2) — UB) + fo (eo + uB)|? + 


— 5 [fo (Go + 4B) — fo (20 —¥B)] pHe = fil + 96 


For pH «AT, 


fo = fo (c) 1 — usBfo (e), 


Here f, is the equilibrium Fermi function, ] is a 
unit operator. 

Taking as variables € — the direction of the nor- 
mal to the surface of the metal (which does not 
coincide, generally speaking, with the direction z of 
the constant magnetic field), the energy e, the pro- 
jection of the momentum p;, and the dimensionless 
time t= (4% 7m,)d0S7/de of rotation of the electron 
about the orbit (S, is the area of the sector in the 
intersection of the plane e(p) = © with the plane 
pz = const — see Ref. 8), we get for the zeroth ap- 
proximation in FE, 


Of a Gf 1 ‘ 
ar + ae Cs + Fe oh — +2 [»oB, f'] 
is : P (9) 
ij es ofe of? 
mie a oe 


(Here we have assumed that (af? /Ot)eo] = 0 and that 
ie Fl) = 0, where & is the Hamiltonian operator 
for EF = 0). The term (i / h) [uoB, iE ] in this equation 
describes the change in the operator of the electron 
density in the magnetic field, connected with the 
presence of electron spins. This change is brought 
about for two reasons: first, the variable magnetic 
field leads to the equalization of the electron densi- 
ties in states with spins oriented parallel and anti- 
parallel to the constant magnetic field H, (see, for 
example, Ref. 2), and second, in an inhomogeneous 
magnetic field, forces act on the spin which are pro- 
portional to dH,/d¢. The first reason leads to reso- 
nance reversal of spins and it itself determines the 
degree of depolarization of the electrons at reso- 
nance. The second reason leads only to “fine 
tuning” of the electrons according to the direction 
of the total magnetic induction 8 (the latter is ac- 
counted for mainly by the form of the operator f°). 
It is natural that in the determination of the depolar- 


fo (x) = fe 


(x—€,) | (es ae 


B) + fo (eo — »B) |/ 


1; (7) 


(8) 


ization of the electrons and the polarization of the 
nuclei, it does not have to be considered. (The 
same is also done in Ref. 10.) In order to demon- 


strate this fact, we note that 


+ (sBf1= (2, fIB+oq 


[B, f’), 


or, in the quasi-classical approximation, 


~ [uc B, i= 


+ \(6)f7 B= 


(10) 


The first term on the right leads to spin reversal, 


the second corresponds to the classical force acting 


on the spin. 
We now set 


fi=fil+te, 


fe = i + fo. 


G)) 


From (9) and (10) we get, taking into account the 


commutation law for 6: 


of is 1 Of; (ah) 

OL Oe + ge OT a5 Taco 
aB Of off ss af? 

Us otfap, = te hair emegencee 


Ot Seok aoa 


aB Oo; 
= " & Op, ao 
of? of 
= agpimpela on 


Oh aCe | figs Ts + (5) 


[28 a 
Halon Op: 


Oo Ju, Bia 


We can show, using direct estimates, that we can 
neglect all terms pertaining to the second compo- 
nent in (10). Here the equations take the form 
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a Of 1 | (Of } af 
Sarge at yeah fee enh See 
of of sre om 
of’ of’ 2 ms, of’ “ of’ ofe 
ape ent T, Ot +179) + (FF) = —&. 


The first expression permits us to determine, in ac- 
cord with (5), the relation between the current den- 
sity j and the intensity of the electric field E: 


j = 2en-3 \ vid tp. 


This connection was found in Refs. 7 and 9. We are 
interested only in the function f’ which makes pos- 
sible the determination of the spin moment M: 
M= 7B-+ 2h? { f'dt. (13) 
For the solution of Eq. (12) we must write out the 
concrete form of the collision integral. The vector 
f’ is changed in collisions both as a consequence of 
the redistribution of electrons in energy and momen- 
tum (with relaxation times ¢, and t?), and as a con- 
sequence of the redistribution of their spins (with 
relaxation time 7,5). In this case, as has already 
been pointed out Ty, > t,, so that the two types of 
collisions can be considered separately: 


of’ of’ (or 

(eo ee a \at We ; 
Without taking a specific form for these operators, 
let us write them out as is usually done, with the 
aid of the corresponding relaxation times. It is ob- 


vious that in a wholly equilibrium state, f= 0; 
therefore, 


(OF /Ot) ree = F/T te. 


Let us determine to what equilibrium value f’eq the 
collisions without spin reversal. Since in such col- 
lisions the probability density of finding a given 
projection of the spin, independent of the values of 
the energy and momentum, does not change, 


\td ee). 


For simplicity, we shall consider that any change in 
energy in the collisions can be neglected. Then 


», ds Chr (iio Na 1 
es = t/\o=h (ar), fo 
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(This is clearly valid either for sufficiently low 
temperatures, when tj >> t?, and the collisions can 
be regarded as elastic, or in sufficiently weak mag- 
netic fields, in which pH, <kT.) In the general 


case, 

of 4 as ane 

(ar eat eye! t a (f —f y°/x°), o= \edep, 
= "alfo(e—A)—fole + A)h f= 2.) 


Thus the problem reduces to the solution of the 
Maxwell equations (2) with the current density j(E) 
determined in Refs. 7 and 9, and the magnetic mo- 
ment 


M=yB+ 2h? ff'dt,, 
where f’ satisfies the equation 


ar’ 
di 


of’ Let ; ie 
BO. Geneon + (FQ) + ro 


0 
Tor 4 4 4 
“Bipiage oy 2 ARE eT a 


with boundary conditions 
F (Oz) [emo = (1 — 9) F | cao + 98, (—0¢ )I cao 


In the case of a half space, evidently 
fies ve <0) =0 for ¢= 00; the function f’ must be 
periodic in t with period 6 = (%7m,) 0S/de. 

For simplicity, we shall consider that 
wH/kT «1, so that 0f°/dt =— pf,(e) ON/de. Let 
us set f’=pf,(e)w’ Then we get 


M = 7 (B—w), (14) 
Ow’ | dw’ 1 dw’ Toy. Wwe 
1 1 dt 
—% il ie ae (15) 
Lo 0 338 


We now introduce the cyclic variables w and w,: 
iwH, = w,+ Wy, W, By =w,, 


4 16 
By = By + iByy, M, = My + iMyy. ey 


Then Eqs. (14) and (15) take the form 
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M,=7B(1—@,), M= —ix Bw, 
(5 ae Dw, = w,/t, + Re (w O31); 
ie (17) 
OP ei =, w 1 0B, 2 
eee iy) w = i Bot, aoih ByWz, 
a0 1 @ 1 _ wH 
NS ReGen rely saa ea 


We consider only that component Q, which yields a 
resonance, i.e., Q, = 2,e’% (we shall denote the 
amplitude by the same letter as the function). Then 


wm 
*. w, does not 


the solution has the form: w = we’ 
depend on the time. The equations for the determi- 
nation of w(€) and w,(€) close to resonance, at 
w = Q,, are written 


{D + i(o—Q,)} w'= D/t, + Q, (1 — w,), 
Dw,=w,/ty + Re (Qi) w). (18) 


Thus the problem reduces to the solution of the 
system of Eq. (18) and the Maxwell equations. Evi- 
dently the system of these equations is non-linear 
in general, because of the nonlinearity of the cou- 
pling of the magnetic moment M with the field 
B, =hQ,/2p [this coupling is also determined by the 
equations (18)]. 

Chief interest is presented by the case of suf- 
ficiently large fields 5,, in which the electron gas 
close to the metallic surface is almost completely 
depolarized: wz =~ 1, but at sufficiently great depths, 
the depolarization is naturally small: w, «<1. In 
this case the usual linearization is not possible. 

It would appear that an essential nonlinearity can. 
take place only in the region close to resonance. 
Let us investigate this region in somewhat more 
detail. First of all, we note that the solution of the 
first of Eqs. (18): 

dw 1 dw il 
ne eas T, Ot | 


+7 +i(o— 5) w= 


+Q; (1 — w,) (19) 


has a sharply resonant character at wT ¢s>1, wty, 
independently of the relation between w and 1/t, 

(in the particular case when wt, K1). This is con- 
nected with the fact that, at w = Q,, 1/7; =0 is an 
eigenvalue of Eq. (19), since in this case, the homo- 
geneous equation 


Ow w w 


Ow ie becdw ye 
thes Oe hee ihe 


eee. 
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has the nontrivial solution w = w(e), which is inde- 
pendent of the coordinates and of t. 

In correspondence with this, the solutions of 
Eqs. (18) near resonance (for Ja—Q,| < 1/T <1 /t9) 
will, in the first place, have a significantly larger 
Q,t, [since for @ = Q, and 7'g¢ > ©, w generally di- 
verges as (¢,/ Teal meaning that it will differ 
only slightly from @ and w, (since w—W~Q),t,); in 
the second place, they are more slowly varying with 
distance than Q, (the reason for this is discussed 
in Sec. 1), and in the third place they depend on 
the behavior of Q, only at small distances [since 
fq. (19) has a smoothly varying solution even for 
Q, which is a 5-function in the coordinates]. There- 
fore, 


Q, (1 — @, (0)) = Oy (1 — w, (RQ, (1 — w (0); 
Olw (C) = QF w (6) = Qyw (0). 


At large distances, Q, changes as slowly as W and 
wz; however, as was pointed out, the value of the 
right side at such distances has no effect on the 
form of w and w,. Of course, all thése assertions 
can be verified. 

Thus, Eq. (18) near resonance can be written in 
the form 


{D + i(o—Q,)}w = w/t, + Q, [1—w@, (0)}, (20) 


Dw, = W;/t, + Re [Qiw (0)). (21) 
We set 
w=[(1—w,(0)]u, w,=Re[w(0)u,]. (22) 
Then Eqs. (20) take the form 
{D4 7 (= Qa) Hie Oe 
Uz = U* | —Qo (23) 


u (0,02) = 1 — 4) u (0) +qu (0, — 2), vg >, 
(24) 
where 
Re[u(0)u,\0] 
1+ Re [u (0) u,(03]’ 


u (C) 
1+ Re[w (Oj, (0)] 


wz (0) = - 


(25) 
w(L)= 


The magnetization , and M and the polarization of 
the nuclei P are determined by Eqs. (17) and (1a), 


as before. 
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3. SOLUTION GF THE EQUATIONS FOR 
THE BULK METAL 


a) Special case 

Let us consider the simplest case (in mathema- 
tical behavior) of a quadratic dispersion © = p?/2m* 
(m* = effective mass), a field H, perpendicular to 
the surface of the metal (here the z and ¢ axes 
coincide) and specular reflection of the electrons 
from the surface, i.e., g = 1. (We note that the 
quantity q does not depend on the qualitative re- 
sults.) Then Eq. (23) takes the form (u independent 
of t): 


+ 7 (@ —Q,)). 
(26) 


aoe 


The boundary conditions are 


u(0,vz) =u(0,—v,), u(co,—v,)=0, v,>0. 
Finding the solution of Eq. (26), and averaging it 
over the Fermi surface, we get an integral equation 
for w: 


m=| R(z—C) a i () +40, ©} dt, 


—C| _\ dx 
aps, (27) 


(ea oS, C 


[We note that for Q, = 0 and t/t, = 1, Z=const isa 
solution of Eq. (27)]. From (27) we find 


C Ryfo 24, cos kedk 
te/t — Rp ‘ 


(28) 
0 


ES ee 2 Q, (2) cos kedz. 
0 
by making use of a Fourier transformation. We note 


that close to resonance (|w — (,|~ 1/74) the only 
essential & are those for which &l x (¢t Chae: For 


such kl, R, ~ 1 — 4717/3 and 
sy bend C ty Qiy cos kzdk 
ES Pas ioiT itp (@ — On) + BPP 
0 


x = to/T tH + ity (@ — Qo). 
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The Maxwell equations (2) for 
iia = lg ke ~- ty = Hae 
| a8 Ses Ley ae ee ees ify = jer! 
are written in the form 


dE/dz = — w B,/c 
Therefore, 


dH,/dz = — 4zijjc. 


where £ (0) is the field at the surface of the metal. 
Thus, close to resonance, 
= 3cE (0) Self 
DIN ig \ eet a 


—2/8 eff : 
PBol oe 


(29) 


o eff cnt 6) V. Lol fe fe 
os (1-1 (w—Q,) dete, 


It is seen from this equation that the width of the 
resonance line is determined only by the quantity 
Tg: |o — Q,| ~ 1/T ¢¢ which was first shown by 
Dyson’. 

For the magnetization, substituting the value of 
i (z) in Eq. (17), we get, at resonance, 


M=M,+iM,= = Bo gne e ; 


where 
6, SO Bose (0) + iEy (O)} 8 ett 
Fe Bovol 


We note that for sufficiently weak field B,, when 
saturation is absent, i.e., |a| <1, the equations for 
M, and M, undergo (with accuracy up to an pie 
tial on) a transition to the Dyson formula’, 

where we must set v = o. 

Thus, we have shown that Z(z) actually vanishes 
at the depth Sg, > 5. Moreover, u and 7> Q,t,, but 
u-—un~ Q,t,, i.e, u—u Ku. Thus the assumptions 
of the preceding section are valid. 

We note that H,(z) can be represented qualitatively 
in the form of two parts: a large, rapidly attenuating 
part, and a small, slowly attenuating part: 


H, (2) ~ Hy (0) e-28 — 4ri y, Hy weet. 
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b) General case. 

Let us find the quantities of interest to use for 
arbitrary assumptions on the dispersion law e (p) 
and for arbitrary magnitude and direction of the con- 
stant field H,. For simplicity, we consider only the 
case of resonance. The reflection of the electrons 
from the surface we shall consider diffuse (q = 0) 
which is practically always the case. 

As was shown, the problem reduced to finding a 
solution of the equation 


Ou 1 Ou u u 
=—+Q), 


Us dx T, Ot + e ere (30) 


which is periodic in t with the boundary conditions: 


yn) 0; 
(31) 


u(0,vn) = u(0); u (oo, —vn)=0, 


We introduce 
a Vaan * + I4. 
Soe Sire iS T o/to, (eo To/to, 
Ur/Vo5 = Ve, fo = Unglins 


vy = characteristic velocity on the Fermi surface. 


Then Eq. (30) is written 


(32) 


For solution of this equation, we apply the method 
developed in Ref. 9. We replace p in Eq. (32) by 
—p; then we obtain for the function u(—v) the 
equation 


Ou (—v)/0¢— fu(—v) =—7/Ve. (33) 


Here use is made of the fact that 


e (—p) = e (p), v(—p) = — v(p), 
Se ne DO ee 
ab a0 = To Ot 


A Ot 
Acting on Eq. (32) with the operator 0/dé — L, and 
on (33) with the operator d/dé + L, and reducing 
them, we obtain an equation for the function 


f=% lu(v) + u (-v)): 


a | 


(0?/08 — L?) f = — yo /Ve, (34) 
where it is taken into account that CCS) =a@(€). 

In this equation, we continue the functions f (€) 
and (),(€) as even functions into the region E10: 
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F(—8) =F (@), Q1(—8) = 4) 


and go over to the Fourier transforms 


e(e=\ F@eMae, (kt) = |, Oe ds, 


(obviously,  (k) =u (k)): 


(£2 -+ A) 9 (k) = 7b (2) L/Ve — 2f' (0). 88) 


For determination of f’ (0), we note that, from Eqs. 
(32) and (33), 


f’ (0) = —*/eb {u(v) — u(— v)}. 


We now make use of the boundary condition (31). 
Since, for Vy > 0 on the surface of the metal, inde- 
pendently of the other projections of the velocity 
han = fe then, as is easy to see, 


u(v)-—u(—v) = sign Ve - F(0)— FO), 
j’ (0) = — Lsign Vs - (F(0) —F (0). 


Consequently, Eq. (35) takes the form 
(L? + &) @ (R) 
= (2L/Ve) O/a1¥ (&) + Vel LF (0) — F (O13, 
2 (k) ={(f +ik)*+ (2 —ik)>} 
x(t/ard (4) + [Vel LF (0) — fF (O)} Ve =e, 4 &- 


Computation of the right side of this expression re- 
duces to finding the periodic solution of the linear 
equation 


(O/Ot + y* + ikV egy 
="Vor (k) + | Ve | [fF 0) —F (0). 
This solution has the form 


&+ = [exp (y*6+ik Vr) — 1]? 


t+0 v 
x | exp tr (9) bik| Ved} Card @ 


+ |Vel[f (0) — f (0)} de’; 
Ve = NZ dt. 


Therefore, remembering that w(k) = w(k) + ¢, Q, (k), 


we get 
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= t+O 
2 (bss) =R (hss) w(b) +R (ba) tO (b) + | N(, 2) FO) —F Ode’ (36) 


where 5; 


t+0 oad 
Rig, =) = Re 7 [exp (7*6 + ikV- rc) — 1] \ exp {y* (c’—) + ik Veded7d, 


N (bss 6!) = BRe|Vs | exp (40 + ikVe) — IP exp (r*(e’ — 9) + ik | Ved. 


(We note that although f=f«<f, f—fx 4, Q,. Therefore we cannot neglect this difference.) 
For convenience, we introduce 


Then Eq. (36) can be written in the form 


L(k, t) =[1—R(k, 1] a (2) — R (Rk, 2) 6 24 (2) — | Vb 2) S() de’ (37) 


Averaging this equation over the Fermi surface, we find the function 7(k): 


te a ei ct Ji Loe: gee 
en es | V(b % e)S()dr. (38) 
1—R (k, Tt) 1 — R(k, 7) 
For the determination of S(t), we substitute u(k) in where 
Fiq. (37) and integrate the latter over & from 0 to ~. ° a @ 6 
We then obtain the integral equation Kel a gd \ 4pz) jem ie (t, <) a2e 
0 0 
4 R ee. 5) T) re R (R, 7) , ee * Ty 
sy = 1{ R (, 7) beans) g(t, wv’) = eve(ere + 1)VE 
cs t+’ 
i , r —2 Vede"er® er"e cad 4 V; 
—i\de\ Ns SC) a \ ies 
0 T tt! 
co et) “= ( \ Ved" 1 (ere a hye 
\ tape \ N(k, 2, 7’) S (0’) de, 7 
Te — R(k, T) 


) 
: ee It is easy to see that in weak fields, 
wherein we must set y*= y. In a fashion similar to H,(y > IL~ 1/y. For strong fields H,(y « 1) two 


that of Ref. 9, we can solve the resultant equation cases are possible: 


by the method of successive approximations, and 1. If the field 1, forms an angle with the surface 
show that S(t) ~ #,Q, (4) and that it has no singu- oy (in this case Ve i ie BES oe iy) rages 

larities for any values of Tt. 9(c, Nee Vz and, as before, 1 ~ l/y. 

_ Returning to Eq. (38), we note that for suffi- 2. If the field H, forms and angle with the surface 
ciently small & (such that kl « 1) @ 2 y (in this case V ~ 0), then/~ 1. 


Ree at) = tte 12h", As in case (a), we have 
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t+0 2 
=a { : A he: cos kE-dk 
u(é) = = {to (0) =r \ N (0, 7,2) S(t )de } \ tolT ge + (2k? ° 
0 


t 


It follows from the Maxwell equations that 2, (0) = (4yc/fo)E (Q). 
Taking it into account that S(t) ~ 4,0, (0), we get 


(hee ae Oy / 7 e cleft Bere =ltoV Tuto, A~1, E(0)=(cZ/4e)H, (9), (39) 
oro 0 


Z isthe surface impedance which was found inRef. 7. The boundary conditions are written 


The exact value of / depends on the dispersion 


law and the direction of the field H,. Thus, for u(0, vz) =u(0, —v,), u(d, — vz) 
quadratic dispersion and a constant field perpendi- if . 0. 
cular to the surface of the metal, / = 1/yV3, and we = NGL) ee 
again obtain Eq. (29). Finding w(z) and averaging it over the Fermi surface, 
Making use of Eqs. (25) and (la), we obtain the we obtain the integral equation for @(z): 
polarization of the nuclei in the bulk metal at reso- h 
: a 1 Posie ety : 

nance: u()= 4-\ R(t) WO + 1. Ola, 

=i 1 1\ jae vel uA, ne (41) 

ast ade at aeia reer ; Alen 
k= —S R(t) — p\osoes rs NEG cost (2 ee 
~ 4 cotht | a Fe SolOett Ho) Uoly 0 : sinhkx Xx 
2 (opie par). 
a = A (ctoE (0)/Horol) V Pulte. The function R (t) is even and periodic in the inter- 


val (~ 2k, 2k) with period 2k. Thanks to this, we 
can solve Eq. (41) by the expansion of all functions 
in Fourier series (cosines) with period 7/k. The so- 
lution has the form 


Thus, in the bulk metal, a substantial polarization 
of the nuclei takes place to a depth of 
Seff ~ Volo (T ¢¢/t,)% in the case of a strong field 7, 


= foe) 
parallel to the surface, and to a depth u (2) = a3 ue yy ligpeOSe em 
Dette Vo by (1 t4/t, )” for all other cases. = Hey ik 
ee RtoR Quy ° TZ 
4. SELECTIVE TRANSPARENCY OF A FILM ey 5 \Ou( (z) cos —— dz, 
0 

In order to find the transmission coefficient of an a i taniit ie 
electromagnetic wave through a film of thickness d, Rn =\R (t) cos —— dt =7- anh : 
it is necessary to solve Eq. (23) with the two bound- @ a (42) 
ary conditions (24). : Se ag? : 

Bor sinplicity we consider the case/of aequare In resonance, the chief contributions in (42) are 
law of dispersion ¢ = p?/2m*, a field H, perpendi- clearly made by the Z, With small n (so that 
cular to the surface, and mirror reflection of elec- an/k <1). In this Stes 
trons from the surface: g = 1 (inasmuch as the char- up Oe fo , 1 (ae ; 
acter of the dispersion law and the boundary condi- Dee ee 
tions affect the r s itati 
fore already ae: only quantitarwely osc But in Q, (z) the essential z < 5/2, ¢,, where 

In this case, Eq. (23) takes the form (since u Tee 0) ot eee Ole 
obviously does not depend on Tt) 2 a" 

Qin =| 0} (@)cos ade 2 
. = in k ik k k \ 1 (Z) dz Q 
vz0u /0z + u/tp=u/ty+Q,. (40) 0 0 
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ghee lo {tn \2) 
Un © b Qi Ee ja (7) | 
a (43) 
u (2) = + Su co5 = fy QyoT tt d |cosh[(d 2)/8 ose | 
"See sinh(4/3e44 ) 
From Maxwell’s equations we get Hine = 27 dHy/ eel Zn 
inc 0 ° 
Qyo = (4uc / he) [E (0) — E (d)] /d. Here 
(We note that for d > « Eq. (43) int oe eed pea Mag ENS 
q goes over into WViccnue 16 (e<t); : reat eae 


Eq. (29). 

Of fundamental interest (see below) is the con- 
sideration of selective transparency of films for 
which 6 <d < Sess. Here (at resonance), 


u(z) = cT# E (0) / Hj. 
Hence 
M =— iB, (aie eiot — Meivt 
From Maxwell’s equations, 
E’ = —oB,/c, Hy = —4nij/c; 
since H, = B, — 47M, then 
E’=—oB,/c, By, = —4nij/c, 


i.e., B, in this approximation does not depend on the 
magnetization and falls off rapidly (at depths of 
order 6). 

Consequently, at a depth Segg > 2, d — 2-> 6, we 
have a homogeneous magnetic field —47M, ee! 
(obviously, this field always has circular polariza- 
tion). Hence, taking into account the boundary con- 
ditions on the surface of the film, we easily obtain 
the transmission coefficient for electromagnetic 
waves through the film: 


2 


7 and Hy|2} |’ 


H 


ltrans 


H 


xT ¢ c3Z? 
Ind {1 + | c2ZT ¢4 H 


K= 


linc 


linc 


where Z is the surface impedance without account of 
spin polarization. 

The unusual form of the equation for K is con- 
nected with the specific change of the field in the 
film as a result of the diffusion of the spin [see 
Eq. (29a)]. 

The power of the previous wave Wtrans will be 
maximum in that case in which 


e., both these quantities are independent of the 
thickness of the film (but Herr ~ a). 


In the general case, 


Wiest 
AW?" (Haine) Hine | Cl 4 (Hates ane) ee 
aaeege 
= OH es | Aiiney Hae (fll + (Hae ene 


5. POLARIZATION OF NUCLEI IN FILMS 


We write out the formula for the polarization of 
nuclei in films* (at resonance): 


P= {(I +1/,)coth(I + 1/,) A —1/,coth!/, A}; 


es Ja |2 _ pH, coshl(d — 2)/ 8 ete ] 
Asa PO aD  cosh(G/ Sep.) 7 
where 
CTs [E (0) — E (d)] d 
Hs othy 
Oo” eff eff 


for arbitrary d. In the case d < 6, 
a=4yuT;.H,/h, 


i.e., we get the Overhauser formula. In the case 
OKd K bees: 
He 2 rds 


a= cls E (O)/Hod = LT ¢ inc 
Finally, for d > d,4¢, we get the formula for the 


bulk metal: 


a= cls, E (0)/H, Oett =C€C ?T ¢¢ ZH, Linda. 


inc 


*This formula is correct for d — z <6 since at such a 
distance from the second surface the polarization is sig- 


nificantly less. 
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Polarization Correlation in Nucleon-Nucleon Scattering 
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Equations are obtained for the polarization correlation in proton-proton scattering, tak- 
ing into account four phases: 'So, *Po, 3P;, >P, and Coulomb interaction. A computation 
using phases for the isotropic states as obtained from scattering data shows that the 
Coulomb interaction plays an essential role for energies of 10—30 Mev. Polarization corre- 
lation can thus be used to give a more precise determination of the isotropic phases 
(which do not give rise to polarization), and to estimate other phases in the energy region 
in which they begin to appear. We also consider the scheme of experiments for measuring 
the polarization correlation and obtain the combinations of components of the polarization 
tensor which are measured in the experiments. 


1, INTRODUCTION 


HE SCATTERING OF PARTICLES with spin is 
described by the average values of spin opera- 
tors over the scattered wave. For two particles with 
spins 0 ‘anda *) these operators are: 


y (1 (2) ZB SGD AMO 
lie Dae or Pin = oo. 


(1) 
The corresponding average values are: the scatter- 
ing cross section, the polarization of the first (1) 
and second (2) particle, and the polarization correla- 
tion. This last quantity has a tensor character 

(i, k =x, y, z) and may be called the polarization 
tensor. If we represent the asymptotic form of the 
scattered wave as a sum of partial waves (with given 


j, l, s), these average quantities will be expres- 


sed in terms of the corresponding phases. The anal- 
ysis of scattering of nucleons requires the inclusion 
of phases with / > 0. To determine them unambig- 
uously we must measure all the characteristics of 
the scattering which relate the phases (cross sec- 
tion, polarization, and polarization correlation). As 
we shall show in detail later, measurement of the 
polarization correlation is especially important for 
determining the phases in the region of isotropic 
scattering of the protons. It is known that the scat- 
tering of protons is isotropic over a wide range of 
energy (up to 400—450 Mev), and is therefore des- 
cribed by the phases of the isotropic states 'S, and 
*P,. To separate them one might measure polariza- 
tion in addition to the cross section. However, the 
isotropic phases give no nuclear polarization, while 
its Coulomb part is sizeable only at very small an- 
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gles of scattering [¢ 5—10° in the center-of-mass 
system (c.m.s.) at medium energies], and is there- 
fore difficult to measure. On the other hand, the 
polarization correlation has a measurable value 
even when only the singlet phase is included. Con- 
sequently its measurement (along with the cross 
section) makes it possible to determine these pha- 
ses in the high energy region (> 100 Mev), where the 
Coulomb interference term, which enables us to se- 
parate these phases at low energies, becomes neg- 
ligibly small. 

In the present paper we derive equations for the 
polarization and polarization correlation in terms of 
the scattering phases for orbital angular momenta 
l=0 and 1 (J =0, 1, 2), with allowance for the 
Coulomb interaction which plays an important part 
in the scattering of charged particles (protons) for 
energies < 100 Mev. 


2. DERIVATION OF EQUATIONS 


The polarization correlation in the scattering of 
two particles is defined as the average of the oper- 
ator P;, over the scattered wave. It gives the prob- 
ability that, after scattering, one of the particles 
(1) is in the spin state o;, while the other is in the 
state 9;. , 

In order to express P;, in terms of the scattering 
phases by means of the method of phase analysis, 
we consider the asymptotic expression for the wave 
function in the scattering of a plane wave with spin. 
We consider the scattering of initially unpolarized 
particles. In the c.m.s. the system of two particles 
with spins s, and s, is described by the plane wave 
Nn exp (ik-r), which is the product of the spin wave 
function x, with total spin s, + s,,... |s, —s,| and 
projection m on the axis of quantization (taken along 
the direction of relative motion of the particles), and 
the plane wave exp (ik-r) of the relative motion. 
Since the particles are not polarized prior to scatter- 
ing, the scattering of waves with pce s andm =ms 
proceeds independently, v.e., Xs > ys. where the 
prime denotes quantities after the scattering. The 
asymptotic form of the scattered wave is: 


sm 


sim (0, ®) ae (2) 


si 


After the scattering, the original spin s and its 
projection m are in general changed and take on 
some new values s’, m’. The quantity which is con- 
served is the total angular momentum J, which we 
write schematically as a sum J =1 + of the spin 


and the orbital angular momentum of the relative mo- 
tion. 

The quantities M"., whose angular dependence 
is given by generalized Legendre polynomials, are 
the amplitudes for transitions between spin states 
(sm) > (s‘m'). There quantities are the generaliza- 
tion of the single amplitude which appears in the 
scattering of spinless particles and which is given 
by the Legendre polynomial P; (cos 0). In the scat- 
tering of nucleons (s, = s, = 4) the total spin takes 
on two values: s = 0 (singlet) and s = 1 (triplet), so 
that the scattering matrix Jf is made up from the 16 
amplitudes Mj /",. It is easy to express all the quan- 
tities characterizing the scattering in terms of this 
matrix: 


cross section: s =Sp(M*M), (3) 


polarization: Pj = Sp (M*o;M) /Sp (M*M) (4) 
polarization correlation: 


Pin = Sp (M*o™ o M)/Sp (M*M). (5) 


As usual, Sp denotes the sum of the diagonal matrix 
elements and M* is the Hermitean conjugate. 

A knowledge of the phases is necessary for a 
complete determination of the scattering matrix. 

We first treat the scattering of two protons 
(n—n scattering is obtainable from the general for- 
mulas by setting the charge equal to zero). When 
the Coulomb interaction is included, the scattering 
matrix can be written as a sum of nuclear and 
Coulomb terms. The nuclear part is obtained from 
the asymptotic form of the scattered wave function, 
where the expansion of the plane wave must be car- 
ried out using radial Coulomb functions F and G in 
place of the free radial functions Rx). 

For the case of identical particles, the matrix 
must be symmetrized appropriately: the coordinate 
part must be symmetric for singlet states and anti- 
symmetric for triplet states. Taking account of the 
symmetry, the Coulomb part of the matrix can be 


written in the form: 


Meoul = Ke Ss! On at Ony m’s (6) 
where 
K, = — 3/4 (8 2e-* + (—)8c—*e—!8) exp (2is9) 
(7) 


is the Coulomb scattering amplitude. We have intro- 


duced the symbols 
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Si=a5in.0 02: 


ELCs 


n=erfhu, .c=cos0/2, 


Q 


i —— 


x= 7 In oe ; 
w =\ (y + 1)/2y?; @ is a relativistic correction for 
small angles of scattering. In this part of the ma- 
trix, the spin variables appear in delta functions 
since the spin is conserved in a Coulomb field. 

For identical particles there are no transitions 
with change of spin (singlet = triplet) in the nu- 
clear part of the matrix. 

The matrix elements of M are expressed in terms 
of generalized Legendre polynomials and the phase 
matrix 


ae Me 
So = EXP (Zidsi7), 


0 
Me = (1 — Si), Mit 


LO 

LOR ae 
Si); 
/ 


3 ane ro 
Vek = 6 cin Se 
10 iV 2 ( ll 


10 
Mi = 


a 


The polarization tensor for identical particles is 
obviously symmetric in the particle and coordinate 
indices (since the particles are indistinguishable), 
i.e€., it must be written in the form: 

Pn = 1 GPAP + 359). 

The action of the operator Pa on the spin indices 
(s'm') of the matrix M$”, is completely analogous 
to its action on the spin indices of the wave func- 


tions X;,: for example 


2 0 
cosh (3 — 2gt a MM, 


ZIMIN 


which gives the connection between the incoming 
and outgoing spin amplitudes (sl) + (s‘l’ 3 The 
matrix S is defined for a given / and parity 
P,=(--)/, P =(—)J+1. In the case of no spin, 
the S matrix has one element S; = exp (2i 8) for 
each l. We shall calculate only that part of the ma- 
trix which is important for practical purposes, i.e. 
the part with orbital angular momentum / = 0 and 1. 
Formulae for higher /’s can be gotten without any 
fundamental difficulties (it is sufficient to include 
transitions between states with / > 1), but are very 
cumbersome. 

Using the selection rules, we obtain from the 
asymptotic form of the scattered wave the following 
expressions for the nonzero elements of the scat- 
tering matrix (the Coulomb factor exp (27 5;) is 
omitted): 


2 
11 
Sn), 
2 
EGE 
ies Chal leas 
2 x 
il 
aE thy |) 


3 9 aT 
Mix -= ces 2S 


1 : 
—e!?sin “i re 
- (8) 

Mio 


af 
Te : 1l 
e-'? sin 6(Sy, — 
ae 


a 


= ei? sin @ (Su n= Si) : 


To simplify the writing of the polarization tensor, 
we define the quantity 


Ci, = Pip Sp (M*M). (10) 


Unlike the normalized P;,, this quantity has the di- 
mensions of a differential cross section 
(barns/sterad.). We choose our coordinate system 
as follows (cf. Fig. 1): the z axis is along the di- 
rection of the incident flux, the y axis is perpendic- 
ular to the plane of scattering. 

Let us consider the scattering the c.m.s. in the 
(xz) plane, which corresponds to azimuthal angle 


p=0. From formula (5), by using (6) — (9), we get 


Pi¥% = — Yon wh eat X0> (9) the following expressions for the components 0;; 
Shiels dite 3a 4 in terms of the four phases: & (*S,), 52 @P,), 54 CP,), 
y2ko V2 (xa + Ya) 57 @P,), which for simplicity we write a terms of 
etc. elements of the scattering matrix: 
Rox, = 4Re [(Ma + K,) Mi) +2 (ee — Mi) + Mie Kal? Pai a 
Woxz = 2V 2 Re[(Mii + Ky) Mil + (Mio + Ky) Mik — MY, M2, 
oz, = 2 (M+ Ki? + | am | MEE | MB) — | a 4 it — | a + Kole ae 
Rcyy = — ARe (Mi + Ky) Mi] + 2 (7 MR)? + | Mio) + | M+ Ki? — | MS + Kop. 
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Thus only four components of the tensor are dif- 
ferent from zero. 

Similarly we get the expression for the polariza- 
tion from formula (4): 


V2 : 
<(Mit + Mio — Mi+, + 2K;)’). 


Only the y-component of the polarization is different 
from zero. The polarization is perpendicular to the 
plane of scattering because the polarization pseu- 
dovector is constructed from the two available vec- 
tors: k and k’ (the wave vectors before and after 
scattering), so that Pk xk’. 


FIG. 1. Orientation of coordinate axes. 


We first consider the formula for the polarization. 
It consists of two terms: a nuclear term and an in- 
terference term (proportional to 7 = e?/fv). Pure 
Coulomb terms naturally do not occur, since the 
Coulomb field does not change the polarization. In 
the nuclear part only the triplet phases occur, and 
they appear in linear combinations which vanish if 
they are equal or if one of them is equal to zero. It 
is clear that for isotropic phases only the Coulomb 
interference term is left, and this term is important 
only for very small angles of scattering (¢ 5—10° in 
the c,m.s. at medium energies). The measurement 
of polarization at small, scattering angles presents 
well-known difficulties. 

Next we treat the expressions for 0;,- They con- 
sist of a nuclear, a Coulomb (~ 7’), and an inter- 
ference (~ 7) part. Unlike the polarization, the cor- 
relation contains pure Coulomb terms, so that it 
even occurs in the scattering in a pure Coulomb 
field. It is not hard to see that the Coulomb term is 
itself an interference between Coulomb scattering 
amplitudes and is consequently closely related to 
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the identify of the particles. To make this clearer, 
we consider in particular the Coulomb term in the 
expression for P,,. 

The spin state is not changed during scattering 
in a Coulomb field, so that the scattering matrix is 
diagonal. The diagonal terms have the form 
Keays (-)* (7-0) = i + (—)*f, while the 
scattered wave from a given spin state is K, Pp 


D2) 


We find the average value of pe 7 OC em 


the individual states, i.e., 
oat CAD iii < a (D) (2). 8 
Kees) » Gy Dy (Ka) — Kal; (or of) 2s : 


For the singlet we get — K* K,; for the triplet with 
m = 0, K¥K,; while for the triplets with m = + 1 we 
get zero, since, for example, (yi Py, x1) 
=(y}*yx',) =0. To determine P,, we need only 
add the results obtained for singlet and triplet 
waves, multiplying them by the statistical weights 
which are equal to 4, since there was no initial 
polarization. We get of, =KfK, — KK, 
=—2(f*f +f,f*). In other words, this term 
occurs because singlet and triplet are scattered 


differently. 


3. MEASURABLE CONBINATIONS 
OF CORRELATIONS 


As was shown above, in the plane of scattering 
only four of the tensor components are different 


from zero: P,,, P,,, P,,, P,,- However, in an ex- 


, 
periment we on only perform two independent meas- 
urements of the correlation: one in which the planes 
of the first and second scatterings are parallel, the 
other in which they are mutually perpendicular* 
(cf. Fig. 2). By the second scattering we mean 


the scattering by the nuclei of the analyzers (de- 


J 


IG. 2. Scheme of experiment for measurement of 
polarization correlation. 
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noted by A and B). The following two correlation 
measurements are independent: 

1) By measuring the intensity when both particles 
are scattered upward (/,,,), both downward (/44), 
one scattered up, the other down (/,q), and vice 
versa (/4,,), we measure the correlation along the 


y axis: 
Lego) ei eeiegeetiar 


Un Tan) = aa’ —Tad) : (13) 


a Ket lage ast laa 


2) The second measurement is a measurement of 
the intensity when both particles are scattered to 
the left (/,,), both scattered to the right (/,,), the 
first to the right and the second to the left (/,)) and 
vice versa (/),). By means of a formula analogous to 
(13) with the substitutions u > 1, d>r, we determine 
a linear conbination of the remaining components: 
Pxx,Pxz, Pz. These three components form a 
tensor in the xz plane. We bring it to axes x‘z’ by 
a rotation through the angle 9 (3 = 6/2 is the angle 
of scattering in the laboratory system). In this case 
we obviously are measuring the component of the 
rotated tensor with mixed indices, or more precisely 
the sum % (Py... + P’z-x-) (in view of the identity of 
the particles). So the second combination is the 
following: 


(0, mb/ster ad)? 
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Py ="Yo (Pe + Pry) = Pxz cos 28 
+ 4, (Pxx — Pze) sin 29. 


The formulas for P; and Py; must be expressed in 
terms of the scattering angle in the lab system. 
Neglecting relativistic effects (for protons of a 
few hundred Mev), we must set 0 = 20. The meas- 
urable combinations are 


2 ay SY 


1 ‘ : 
Saino aul) tno 


eooPn = 95106 


4. PHASE ANALYSIS 


Starting from the isotropy of the p—p scattering, 
an attempt was made to describe the scattering in 
terms of the two phases of the isotropic states 
5,(*S,) and 5, @P,).* Inclusion of the Coulomb in- 
teraction makes it possible, by analyzing experimen- 
tal data on scattering cross sections, to determine 
magnitudes and signs of these phases in the energy 
region where the interference between Coulomb and 
nuclear scattering is not very small compared to the 
nuclear scattering. Protons with energies of 70—80 
Mev in the laboratory system belong in this energy 
region. 


7 CE ED EEO 


20 30 


200 300 =500 


50 70 100 


FIG. 3. Energy dependence of the polarization correlation, of measured with scattering 


planes perpendicular. J. Correlation for 6 
for 0 =. 20°, 


For higher energies the interference term (which 
falls off essentially like E~%) becomes so small 
that separation of the phases which are combined 


= 20°; 2. Correlation for 6 = 90°; 3. Nuclear part 


——— eS 


in the nuclear scattering cross section 
Puc = f(Oo, 5,) is no longer possible. By using 
the energy dependence of the cross section, the 
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energy variation of the phases 5, and 8, over the 
whole region of isotropy (up to 400 —450 Mev) was 
predicted®. 

We give a table of the values of the phases which: 
we shall use in estimating the correlation: 


ees 


E (Mev) | 8, (deg) |, (deg)|| = (Mev) | 8, (deg) |s, (deg) 
{ 

0.5 18 ~0 46 32 32 
ul 3) ~0 100 10 52 
1.5 42 ~0 150 —7 61 
2 46 ~0 200 —23 70 
10 56 2 300 —56 84 
18 o4 3 450 —90 90 
30 48 14 


More accurate values for.the phases can be ob- 


tained only from measurement of the polarization cor- 


relation (since, as already noted, measurement of 
the polarization gives nothing). 


y (Oy, istered) > 


3 / 


ee Soe = 


1001 


In order to estimate the importance of the polar- 
ization correlation, we give graphs of the energy 
dependence of o;; (for both oy and oy) for two typi- 
cal angles: 0 = 20°(where the Coulomb part is im- 
portant), and 6 = 90° (where the Coulomb part is 
neglibly small except at the very lowest energies). 
Figure 3 gives the quantity oy, which is measured 
when the planes of scattering are perpendicular, 
while Fig. 4 shows oy = oP y while is measured 
with parallel planes of scattering. In order to make 
the drawings compact the energy is measured on a 
logarithmic scale, while the vertical axis gives the 
cube root of the correlation (in mb/sterad). Such a 
scale enables us to visualize the behavior of the 
curves over the whole energy range. 

From the figures we see that the Coulomb terms 
play an important part not just for intermediate 
energies (cf. o;), which makes possible a more de- 
tailed phase analysis over the region of isotropy 
of the p—p scattering. 
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FIG. 4. Energy dependence of the polarization correlation, as measured with scattering 
planes parallel. J. Correlation for @ = 20°; 2. Total and nuclear correlation for 6 = 90°; 


3. Nuclear part for = 20°. 


We get the important result that the Coulomb 
terms cannot be neglected in an analysis which in- 
cludes the polarization correlation. Measurement of 
the correlation at intermediate energies (20—100 
Mev) will make it possible to get the isotropic 
phases more accurately and to determine the contri- 
bution of the anisotropic phases. 

In conclusion, I express my thanks to Prof. Ia. A. 
Smorodinskii for suggesting this topic. 
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(Submitted to JETP editor April 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1233-1235 (May, 1957) 


An expression is derived for the Hall “constant” in strong magnetic fields; it is valid 


for semiconductors that contain narrow bands. 


l A RECENTLY PUBLISHED work? explains 
© the asymptotic behavior of the resistance and 
Hall “constant” of metals in strong magnetic fields. 
In particular, the following expression is obtained 
for the Hall “constant”: 
R=—1/ec (ny — ne) (1) 
(n, and n, are the electron and hole densities). The 
expression is valid in those cases in which only 
closed equal-energy surfaces play a role. An analo- 
gous expression has also been obtained for semi- 
conductors”. It reduces to the usual expressions in 
the special cases of a donor (n, = 0) and of an ac- 
ceptor (n, = 0) semiconductor. 

Formula (1) fails for an intrinsic semiconductor, 
since in this case n,= n,. The subject of the pres- 
ent communication is the derivation of an expres- 
sion for the Hall constant that is valid for intrinsic 
semiconductors and is especially effective for semi- 
conductors with narrow bands. 

For simplicity, a semiconductor is considered that 
possesses the energy spectrum represented in the 
figure. It is supposed that at T =0, bands a and 5 
are completely filled, band c empty. Upon increase 
of temperature, electrons from band 5 get into band 
c. The distance between the bottom of band 5 and 
the top of band a is so great that excitation of elec- 
trons from band a is known to be negligible. This 
is a representative model of an intrinsic semicon- 
ductor. By narrowing band b, we pass over to a do- 
nor semiconductor. Generalization to the case of 
several bands located close together, and likewise 
passage to an acceptor semiconductor in such a 
scheme, are trivial. 

A considerable simplification results from the as- 
sumption that in band 6 there is only one open sur- 
face, and that in band c the open surfaces are lo- 
cated so high that excitation of electrons into these 


states may be neglected. A similar relation must 
clearly exist if band 5 is appreciably narrower than 
band c. 

2. The treatment presented in Ref. 1 shows that 
in our case the conductivity matrix o;,(7) has a 
form determined by expression (24) of that reference. 
This means that the Hall “constant” R in large 
fields is determined by - 


R=, /H=1/¢, 


yx 


wk 
It should be mentioned that in consequence of the 
smallness of the numbers of conduction electrons 
in semiconductors, use of formula (2) in this case 
is permissible at larger magnetic fields than in the 
case of metals. 

In accordance with Eq. (25) of Ref. 1, the asymp- 
totic expression for o,, may be written in our case 
in the following form: 


See (er 
Sry = — a \\ fo (2) V (e) de 


0 


Ex 


—\ peved+\ REVEad. 


(3) 


Here & is the value of the energy on the open sur- 
face; the values ©, and ©, are evident from the fig- 
ure (see below); V(e) is the volume inside the sur- 
face e(p) = ©.* Upon integrating (3) by parts, we 
get 


Sxy = (2ce / Hh) {— fy (9) [(V (9 =0) + V (29 + 0)] 


Fo ( 


mo 
° 


ro) 


)V’ (2) de —\ fy (2) V"(e) de 


Eo 


— “Bots 
Gee i) 


4 \ 


a (2) V’ (:)de| 


° 


2 


0 


*The exact definition of V(e) is evident from (22') 
of Ref. 1. 
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THE PROBLEM OF SATURATION OF THE HALL “CONSTANT” 


Here 
V (€o i 0) — lim V (2); \h (Eq ae 0) <= lim V (2) 
ee) aa 


and we have used the fact that V(0)= V(e,) = V(e,;) 
= 0. Obviously 2h-*L VK (ec, -0) + Vie, ~O0)] = N is 
the number of states in band b, and 

(2) O< 
(e) & ci e 


2V (iii ae “ 


where n(e) is the density of states per unit energy 
interval. We recall that m > 0 for © < €,; but that 
for ©, > © > &),m <Q. From the normalization con- 
dition we have 


\ fo (2) 2 (e)d2 +\ fole)n(@)d2 = N 


Thus 
R = | /ecN (1 = fo (20) 


(4) 
fo (So) = [exp {(&o — pv. (T)) /RT} + 1]. 
If the band b is broad, the chemical potential p(T) 
is located approximately in the middle of the forbid- 
den band®. Then ei |, 
the exponential gives 


and expansion in 


eee HEE PEON (5) 


We are assuming that the distance on an energy 
scale from the open surface in band } to the chemi- 
cal potential is less than the distance from p to an 
open surface in band c. The appropriate generali- 
zation to take account of an open surface in band c 
is carried out in an obvious manner. The formula 
(5) obtained corresponds to an intrinsic semicon- 


ductor. 


™ 


U Yj," 


Qualitatively, the formula is evidently valid not 
only in the case of a single open surface, but also 
when a layer of open surfaces is narrow in compari- 
son with the width of the band. 
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Passage to the limit of a donor level, ©, =0, is 
accomplished as follows: 


\ fo (@) 2 (2) de = Nfo (0); fo (2s) = fa 0). 
0 
Hence (cf. for example, Ref. 4) 


ie ecN (T) 


Here N is the number of electrons in the conduction 
band. 

If the band 6 is very narrow (ce, <kT) but has a 
finite width, then the Hall “constant” 
in the following form: 

AN 
N (T) | ; 


Here N(T) is the number of electrons in band c, and 


€ 
=) 


AN = fo(20) \ (© 
0 
It is necessary to set special limits to the appli- 


can be written 


1 


Bers eclN (T) {! 


—=8) 77 (¢) de. 


cability of the formulas obtained here. According to 
Swanson,2 formula (1) is applicable when H > H,, 
where //, is the magnetic field at which the period 
of revolution of an electron is equal to the relaxa- 
tion time. However, since the electrons in a nar- 
row band must have large effective masses, t.e., 
small mobilities (as the width of the band ap- 
proaches zero, the effective mass becomes in- 
finite*), it may be concluded that H, is appreciably 
larger for semiconductors with narrow bands than 
for metals or for semiconductors of other types. 
Furthermore, one must keep in mind that the expres- 
sion (3) that we have used for oy, is the first term 


of an expansion in powers of 1/H. In the case of 
low temperatures, for an intrinsic semiconductor, 
the coefficient of 1/H will be so small [cf. Eq. 
(5)] that the next term of the expansion in powers 
of 1/H will be significant, and the formulas ob- 
tained here will be invalid. A similar situation al- 
ways exists (practically at all temperatures) for 
metals with an equal number of electrons and 
“holes” (cf. Ref. 1). 

The authors take this occasion to thank I. M. 
Lifshitz for useful discussions. 


* For example, Samoilovich and Klinger * showed that 
Meff ~ 1/e,. True, according to an estimate made in the 
the same work me ff ~ mo (my= mass of a free electron). 
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The Nature of Field Fluctuations 


M. M. MIRIAN ASHVILI, V. V. CHAVCHANIDZE 
AND IU. G. MAMALADZE 


Institute of Physics, Academy of Sciences, 
Georgian SSR 


(Submitted to JETP editor April 13, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1236-1237 
(May, 1957) 


AS IS WELL KNOWN, the neutral or charged na- 

ture of a given wave field, i.e., the neutral or 
charged nature of the particles corresponding to 
that field, is closely connected with the character 
of the wave function. In the case of a neutral field, 
the wave function is real; in the case of a charged 
field, the wave function is complex. A neutral or 
charged nature means here, in fact, the absence or 
presence of interaction between the given wave 
field and the electromagnetic field. However, the 
wave fields do not interact with the electromagnetic 
field only. According to the contemporary meson 
theory, the meson fields interact with nucleons and 
with the electron-positron field. 

However, whether a given wave field interacts 
with a given field of non-electromagnetic character 
cannot be ascertained from the form of the wave 
function, t.e., from the algebraic construction of 
the wave function. This means that in the contem- 
porary theory the existence of non-electromagnetic 
interactions between given wave fields does not 
impose conditions on the character of the corre- 
sponding field quantities, whereas in the case of 
interactions with the electromagnetic field such a 
condition exists (complex nature of the field func- 
tion). 

In fact, let us take, for example, a spinor field, 
characterized by a four-component spinor. If this 
field interacts with an electromagnetic field, then 
the wave function of the given spinor field should 
be complex. In the case of a real spinor (Majora- 
na’s theory for the neutrino) such an interaction 
cannot exist. There are no analogous conditions 
for the wave function relative to the interaction 
with the meson field. The interaction with the meson 
field is introduced in such a way that no condi- 
tions are imposed on the wave function of the spi- 
nor (or any other) field. This signifies that the 
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electromagnetic field occupies a special position 
in the contemporary theory of wave fields. 

This leads to one of two conclusions. [Either it 
is to be acknowledged that the electromagnetic 
field occupies by its specific nature a special posi- 
tion distinguishing it from other wave fields, or it 
is necessary to admit that modern theory has not 
yet found an adequate apparatus for imposing sup- 
plementary conditions on the field quantities of in- 
teracting fields to reflect the particular character- 
istics of the existing wave fields. 

The first conclusion is unacceptable for the rea- 
son that it does not lead out of the maze of contem- 
porary meson theories. Even if it is valid, this 
does not give reason to deny the presence of partic- 
ular characteristics of field quantities which de- 
scribe interactions different from the electromag- 
netic one. 

The second conclusion can serve as a basis for 
an attempt to generalize the concept of field func- 
tions. In other words, it is necessary to search for 
the conditions which must be imposed on the corre- 
sponding wave functions in order to carry through 
this or that interaction. As a hypothesis, it might 
be proposed that the field function of a wave field 
should be a hypercomplex number, in particular, a 
quaternion. Then the field function should have 
components in quaternion space with the base vec- 
tors (1, i, j, k), where the base vectors satisfy the 


following conditions: 


= Pas heh, 


ij =—ji=k, 


pe cisuchy Lor, inkl ek ae fe 

In this space three independent rotations are pos- 
sible; gauge transformations correspond to these ro- 
tations. Invariance under a gauge transformation 
(of the first type) will correspond to the conserva 
tion of certain three charges. We can thus expect 
that instead of the one. known law of conservation of 
electromagnetic charge, two other laws of conserva- 
tion of some charges g, and g, (for example, nu- 
cleon and p-meson charges) should exist. 

Hypothetically, one can propose several ways of 
generalizing the concept of a field function. The 
simplest are the following assumptions: a) the field 
function is essentially a Hamiltonian quaternion 2’? 
b) the field function is essentially a Dirac quater- 
nion’. At present there is no need to employ more 
complex field functions. 

It is known that the quaternion Q is equivalent to 
the complex number ( = q + 44, if the components 
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at positions j and k are equal to zero”. It is also 
known that the wave functions of the field of elec- 
trically charged mesons ¢ and ¢* are made conju- 
gate in the plane of the base vectors (1, i). It is 
possible to assume, as a hypothesis, the existence 
of some special conjugation of the wave functions 
of the field, corresponding to the description of two 
nucleons with opposite + g,-charges (g, will be 
called the nucleon charge). Such a conjugation of 
the wave functions of the field can be carried out in 
the (J, 7) plane, where j does not coincide with the 
base vector i. If we do not go outside the (1, /) 
plane, the algebraic properties of the wave functions 
of the field do not differ from the algebraic proper- 
ties of complex functions. Therefore, the theory of 
particles with the g,-charge (in other respects, neu- 
tral) can be developed analogously to the theory of 
electromagnetically charged particles. One of the 
authors of this note developed exactly such an ap- 
proach to the theory of interaction of mesons with 
fermion fields®. 

However that may be, it is possible to consider 
that, together with electromagnetic conjugation, it 
is reasonable to introduce g,-conjugation. The con- 
jugation in the (1, &) plane has not yet been em- 
ployed. In the most general case, a particle having 
three charges, e, g,, Sus should be described by a 
quaternion Y =u, + iu, + ju, + ku;. A particle with 
charges — e, — g, and — g,, will be described by the 
conjugate field function Y = u, — iu, — ju, — kus, 
where the sign ~ means total conjugation in the 
case of W and W, 

It can easily be shown that all possible combina- 
tions of the 3, 2, 1 and 0 charges, which the parti- 
cles can have, can be described by 27 different qua- 
ternion field functions which have 3, 2, 1, 0 compo- 
nents. 

The authors believe that the possibility described 
above of constructing a theory of particles which 
possess simultaneously three charges, is a new 
possibility in mesodynamics, opened up because of 
the broadening of the algebraic class of functions 
used as field functions. 

In Ref. 5 a specific program of introducing field 
functions of a new algebraic class was outlined. 
However, other variants for using quaternions as 
field functions are equally conceivable. 


oc Wentzel, Quantum Theory of Fields (Russian 
translation) GTTI, 1947. 
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Simplification of the Equations for the 
Distribution Function of Electrons in a Plasma 


A. V. GUREVICH 
P, N. Lebedev Physics Institute, 
Academy of Sciences, U.S.S.R. 
(Submitted to JETP editor December 13, 1956; 
resubmitted March 14, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1237-1238 
(May, 1957) 


| A ete starting from the Boltzmann kinetic 
equation, showed that for the electron distribu- 
tion function 


Fin v, )=folr, + hr, o, 0+70, 9,2) 


in a plasma located in electric and magnetic fields 
the following system of equations is correct: 


fo Oe e 0 
“9p 3 div hi 35 By (PEt) 


| = Ke Bie 
vu" } 


VG m 
M au + 908 Fr fo} =0, (la) 


~ v2 gu 


Of, ‘ cE Of 
OL, tee ate = 4 


— [Hf] -- vf; = 0. (1b) 


Here e and m are the charge and mass of an elec- 
tron, \f is the mass of a molecule (ion), & is the 
Boltzmann constant, 7’ is the temperature of the 
plasma, E and H are the intensities of the electric 
and magnetic fields, v =v(v) is the frequency of 
collision of electrons with molecules or ions (see 
Ref. 2, §59). Terms of order x (in comparison with 
f.) have been neglected in the derivation of Eqs. (1). 
The evaluation carried out in Ref. 1 has shown that 
in a spatially uniform plasma y ~ Of,, while in the 
presence of irregularities y ~ Of, + lof,/dz, that is, 
Eqs. (1) are true when the conditions 


S<t, ldh/oz < fo- 


(2) 
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We shall now show that the system of equations 
(1) can be simplified. For this purpose we shall 
first consider the case of a spatially homogeneous 
plasma. In this case the symmetrical part of the 
electron distribution function (f,) can be essentially 
changed only in a time of order 1/8v, since 
Of,/ot < dvf, (see Ref. 3). At the same time, as is 
clear from Iq. (1b), the current (directed) part of 
the distribution function (f,) changes essentially in 
a time of order 1/v, since of,/dt > vf,. Hence the 
function f, changes more rapidly in time than f,. 
For this reason the dependence of the function f, 
on ¢ may be neglected in the integration of Eq. (1b). 
The solution obtained will then be correct to an ac- 
curacy which includes up to terms less than or of 
the order of 6, i.e., to the same degree of accuracy 
to which Eqs. (1) themselves are correct. 

Analogously, in the presence of spatial inhomo- 
geneities the dependence of f, on t may be neg- 
lected in the integration of fq. (1b) only on the 
condition that the function f, change much more 
slowly with time than f,, i.e., that of,/dt <vf,. 

On the other hand, it follows from Eq. (1a) that 

Of, / Ot S buf, + vof,/dz, where z is the direction 

in which the function |f, | changes most sharply. 
Hence the dependence of the function f, on ¢ may 
be neglected in the integration of fq. (1b) only if 
vf, > dvuf, + vof,/dz, i.e., if 5 «1 and lof,/dz «1, 
which coincides exactly with conditions (2). 

Taking account of this circumstance (and know- 
ing precisely how the fields E and H change with 
time), we can integrate Eq. (1b) without difficulty. 
The result obtained is a simple approximate ex- 
pression for the function f,, which, as remarked 
above, is correct (i.e., to the same degree of ac- 
curacy with which Eqs. (1) themselves are correct) 
when conditions (2) are fulfilled. Thus the prob- 
lem of finding the electron distribution function re- 
duces to the integration of the single equation 
(la)*. For example, in the case of a spatially ho- 
mogeneous plasma we have 

Ofo 


Pee ae? 
Ofo it) o [+ a] St 
ot v2 dv 3m M ou 


* It should be noted that in the case of a constant mag- 
netic field the system of equations (1) can also, gener- 
ally speaking, be reduced to a single equation by means 


lice 


wae jo} == (0), 


of an exact integration of Eq. (1b). However, such an in- 
tegration does not lead to any simplification of the prob- 


lem, since at the same time Eq. (1a) has its order in- 
creased and becomes integro-differential. 
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Here u is the velocity of the directed motion of the 
electron produced by external fields. The velocity 
u is determined by the Lorentz equation of motion 
of the electron 


v= (E+ du xn), (3) 
m Cc 


which is ordinarily easily solved. 

If spatial inhomogeneities are present in the 
plasma, the expression for the current function (in 
a constant magnetic field) takes the form 


j Ifo 
eee el 


l 
‘| + y? {grad fo. 


+ y°H-*H (H grad fo) + y [H grad fo] / H}, 


where y = eH/mcv and the velocity u is determined, 
as before, by Eq. (3). 

In the case of a Maxwellian distribution of the 
electron velocities, the equations for the distribu- 
tion function lead, as is well-known, to a system of 
equations for the temperature 7, and the density n 
of the electrons (the needed expressions for the 
current and for the energy flux carried by the elec- 
trons are calculated with the aid of the expression 
obtained above for the current function). These 
equations were obtained in Ref. 1 for a varying mag- 
netic field (E = E,(r) cos wé) of low frequency 
(a? «<v’). For high frequency w > v? the electron 
distribution is stationary. The equations for the 
temperature and density of the electrons become es- 
sentially simpler in this case. For example, if we 
assume that l # (v) (collision with neutral parti- 
cles), then for H =0 

[2 ES (r) 
8 — a div grad@ = 14+ apr see? 


n= (no /6#)(V/\ 0"*aV), 
Vv 
where 0=T7./T and n, is the electron density in a 
plasma undisturbed by an electric field. 
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Application of Correlation Polarization 
in the Phase Analysis of p—p Scattering 


A. G. ZIMIN 
(Submitted to JETP editor December 14, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1239-1240 
(May, 1957) 


XPERIMENTS ON THE three-fold scattering of 
310 Mev protons by protons have been conducted 
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recently in Berkeley 1” In these experiments there 
were measured two quantities which characterize the 
change of polarization of one of the interacting par- 
ticles in the ensuing scattering, namely, the depo- 
larization D and the rotation of the polarization R. 
Together with the scattering cross section and the 
value of the polarization, this gives the four essen- 
tial quantities which characterize the scattering 
matrix. Phase analysis, carried out with the aid of 
the designated quantities”, yields five groups of 
permissible phases with momenta / < 4. 


Number of group 


State { 2 | o* 3 | 4 
i 

10 —10.9+4,9°| —19.5° |—27+4+3.9° |—10,1+4.9°|\— 0.344.6° 
1D, Bo 1 5° Uae hy SEO 12 OT ae 1291 2 
1G, Lees Woe 1 08 #200 eS 

) om eee be ay 236 —25,443:8 |\—14.3-4-4.3 |—64.743.8 
SPyr_I—19.8-+-1.6 | —14s7-b2.\— 7.3842 |—20.7-421.9 8.41+4 
3P, 22.61 .3 18.8 23.441.5 |—12,6+1.9 8.141 
EQ —1.8+2 9.3 7.5 |—0.8+4 0,246.2 
3Fy 2.0+1,1 ns — 4. 44-1.8;)— 4 342 | — 2.444 3 
SF, —0.5-+0.9 25 2.64-1,5; | 3/244 3.30.5 
e4 =): 5 os 0.9 dead eS 
3H, ake 2.4 —O.7 1.4 232 
3H, 0.9 ay 0.9 0.4 —2 0 
3H, — (06 1.6 =O96 1.3 0.3 
tReet |=s 2G ae 0.2 5 2b- 07 2.41.5 3042.2? 


Such lack of single-valuedness arises because 
the four designated quantities do not constitute a 
complete set of experimental data. For a single- 
valued phase analysis, it is necessary to carry out 
supplementary experiments, viz: there-fold scatter- 
ing with the application of a field or else with cor- 
relation polarization. As Chamberlain reports®, the 
application of magnetic fields in three-fold scatter- 
ing does not produce complete single-valuedness of 
the phase analysis. As shown by the calculations 
which follow, the values of correlation polarization 
corresponding to different phase groups differ mark- 
edly from one another. This fact makes possible 
the complete separation of the designated groups by 
measuring only a single correlation polarization. 

As is known?>4, the measurement of the correla- 
tion polarization, i.e., <o;) o® >, k =x, y, 2), 
can be carried out through two-fold proton-proton 
scattering. Here two quantities are measured 


directly: 


10: — 


yy Syrys and OT] 


= 6,, cos 29 + 1/, (o,.— o,,) Sin 29 == Cer 


where @ is the scattering angle in the laboratory 
coordinate system, and the primed quantities refer 
to the coordinate system with axes x° and z” which 
are oriented in the directions taken by the two scat- 
tered particles. Meu the component combina- 


tions of the tensor 0,;; = aa oe , the expression 


for the matrix parameters of the scattering 


M = aS + ¢ (o}, + 6?) + Vog (oho? + o1,0%,) fi 


Sia 1.2 U2 1-2 
/sh (6,6; — 5 76,) ie es 


takes the following form: 


FO yr ys = 2Re(am’) +2 (cc — hh* — ge), 
66 ,,,, = 4Re (ich’). 


The results of the calculation of o; upon adduc- 
tion of the phase grouping are shown graphically. 
The value of oj proves to be quite dependent upon 
the group number, especially for angles less than 
50 degrees. Therefore measurement of oj for angles 
less than 50° permits isolation of the correct phase 
grouping. oj] is less dependent on the group number, 
so that calculation of oy; is not of interest (taking 
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whe 56° 48° 60° 6° 98 


into account the large deviations from the phase 
values in a given group). 

As is shown by phase analysis which takes into 
account only phases of isotropic states” (first ap- 
proximation), the S-phase, for the energy under con- 
sideration should have a large negative value. 
Groups 2 and 2* show agreement with this state - 
ment, besides yielding only minor mean square de- 
viations. Groups 1 and 4, whose phases differ 
greatly from those of 2 and 2*, show a sharply dif- 
ferent behavior of o; for small angles. This circum- 
stance permits sorting them out by measuring oj. 

This work has been carried out on the suggestion 
of Professor Ia. A. Smorodinskii, to whom I wish to 
express my appreciation. [| also wish to thank 
Professor O. Chamberlain (USA) for furnishing data 


on phase analysis. 
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Polarization of Deuterons in Elastic 
Scattering 


O. D. CHEISHVILI 
Tbilisi State University 
(Submitted to JETP editor December 25, 1956; 
resubmitted after revision February 28, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1240-1242 
(May, 1957) 


W* CONSIDER IN THIS WORK several questions 
concerning the polarization of deuterons dur- 
ing their elastic scattering by nuclei. Lakin ! and 
the author” made calculations on the polarization 
of deuterons, but these were based only on general 
considerations of invariance and did not yield con- 
crete results with regard to polarization. For the 
interaction potential of the deuteron and the nucleus 
we shall take (in analogy to the interaction potential 
of a nucleon with a nucleus®) 


Vaa (=| ¥a(Ita— tpl) na Cn) 
(1) 
+V alt pl des, =a a 


The interaction potentials for neutrons and pro- 
tons with nuclei are taken as 


1 op(r) 


VA (r) = Geli) se V1 r Or (s,,L), (2) 


1 de(r) 
r or 


The Coulomb interaction potential of the proton 
with a nucleus is taken as 


(3R?— r?) Ze? /2R®, forr<R 
eu) = (4) 
Ze? / Tr, forr>R 
where R is the nuclear radius and Z is the nuclear 
charge. The spin-orbital Coulomb interaction is not 
taken into consideration, since it is small compared 
with the spin-orbital nuclear interaction. 
The calculation is carried out by the Born approx- 
imation; it is assumed that the deuteron is in the 
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s-state. The differential scattering cross section of the polarized deuteron beam in this case takes the 


form 


2M 


I (4, g) = (sr) (> (tan ol { eee = alte = 


q 


rol ee én V2 Ar zs * 
oy = = Im (AB*) 9) <Tymz> Vint) + eB ES [Beem aie 
M M 


2V C. Oe(r) , Mog By Gk 
A(%)= ms ( TGr) a5 alin mery 3 Gos (5) 
0 
3. R ARE ana 
=F cos a + 5 (1 + gapgpe) in(aR)} 
C dp (r) [k, ko] 


2V ’ 
B(d) = —7- # sin of incor) Ae 
0 


where M is the mass of the deuteron, k, and k the 
wave vectors of the deuteron before and after scat- 
tering, j, (gr) the first-order spherical Bessel func- 
tion, Yj, the associated Legendre polynomials, 
and 7;y the tensor operator of the deuteron spin’. 
Equation (5) can be considered as the formula for 
double elastic scattering of unpolarized deuterons 
by nuclei, provided < Tyy > and < Toy > are re- 
placed by the value of the deuteron polarization 
after the first scattering. 

If after the first scattering the deuteron travels in 
the direction of the z axis, while the y axis is per- 
pendicular to the plane of the first scattering, then 


I (9, 9) = Io (#) {1 + Pao (F) Pao (91) 
+ 2Py1 (9) Pir (91) cos @ + 2Po2 (9) Poe (91) cos 29}, (6) 


where 
Pa) = — SE TAF HBF = 
Pa) = — EAE BR = 
Poo (9) = oe <T 22>. 


2 Vesa) AN? eis Bile oe 


The differential cross section for the unpolarized 
deuterons is 


Io (9) = 3 ) (= y (vant a { Al?+ es |B r} , 
(7) 


where 9, and 9 are the angles of the first scattering 
and of the corresponding second scattering. Equa- 
tion (6) contains those quantities which characterize 
the interactions of nucleons with nuclei. 

Assuming that each nucleon of the moving deu- 
teron has half the energy of the deuteron (the exper- 


a 
r dr, gq = 2k sin —>- 5 


n= ,2sind ’ 


iment was carried out® with deuterons of high en- 
ergy — 167 Mev), and calculating the interaction po- 
tential by using the optical model of the nucleus®, 
we obtain for the central part of the potential 


; —(28-+i16) Mev, for r<R 
vee =4 0 4 for ip Ss IR 

If we take the spin-orbital part of the potential to 
be 15 times larger than the Thomas expression for 
the real part of the central potential’, then 


V, =9 x 10°° Mev cm?. 


If both scatterings occur in carbon, and the scat- 
tering angles 9, and % are both 20°, Eq. (6) takes 
the form 


1(20°, g) 


=(p+qcos p+rcos 29) x 10°?” cm?/steradian 


where p = 18.1, ¢ =5.5, r= 2.4. The following re- 
sults were obtained experimentally: p = 50.3 + 2.2, 
q= 15.3 + 1.9, r=— 1.8 + 3.6. The experimental 
statistical errors are correct only as concerns the 
relative values of p, g, andr, and not as regards 
absolute values. 

The p : qratio obtained above agrees with ex- 
periment, but the p : r ratio is somewhat low. 

Reference 8 gives the results of double scatter- 
ing of deuterons into various scattering angles by 
various scattering materials. We have made a com- 
parison for the case where both scattering targets 
are carbon and the deuteron energy is 156 Mev. 

For this experiment the first scattering angle was 
16°. The second scattering angle was varied in the 
interval 11°to 28°. For a second scattering angle 
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greater than 16°, there is satisfactory agreement 
with the experimental results in the Pp: gratio. For 
smaller angles the agreement breaks down, and our 
calculation of the coefficient r of the term r cos 29 
comes out to be several times larger than the exper- 
imental value. 

As is proposed in Ref. 1, it is necessary to con- 
sider that the state of the deuteron makes a major 
contribution, and leads to the diminuation of the 
coefficient r in front of cos 29. 

I wish to express my thanks to Professor G. P. 
Khutsishvili for his never-failing interest in the 
work and for his valuable discussions. 
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Some New Possibilities of lonic Phenomena 
in Metastable Liquids 
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P. N. Lebedev Physics Institute, 
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(Submitted to JETP editor January 8, 1957; 
resubmitted February 23, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1242-1244 
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ONIZING PARTICLE TRACKS are produced in 
the usual bubble chambers? through the budding 
of nucleation voids directly accompanying the pass- 

age of ionizing particles, and are generated as the 
result of ponderomotive micro-entrainment among the 
accumulated mutually repelling ions or else as the 
result of micro-explosions due to local heating. 

The short lifetime of these phase nuclei does not 
permit their use for delayed track production, which 
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to a certain extent limits the usefulness of the 
usual bubble chambers, assuming only semiautoma- 
tic registration of particles in preliminary satura- 
tion. (This condition increases interest in the in- 
vestigation of the density, lifetime and dynamic 
growth of these primary phase centers, and in at- 
tempts at very high speed photographic registration 
of the tracks, such as could be done by using 
pulses from highly sensitive electro-optical tubes” 
or by other optical recorders, activated by the scat- 
tering or the emission of light by these optical in- 
homogeneities. Such inhomogeneities arise virtually 
along the entire particle track, not only under meta- 
stable conditions, but even without pressure drops, 
in stable heated or aerated liquids, for example, near 
the boiling point, and especially strongly near the 
critical point). 

A series of suggested methods for the proposed 
accomplishment of the automatic operation of bub- 
ble chambers employs the possibility of formation 
of secondary centers for the initiation of the action 
on the remaining ions. Among such methods are, for 
example, the proposal? to use the local energy lib- 
erated upon the recombination of ions, the formation 
of phase nuclei through dissipative drifting of ions 
in an external electric field or else in the field of 
an approaching ion of opposite charge, attempts at 
influencing the ions by high frequency electromag- 
netic waves‘, etc., using various ways of changing 
the dynamics of recombination of the ions by the 
application of an external electric field. 

Without stopping to evaluate the effectiveness of 
these methods for various working liquids in bubble 
chambers, let us examine possible new methods of 
revealing the presence of single ions, based on the 
stratification of a working liquid composed of het- 
erogeneous components in ion fields. 

Let us assume that the molecules of a profusely 
dissolved substance (for example, a gas, vapor or 
liquid) possess a dipole moment markedly exceed- 
ing the dipole moment of the solvent liquid. Then 
the strong inhomogeneous electric field due to 
ion formation leads to a sharp change in the con- 
centration of the solution in the vicinity of the ions 
(local enrichment or quasi-liquid complex forma- 
tion), If the lifetime of the ion exceeds the time 
needed to establish localized statistical diffusion 
equilibrium (and it is indeed these relatively long- 
lived ions, for which this condition is known to be 
fulfilled, that we are interested in), then in accord 
with the Boltzmann formula the local concentration 
of the solution at a distance r from the center of 
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the ionic field is equal to: 
Et (r) 


K (0) =e = K (oo) exp {- | @—p,) a8}. 


0 


where p, and Pp} are the effective averaged (over 
the direction of the field) molecular dipole moments 
of the dissolved substance and solvent liquid re- 
spectively. These quantities depend, generally 
speaking, on the field intensity and on the tempera- 
ture. E’ is the effective electric field acting on the 
molecules (£’ = a(r)e/r?, where e is the ionic 


1 : 
charge, anda(r) = sts) takes the local polari- 


3e(r 
zation of the mixture into account, can vary only in a 
narrow range: 0.3 < a(r) > 1. 

For the sake of illustration we shall evaluate the 
order of magnitude of the dimensions of the zone of ade- 
quate enrichment. Assuming for the sake of simplicity 
on the zone boundary (p, —p,;) ~ 107*°C.G.S. electro- 
static units, approximately equal in order of mag- 
nitude to the intrinsic dipole moment of a polar 
molecule, let us examine a solution of polar gas 
molecules in a less polar or nonpolar liquid. Then, 
the condition of adequate enrichment, say for 


In peu voit yields r, > 10° cm for T < 300° K. 


ry 
K (20) 
For a very weak or vanishingly small electric 
field in the zone of enrichment (with approach to- 
ward or recombination with a center of opposite 
charge, or with neutralization of the ion at the 
electrode, occurring in surface development of the 
track projection on the electrode, etc.) the attraction 
power acting on the molecule in the zone of enrich- 
ment is sharply decreased. The excess quasi-gas- 
eous pressure (if the dissolved substance has suf- 
ficient volatility) exerts an effect on the adjacent 
layer of the liquid and is able to promote a micro- 
explosion of the liquid and the production of nu- 
cleation voids, resulting in a bubble with assured 
instability of the state (superheat or supersatura- 
tion of the working liquid). 

This process of ion development, which is basi- 
cally different from the development mechanism 
used in the usual bubble chambers, produces devel- 
opment centers as long as the recombination of ions 
continues. This process can be used not only dur- 
ing preliminary saturation, but also during delayed 
instability. 

Obviously, the greater the relative difference of 
the dipole moments or polarizability of the solvent 
and solute molecules, the more valid is this de- 
scription of the possible mechanism of develop- 
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ment; the faster it occurs, and the greater is the 
instability of the system. 

Among the shortcomings of methods for delayed 
track development which use the effects arising on 
the recombination of ions is the need for providing 
enough recombining ions, during a given time inter- 
val, to produce supersaturation also in the time in- 
terval during which a strongly unstable state exists. 
In view of the sharp decrease in the number of ions 
recombining per unit time, it is apparently neces- 
sary to use special electric fields, such as an al- 
ternating field to attract and repel the ions at cer- 
tain instants of time. 

In this regard the proposed methods of develop- 
ment which utilize the effect of electric fields from 
the side on the ions, excel markedly, since in this 
case the effectiveness of development is determined 
by the number of ions caught up rapidly by the ef- 
fected influence, and not by the change in the num- 
ber of ions, as was the case previously. The appli- 
cation of the field can be accomplished with negli- 
gibly small delay (with an associated small insta- 
bility of the state), or else fortuitously combined 
with the field that weakens of the recombination of 
the ions (upon triggering of the system by the pass- 
ing particle). 

The effect of the formation of phase nuclei in 
heated or aerated liquids in the presence of ions 
moving under the influence of an electric field, or 
in the presence of changes in the local ionic fields, 
holds great interest not only in regard to the possi- 
bility of automatic particle track registration, but 
also because it is a unique means of initiating 
phase transitions under the influence of electric 
fields. 

Among other manifestations of the effect of elec- 
tric fields in the specific conditions considered 
above, it is worth noting that the establishment of 
easier conditions for the production of nucleation 
bubbles and a high ion density along the particle 
track in the liquid can facilitate the localization of 
discharge along the track and the production of a 
gas-vapor canal for visualization of the track (for 
example, limited discharge along the track, inter- 
secting a series of flat thin electrodes submerged 
in the liquid with alternating potentials, etc.). 

It is also of interest to investigate the dynamics 
of current-induced compression of discharge in 
liquid systems of special physical interest meta- 
stable or near-boiling liquids, which conse quently 
exhibit a low breakdown resistance to the discharge 
voltage actually produced in the gas-vapor phase 
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(special dissolved gas or liquid vapor). 
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Phenomenological Study of the Effect 
of Nonconducting Medium in Quantum 
Electrodynamics 


M. I. RIAZANOV 
Moscow Engeneering-Physics Institute 
(Submitted to JETP editor February 13, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1244-1246 
(May, 1957) 


A’ IS KNOWN (see, for instance, the review by 

Feinberg ), the influence of the swrounding 
medium on the collision of particles with a small 
longitudinal momentum transfer can become consid- 
erable even for high energies. Furthermore, the in- 
fluence of the surrounding medium must necessarily 
be important in the higher order perturbation calcu- 
lations because, in the integration over the 4-mo- 
mentum of virtual photons, one necessarily has to 
include the wavelength region for which the pres- 
ence of the neighboring atoms cannot be ignored. 
This was pointed out for the first time by Landau 
and Pomeranchuk? who noted that the magnitude of 
the radiative corrections is strongly influenced by 
the multiple scattering of the electron in the me- 
dium. Ter-Mikaelian® noted thatthe radiative correc- 
tions should be especially strongly influenced by 
the deviation, for soft quanta, of the dielectric sus- 
ceptibility © (@) from unity. 

In view of this, it would be of some interest to 
construct a covariant Feynman-Dyson perturbation 
theory for a phenomenological quantum electrody- 
namics in a medium. 

A non-covariant formulation of quantum electrody- 

- namics was given by Ginzburg * and Sokolov® and 
was later expanded by Watson and Jauch®. For the 
construction of a covariant perturbation theory in a 
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medium, it is convenient to use the formulation of 
phenomenological quantum electrodynamics proposed 
by Tamm, in which the properties of the medium are 
described by the dielectric and magnetic suscepti- 
bility tensor ¢ vapo Which relates.the field tensor 
F) to the induction tensor H,): 


— F 


vAPo ” CG” 


H (3) 


vA 


In homogeneous isotropic matter, €y)pc has the form 


Evx96 = UT (3. 1 %UU,) (3,46 “U,U,). (2) 
Here up is the 4-velocity of the medium, pis the 
magnetic susceptibility, x= ey — 1, x and p are in- 
variants; the F’eynman notation is used. If the poten- 
tial of the electromagnetic field is introduced in the 
usual way 

Foo a 0,4, 9 0546 (3) 


and the components are constrained to the auxiliary 


condition 
0, (A, + xu4,44) = 0, (4) 
then, from the field equation 
Oy, = — ih, (5) 


and from (2) — (4) one obtains the following equation 


for the potential 


u-? (0; +% (u,0,)”) (8,6 ai xu U,) A,=— jy: (6) 
In the Heisenberg representation of quantum the- 
ory, the field operators satisfy the same equation 
(5); the commutation relations for the free field 
operators have been found in Ref. 6. The rules for 
the computation of the scattering matrix elements 
can be easily obtained, for instance by the method 
of Galanin®. But, instead of the usual Green func- 
tion for photon, the formulae will involve the Green 
function for the free equation (6), determined by 


wo? (82 Lx (U,,)”) (By + Ua He) Foy (%) ¥) = 


’ (7) 
— 0 (4% ); 
Changing to the momentum representation, it is 
easy to obtain the following expression for the 
Green function: 
, -2 % 
aa be x ) => (27) \ ast (8: == 14+x ut, 
(8) 


x {Re ae (aR he exp ik (x — x’). 
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The choice of the integration path with respect 
to the poles is determined in the following way: for 
positive frequencies, it is required that an infini- 
tesimal absorption occur. For negative frequencies, 
the contour is chosen in such a way as to make the 
theory symmetric with respect to past and future. 

It is also necessary to note that the denominator 
of the integrand in (8) vanishes if both up kp and hk’ 
tend to zero. This is due to the fact that perturba- 
tion theory is not applicable to soft quanta and 
leads to singularities in the expressions for the ra- 
diative corrections (“infrared catastrophe”). In 


AY 


fin = ie (3n0 — ¥ nig [4 — UL + ¥)~ ales, 2a Se cee ae 


This way, the matrix elements can be computed 
using the standard diagram technique, where an in- 
ternal photon line corresponds in the momentum rep- 
resentation, to the factor 


{#2 +x (ugk) — 3, (9) 
and the vertices at its ends correspond to the 
operators 

8ivYv (10) 


To obtain the factor corresponding to a vertex 
with an exterior photon line, it is convenient to make 
use of a method mentioned by Feynman in a footnote 
in the second section of his paper’. After integra- 
ting (8) over k, it is easy to see that the factor cor- 
responding to an internal line can be interpreted as 
the result of exchange by real photons of all possi- 
ble momenta and polarizations. Since an external 
line corresponds to emission (absorption) of a real 
photon with definite momentum and polarization, it 
is easy to determine the relationship between the 
factors. The result can be formulated in the follow- 
ing way: in the momentum representation, a vertex 
with an external photon line corresponds to the 
operator 


Biyry (2k, + 42 Ugh.) x + My (Ughe)°Ox | O (ugk,)|— Ps 
(1) 
Here, in contrast with (9) and (10), the components 
kare related by 
(12) 


which has to be considered as a definition of the 


G.. (x, x’) = (22)? \ dhe, {hk + x (ugk)? — 22} 1g, exp ik (x — x’), 
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order to obtain converging expressions, it is nec- 
essary to limit, in a covariant way, the integration 
region from the soft-quanta end. In analogy with 
perturbation theory in vacuum, let us introduce an 
additional term in the denominator of the Green func- 
tion (8) — a constant A? which cuts off the infrared 
region. The magnitude of A depends only on the con- 
ditions of applicability of the perturbation theory 
and can be left unspecified if one is interested only 
in final results independent of A. Taking this into 
account, the final expression for the Green function 
can be obtained in the following form 


(8°) 


dependence k(k,). The other factors of the matrix 
element have the same form as in the case of vac- 
uum. Let us illustrate the application of the theoret- 
ical apparatus with an example of Cerenkov radia- 
tion. The matrix element of the process is 


SY =e (27)* (us, f iy Vytt) 
; (13) 
if 1 to} —I2 

x 20 ( 1+» 13 79 @ a) 8 (pi + 2 — po). 


The emission probability of a non-polarized photon 
by a non-polarized electron can be obtained in the 
form (medium at rest): 


e2 
dW =u Tec dw3 {1 — 8-2(1+ x)-} 


ree}: 


The energy radiated by the electron per unit time is 
equal to 


@ x 


ay: gree (14) 


4p? E - 


. © max 
o 
Wad | ode {i— st +9) 
©min : (15) 
q@ x q@- P.4 
T pp Fx Gp [+ TE KN 


The conservation laws determine the direction of 
the radiation and the limits of integration 
cos?=(41/8V1 + %) —(@ / 2mB) V1 — B2 x / V1 +x. 
(16) 
The results coincide completely with those of Refs. 
4 and 5 for » = 1 and go into the classical formula 


as the electron’s recoils are neglected. 
As a conclusion, I wish to express my gratitude 
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to E. L. Feinberg and M. L. Ter-Mikaelian for con- 
stant interest in this work and for valuable discus- 
sions. 
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(Submitted to JETP editor January 19, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1246-1248 
(May, 1957) 


Ov OF THE possible explanations of the decay 
of K*-mesons into two and three 7-mesons con- 
sists in the supposition that spatial parity is not 
conserved in weak interactions?. If one accepts 
this hypothesis then the question arises: should 
charge parity and parity relative to reflection in 
time be conserved in weak interactions. As is well 
known, the connection between spin and statistics 
requires that all interactions be invariant under the 
product of the three transformations: reflection of 
the three spatial coordinates /, reflection in time T 
and charge conjugation C, i.e., symbolically 

ITC =1. Therefore® with violation of spatial par- 
ity in weak interactions (J # 1) there are three pos- 
sibilities: I) weak interactions are invariant under 
reflection in time (7 = 1), but are not invariant un- 
der charge conjugation, so that /C = 1; II) weak in- 
teractions are invariant under charge conjugation 
(C = 1) but are not invariant under reflection in 
time and /T = 1; III) weak interactions are not in- 
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variant under either charge conjugation or reflec- 
tion in time, but /7C = 1. If one accepts the last 
possibility, then the fact that a K°-meson with a 
long lifetime exists* would appear to be a pure co- 
incidence in so far as the argument of Gell-Mann 
and Pais’, on the basis-of which it was predicted, 
and would be valid only under conservation of ei- 
ther charge parity or parity relative to reflection in 
time. This forces us to discard the third possibility 
and consider only the first two. 

In this article we consider what physical phe- 
nomena could occur with either of these alternative 
possibilities. 

The first of these possibilities, as remarked by 
Landau®, corresponds physically to the assumption 
that all interactions are invariant under simultan- 
eous interchange of right and left and change from 
particle to antiparticle. The physical significance 
of the second assumption is that all interactions 
remain unchanged only if the motion proceeds back- 
wards in time together with the transition from right 
to left. 

We consider first scheme I, i.e., when, together 
with violation of spatial parity, invariance relative 
to reflection in time is conserved. At t > — let 
there be a system of particles in state a, with par- 
ticle momenta pg and a mean value of spins Sq. 
Let, further, as a result of interaction, this system 
go into a different system of particles (at t > ov) 
with momenta p, and mean values of the spins s,. 
From the invariance under reflection in time it 
follows” that the transition matrix element 
Ss 4(Pa> Sai Pp» Sp) is connected in the following 
way with the matrix element of the inverse proc- 
ess Si (Pp, $b} Par Sa) 

Sie (Pa> Sgi Py Sy) = Sia (Pg S53 = PIS Sy 

(1) 

The matrix element S,,, viewed as a function of 
its arguments Pg; Pp, efc., does not have, in gen- 
eral, the same functional form as the function Sqp. 
Thus, we cannot extract any help directly from Eq. 
(1). However, if the transition a > b is considered 
to go as aresult of a weak interaction, then in the 
first non-vanishing approximation of this interac- 
tion, the relation of detailed reversibility holds: 


: 
Sap (Par Sai Po» 86) = — Spa (Po Spi Pa» Sq): (2) 
[For the validity of (2) it is important that the 
transition proceed as a result of a weak interaction, 
but it is not necessary that the particle motion as a 

whole in the initial or final states be describable 
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by free wave functions.] Eliminating Spq from Eqs. 
(1) and (2), we find that in the case of invariance of 
the interaction under reflection in time, the transi- 
tion matrix element should satisfy the equation 


Sap (Par Sa) Pp» 8p) = Sap (Bae — Sat = Dar 8p) 
(3) 
and, consequently, the transition probability 
Wey (Pas $41 Pp $5) — Wi, (— Pa, — 8a) — Py — Sp): 
(A) 


In the case of the second possible scheme, where 
all interactions are invariant under charge conjuga- 
tion, one can carry out analogous arguments. Only 
here, instead of reflection in time, it is necessary 
to consider the transiormation of reflection of all 
four coordinates. The matrix elements of the direct 
and inverse transitions turn out to be connected by 
the following relation: 

Sip (Par Sai Pp Sp) = Sy (Py, — Sp; Par —Sq)- (4) 
For the validity of Eq. (2), it is only necessary that 
the interaction Hamiltonian be hermitean, which, 
obviously, occurs also in this case. Substitution 
from Eq. (2) into Hq. (4) gives 


I : Pint 1G es 
Sap (Par Sai Py» Sp) = — Sap 


(ont = S evr on) (5) 


Thus, in the case of scheme II, the transition proba- 
bility should satisfy the equation 


Ve. (Ds cb. S em WS (ps 


eg) | Dap ines S,)- (B) 
Using (A) and (B) it is easy to establish the gen- 
eral form of the transition amplitudes for both pos- 
sible schemes of non-conservation of parity. 

We consider, for example, the decay of a station- 
ary polarized A-particle, > p +77. In this case, 
the A-particle decay is characterized by three vec- 
tors: the spin vector of the A-particle S, the proton 
momentum p, and the proton spin s,. We will be in- 
terested only in pseudoscalar quantities, arising be- 
cause of non-conservation of parity. From these 
three vectors it is possible to construct three such 
quantities: S)p,, S,P, and [s, sp]pp- From Eqs. 

(A) and (B) it then follows that in the case of 
scheme | the probability can contain terms propor- 
tional to s,p, and s,p, whereas in the case of 
scheme II only terms proportional to [s,s, |p, can 
enter into the probability. Thus in scheme I, upon 
decay of the A’-particle one can expect polarization 
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Type of Scheme I Scheme II 
decay fh = sities C = inv. 
A SP p> S\Pp [s,Sp] Pp 
S.Pe, SP [s.1y] De 
IyPe; IyPn [sel y] Py 
TT SP, a 
iY S.,P., SePe [s,, Sel Pp, 


of the decay protons parallel (or anti-parallel) to 
the direction of their momenta, and, if the A-par- 
ticle is polarized, most of the decay protons will 
have momenta parallel (or anti-parallel) to the spin 
of the A-particle. (This effect was considered by 
Lee and Yang'.) In scheme II the effect of non- 
conservation of parity can be detected only by ob- 
serving the polarization of the protons in decay of 
polarized A-particles, or, equivalently, by measur- 
ing the directions of the momentum and spin of the 
proton relative to the normal of the plane in which 
the A-particle was produced. 

Analogously, one can determine the pseudoscalar 
quantities acceptable in each scheme for other weak 
decays. The results given in the table (the indices 
\, p, e, denote the spin and momenta of the re- 
spective A’, proton, electron, p-meson; in the case 
of 6-decay: /y is the spin of the initial nucleus, 
Py is the nuclear recoil momentum, the remaining 
momenta are averaged over). 

It is interesting to note that dipole moments of 
the nucleus are absent® in scheme I, but can occur 
in scheme I]. In fact, the energy of interaction of a 
dipole moment with an electric field is proportional 
to sE. Under time reflection. s > —s and EK > ~ BE, 
and under reflection of all four coordinates s>—s 
and EK > — E so that sEK > — sE in scheme [| and 
sE > sE in scheme II. 

The author is grateful to Academician L. D. Lan- 
dau, whose work in the field of non-conservation of 
parity stimulated the present work, and also to L. 
B. Okun’ and A. P. Rudik for discussions which 
greatly furthered the consideration of the problems 
touched upon here. 
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(U.S.S.R.) 32, 396 (1957), Soviet Phys. JETP 5, 328 
(1957). 
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Non-Conservation of Parity and 
Hyperon Decay 


S. G. MATINIAN 
Institute of Physics, Academy of Sciences, 
Georgian SSR 
(Submitted to JETP editor January 24, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1248-1249 
(May, 1957) 


iors NON-CONSERVATION of parity in weak de- 


1,2 leads to a series of effects, 


cay interactions 

the study of which allows one to establish whether, 
in reality, weak interactions are non-invariant rela- 
tive to reflection of spatial coordinates, and also 
to clarify a number of other questions connected 
with this. In this note, the decay of hyperons by in- 
teractions which do not conserve spatial parity is 
considered. For simplicity we restrict ourselves to 
non-derivative couplings and to hyperon spins equal 
to 4. 

The interaction Hamiltonian leading to the decay 


has the form 


H = gby (4 +275) by?x (1) 


where wW are spinor wave functions and ¢, is the 
wave function of the 7-meson; A is a quantity, 
which is complex in general, characterizing the de- 
gree of non-conservation of parity. The existence 
of K°-particles with long lifetimes® can be made 
compatible with non-conservation of parity if we as- 
sume that either temporal or charge parity is con- 
served (see Ref. 4 with regard to this). In the first 
case \ is a real constant, in the second purely 
imaginary. 

We now consider a hyperon at rest, the spin of 
which is directed along the unit vector 7)- Calcule- 
tion of the square of the matrix element M of the in- 
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teraction (1), leading to emission of a nucleon with 
a given direction of momentum n and spin along the 
unit vector €, gives 


1 P im 
Mpa m bp iL 
hee 7a ano eae (1 gale nf) 
+2] |? p? [(nm) (nO)/E x (Ey + ™)] (2) 
p 
+ (A +4) Br (nm + nb) + (A — 24) Ee (n int} 


Here m is the mass of the nucleon, En =p? + m3, 
p =\/ 2u*Q, where p* is the reduced mass of the 
7-meson and nucleon; Q is the energy of decay of 
the hyperon; %#= c = 1. The first three terms in the 
braces correspond to the usual treatment with con- 
servation of charge for even (terms with ||?) and 
odd (terms without | |? hyperons. Non-conservation 
of parity leads to the appearance of the pseudosca- 
lar (relative to spatial reflection) quantities: nn, 
n@, nlnx).. 

If the Hamiltonian H is invariant relative to time- 
reflection, then the term n[ x €] drops out. In this 
Case, contrary to the usual situations, even in the 
decay of unpolarized hyperons (absence of the term 
with 7) there will be a term of the order of the nu- 
cleon velocity (v/c) giving nucleons polarized along 
n. This term would be particularly noticeable for 
&-hyperons. 

In case of invariance of H relative to charge con- 
jugation the terms with nn andn€ drop out and the 
term proportional to nln x €] remains, giving an ad- 
ditional correlation of the spins of the polarized hy- 
perons and nucleons, different from that which 
would occur for variants with conservation of parity 
(this term leads to a mutually-perpendicular orienta- 
tion of the spins). A similar situation arises in the 
case of gradient coupling. 

loffe® arrived at analogous conclusions, starting 
from general considerations (within the framework 
of perturbation theory), about invariance of the de- 
cay probabilities relative to time-reflection and 
charge conservation, respectively. 

In conclusion, we note that if there is invariance 
under reflection in time, then non-conservation of 
parity leads to correlation between the direction of 
emission of the A°-particle in the decay of the 
E-hyperon and the direction of emission of the nu- 
clei in the rest system of the A°-particle in its sub- 
sequent decay, even for a A°-spin equal to’4. A 
simple consideration leads to a correlation function 
of the form a+ b cos @, where @ is the angle be- 
tween the directions indicated above. 
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In the case of invariance under charge conjuga- 
tion, this effect does not arise. 

I would like to express my gratitude to B. L. Ioffe 
for a useful discussion. 
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(Submitted to JETP editor January 30, 1957) 
J. Exptl. Theoret Phys. (U.S.S.R.) 32, 1249-1250 
(May, 1957) 


Peer! HAS INVESTIGATED the Be’ (y,n) Be® 
reaction on the basis of the one particle model 
in the y-energy interval 20—200 Mev. The interaction 
energy curve of the (Be®, n) system is taken in the 
form of a potential well having spherical symmetry. 
He studies both the electric and magnetic transi- 
tions of the system taking account of retardation. 

The Born approximation gives a photoneutron an- 
gular distribution proportional to sin? 6 as well as 
the energy dependence of the total effective cross 
section. The cross section curve, generally falling 
with increasing energy, has zeros at several energy 
values (curve 1 of the figure), which do not corre- 
spond with the experimental data. 

Uberall shows that such an oscillation of the total 
cross section curve is possibly due to the special 
choice of the potential in the form of a square well. 
One can expect that with a different choice of the 
interaction potential the total cross section may not 
oscillate. To test this idea we investigated the 
same reaction taking as the interaction potential of 
the (Be®, n) system the potential of an oscillator, 
terminated at some point r =r. 

Our work” showed that with this choice of poten- 
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tial the wave function of the (Be®, n) system can be 
represented with satisfactory approximation in the 
form 
R (r) = V 2/g (22)— (Ae exp {—Ya(r / rey) fi fap 
(1) 


where r, is a parameter proportional, on one hand, 
to the most probable distance between the nuclear 
core of B® and the neutron, and on the other hand, 
to the nuclear radius. The parameter ry may be re- 
garded as the quantity which characterizes the be- 
havior of the wave function inside the nucleus and 
hence in some measure takes into account the struc- 
ture of the nucleus. 

The differential cross section, found from Eq. 
(1), is likewise proportional to sin? 6. The total ef- 
fective cross section, as found by us, takes the 
form: 


o = 4.82-10-98° [nw] exp [—0.09437hw], (2) 


where 0 =r, x 10** cm™, and fiw is in Mev. Equa- 
tion (2) shows the total effective cross section fall- 
ing off exponentially with increasing y-energy, 
while the damping coefficient depends upon ry. 

It is easily seen that to get quantitative agree- 
ment between theory and experiment it is sufficient 
to set 


§ = 1.6 (20 /ho)'!s. (3) 
In this case we will have for the total effective 
cross section 
o = 2.36-10—%5 exp [—5.15 (he /20)'] (hoy. (4) 


The energy dependence of the effective cross sec- 
tion obtained from Eq. (4) is shown by Curve 2 of 
the figure. The experimental points, shown by 
crosses, fit the theoretical curve well. 

The energy dependence of the parameter rg, ex- 


_ pressed by Eq. (3), can be determined approxi- 


mately from the wave function (1). The point is that 
at high y-energies the excitation of the nucleus is so 
large that it is not legitimate to assume that the 
liberated neutron leaves the nucleus in the definite 
stationary state given by the wave function (1). 

The energy dependence of ry, apparently, in some 
measure takes account of the change in state of the 
(Be*, n) system under the influence of radiation. 

As Eq. (3) shows, an increase in the y-energy re- 
duces ry, which is natural, since with increasing ex- 
citation of the nucleus the role of the smaller dis- 
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tances should bec i i 
ecome more and more important in large number of hodoscoped counters placed at var- 


releasing th i ii i 
ng the neutron. lous distances from each other. Counters intended 


stat for the measurement of the flux density of all 
cw, charged particles in the shower were placed under 
thin covers made of aluminum and wood (~ 2g/cm’). 


300 
The particle flux density at a given distance from 
the axis of the shower was determined according to 
200 the formula 
1 n 
Z (r) =—In 
a ; ¢ nm 


This formula makes it possible to determine the 
most probable value of the flux density of charged 
particles that discharge m out of the total number of 
n counters, each of area @, situated in the given 
place of observation. 


dO 100 180 200 MeV 
oA 


At iw = 5—8 Mev Eq. (3) gives rf = 2.6 x 107? cm. 
This particular value agrees with the experiment on 
the collision of the deuteron with the beryllium 
nucleus, treated in Ref. (2). 

If we consider that in the energy range 20—200 
Mev, where there is a satisfactory agreement be- 
tween theory and experiment, r, changes only by a 
factor 2.5, we can conclude that the assumption of a 


In the case when pon < 1 the determination of the 
particle flux density in an individual case of shower 
detection is impossible. In such cases the particle 
flux density was determined for a group of showers 
identical with respect to the total number of parti- 
cles and the position of the shower axes. It was 
assumed that n equals the product of the total num- 


ber of ters by th ber of sh fa gi 
slow energy dependence of r, will explain the ex- Po ddadiact) atic, alle utara ees ae 


perimental data over a wide range of y-energies. 
In conclusion | wish to thank Prof. V. I. 
Mamasakhlisov for helpful discussions. 


group and m is the total number of counter dis- 
charges during the passage of all showers of the 
group. Test computation showed that the probable 
value of the particle flux density in a given group 
of showers is, within the limits of statistical accu- 


14. Uberall, Z. Naturforsch., 8a, 142 (1953). racy, the same as the mean weighted value of the 
2-T, I. Kopaleishvili. Trudy (Transactions), Tbilisi probable values of the particle flux density deter- 
State University, 62, 1957 (in press). mined for each separate shower of the group. 
We considered three groups of extensive air 
Translated by C. V. Larrick showers with definite axis positions. The first 
254 group comprised showers with a total number of par- 


ticles between 5 x 10* and 1 x 10°. The energy of 
primary particles producing these showers can be 
estimated” as E, = 1.6 x 10% ev. The limits of the 
total number of shower particles and the correspond- 
ing mean energy of primaries for the second and 
third group were 1.5 x 10°—2.6 x 10° (E, =5 x 10** ev) 
and 5x 10° — 13 x 10° (E, = 16 x 10'* ev). The lat- 
eral distribution functions of all charged particles 
obtained for the three groups of showers are shown 
in Fig. 1. The plotted lateral distributions for dis- 
tances from the axis smaller than 40 m are based on 
- : 3 

previously published results”. 

The experimental data given in Fig. 1 character- 
eee WONS of the lateral distribution func- ize the lateral distribution of the electron-photon 


tion of the electron-photon component of exten- —_ component of the shower only at distances from the 
axis smaller than ~ 100 m, where the relative con- 


tribution of penetrating particles is not appreciable. 


Distribution of the Electron-Photon Component 
on the Periphery of Extensive Air Showers of 
Cosmic Rays 


S. I. NIKOL’SKII AND V. M. SELEZNEV 
P. N. Lebedev Physics Institute, 
Academy of Sciences, U.S.S.R. 
(Submitted to JETP editor February 4, 1957) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1250-1252 
(May, 1957) 


sive air showers at 3860 m were ce out by 
means of an experimental set-up consisting ofa 
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FIG. ]. Lateral distribution of charged particles in extensive atmospheric showers, 
caused by particles with different energies./—Ep = 1.6 x 10'S; 2—Ey ~ 5 x 10%; 3 —Ep 


i 


1.6 x 10% ev. 


FIG. 2. Lateral distribution of electron-photon component of extensive atmospheric 
showers. Number of electrons in showers: 0 —7.4 x 105; x—7.7 x 104; value of s is: 


for 1—1, for 2—1.4; 7, = 125 m. 


To determine of the lateral distribution of the 
,electron-photon component on the shower periphery 
it is necessary to account for the share of p-mesons 
in the total flux of charged particles. The lateral 
distribution and the energy spectrum at various dis- 
tances from the axis were obtained in the same se- 
ries of measurements !’*. In consistence with these, 
the number of p-mesons with energy > 250 Mev, mul- 
tiplied by 1.3, was substracted from the total flux 
of charged particles at 100 and 500 meters from the 
axis, to account for the electron-photon component 
in equilibrium with the p-mesons. The results for 
showers with 7.4 x 10° and 7.7 x 10° electrons not 
in equilibrium with p-mesons are shown in Fig. 2.- 
The functions of the lateral distribution of electrons 
calculated according to the electromagnetic cascade 
theory® for two values of the parameter s are shown 


in the same figure. The experimental values of the 
electron flux density at various distances from the 
axis and the theoretically calculated functions of 
lateral distribution are normalized to the same num- 
ber of electrons at distances between 0 and 1000m 
(25 10°) 

It can be seen from Fig. 2 that the lateral distri- 
bution of electrons on the periphery of extensive 
air showers varies with the energy of the shower- 
producing primary. Comparison of the experimental 
data with the calculations of Nishimura and Kamata® 
indicates that the lateral distribution of electrons 
in extensive air showers produced by primaries with 
the energy of ~ 2 x 10** ev coincides with the cal- 
culated distribution of the electron-photon cascade 
for the parameter s = 1.2. Such a value of the param- 
eter can be expected from the altitude develop- 
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ment of extensive air showers®’’, 

The lateral distribution of electrons in extensive 
air showers produced by primaries with the energy 
of (1—2) x 10** ev does not conform with the func- 
tions calculated by Nishimura and Kamata for the 
distribution of electrons in the electron-photon 
cascade for any value of the parameter s, including 


Se )e 2) 
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On Quasiclassical Single-Electron 
Wave Functions 


N. I. ZHIRNOV 
Moscow State Pedagogical Institute 
(Submitted to JETP editor February 13, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1252-1254 
(May, 1957) 


OR THE PURPOSE OF evaluating the matrix 

F elements for various interactions between mat- 
ter and a radiation field it is necessary to have 
good nonrelativistic wave functions of the radiat- 
ing electron. Hydrogen-like functions or Slater 
functions are ordinarily used in calculations. How- 
ever, the results obtained by using these functions 
are not accurate because they do not take into ac- 
count the influence of all other electrons of an 
atom on the radiating electron, or do so insuffi- 
ciently. 

We have constructed approximate wave functions 


1021 


for an electron in bound states which allow for the 
electrostatic screening effect of the atomic elec- 
trons on the radiating electron. The calculations 
were based on a combination of the Fermi-Thomas 
statistical method of obtaining the effective elec- 
trostatic field which acts on an individual electron 
in an atom with a generalized quasiclassical meth- 
od of calculating wave functions in a given poten- 
tial field. 

The effective electrostatic field acting on a rad- 
iating electron in a heavy atom can be described 
by the Thomas-Fermi potential corrected at small 
and large distances from the nucleus, as follows: 


—Z(l—ar)/r,r<i/Z; 
U (r) < | 4 (Z —1) 


ah : 
: ” go()s 1/Z<rcro, (1) 


lied aire = toe 


where r, is the boundary radius of a (Z — 1)-fold 
ionized atom in the Thomas-Fermi statistical model 
and the constant « is determined from the continuity 
of the potential at r = 1/Z [all quantities in Eq. (1) 
are measured in atomic units]. 

Since U(r) is a centrally symmetrical field the an- 
gular dependence of the eigenfunctions yw is ex- 
actly the same as in the case of the hydrogen atom. 
The problem is therefore reduced to the calculation 
of the radial functions R,;(r) from the equation 


dv, (r)/ dr + {2 [eqp —U (N— LL 1) / 7} Hat (1) = 0, 
Xai (= TR at (r), (2) 


where U(r) is taken from (1). 

The solutions of (2) are obtained quasiclassi- 
cally in the generalized form first indicated by Fock 
and by Petrashen’! and later by other authors”. 
Using the Fock-Petrashen’ method the desired so- 
lutions of (2) can be represented approximately as 


Xu (= A(S ) PoIS (3) 


where (S) is the solution of the radial Schroedin- 
ger equation with a Coulomb potential: 


g(S) = SREY (5), 


and S = S(r), which we shall call the screening 
function, is determined from the equation 


\ V2 ing SO oe dr 
ry (4) 


1022 


The approximate energy eigenvalues ©,; are ob- 
tained from 


Ts 


\ YC Blea —Y = EE 


Ty 


dr —n[n—VI(i+1)]. 


(for states with / 40) and 
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ry 


\ V 2leno— U (7) dr = ne 
0 
(for s states), where r,, 7, and S,, S, are the roots 


of the integrands. 

Energy values have been calculated for Ag and 
In atoms in ls, 2s, 2p, 3s, 3p, 3d and 4p states and 
Gd in 3p, 3d, 4p and 4d states. These energies 
(in Rydbergs) are given in Table 1. 


TABLE 1. 
| 
Atom | 1s 2s | 2p 3s 3p 3d 4p ad 
Ag |1791.2| 260.9) 241.7] 50.0 42,6} 29.4 5.9 — 
In 1956.4] 289.9] 268.4] 57.2 48,7} 34.6 U2 — 
Gd — — — == NOG lesiaal |) 2004 | AZ 42 


Our calculated energy levels are in quite satis- 
factory agreement with experiment®; the discrepan- 
cies do not exceed 6 to 7% except for the outermost 
electronic shells. For such shells the statistical 
method of describing the electrostatic field is no 
longer valid. 

The single-electron wave functions obtained by 
the Fock-Petrashen’ method are continuous over 
the entire field under consideration, so that they 
can be used for calculation of the matrix elements. 
But the screening function S(r), as seen from Eq. 
(4), cannot be represented in exact analytic form; 
therefore the matrix elements based on the approx- 
imate single-electron functions (3) can only be cal- 
culated numerically. In order to avoid numerical 
integration and represent the approximate radial 
functions (3) in analytic form the screening function 
must be suitably approximated. Numerical calcula- 
tions of the screening functions for several of the 
above states showed that they can be approximately 
represented by logarithmic functions of the form 
aln(1 + br), where a and b are such that 


aln({ + br.) =S,, (dS / dr),_,, = ab / (1 + br.) 


The screening function is very well approximated 
by S(r) = aln (1 + br) in the spatial region which is 
most important for calculation of the matrix ele- 
ments. This approximation of the screening func- 
tions also permits a relatively easy calculation of 
the normalization constants A in the approximate 
wave functions (3). 

The approximate radial functions (3) are finally 
of the form (the 3p state of indium being used as an 
example): 


__ 1,887- 103 if pes { 2 
31 ae | n tre r+ | 
7 ; 
: (2.788 iat 1)" at [19,13 laf oleae 1) 
QA \ ao 


Our approximate radial functions (3) have been 
used to calculate the relative intensities of the 
K-series lines of silver and indium X-ray spectra. 
The intensities are listed in Table 2 (with the in- 
tensity of K, taken as 100) and compared with the 
available experimental values*’®. 


TABLE 2. 
Ag In 
Exp erimen- Exp erimen- 
Transition Line |Calculated tal values Calculated tal values 
intensity intensity 
Meyer * |Williams Meyer * | Williams? 
K>Ly Ge 50 Bil iGr 49 9 50 51,8 49.9 
K>Liy Wes 100 100 100 100 100 100 
K>Miyain Kote, AT of 24 29 PROT Ze 29.6 
Ko Niciil Ke, 5.14 | 4,22) °°O47)" (2a eas eegers 
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A comparison of our results with the theoretical 
calculations of others who used hydrogen-like wave 
functions shows that our quasiclassical radial func. 
tions give much better agreement with experiment. 
lines as calculated by the use of hydrogen-like 
functions are 50: 100: 34: 12 for all atoms, which 
does not agree with experiment. 

In conclusion | must express my gratitude to B. 
T. Geilikman, who directed this work. 
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Magnetic Properties of Oxides of Manganese 
at Temperatures from 20 to 300° K 


A. S. BOROVIK-ROMANOV AND M. P. ORLOVA 
All-Union Scientific Research Institute of 
Physico-Technical and Radiotechnical Measurements 
(Submitted to JETP editor Feb. 7, 1957) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1255-1256 
(May, 1957) 


[* CONNECTION with the anomaly in the mag- 
netic properties of manganese carbonate below 
31°K, discovered by the authors! it was deemed 
of interest to study the magnetic properties of ox- 


ides of manganese at low temperatures. These were 


the most probable impurities in the preparations 
studied. The magnetic properties of manganese 
monoxide (MnO) and of manganese dioxide (MnO,) 
have been studied in detail by a number of authors”. 
Both compounds become antiferromagnetic at tem- 
peratures 122°K (MnO) and 84°K (MnO,). 
Measurements of the magnetic susceptibility of 
Mn,O, and Mn,O, were carried out on natural sam- 
ples of these compounds in the temperature range 
20 to 300° K. The measurements were made on the 
same samples of hausmannite (Mn,O,) and of braun- 
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ite (Mn,O,) for which a physico-chemical analysis 
had earlier been made by Rode®. In Rode’s judg- 
ment, the composition of these samples was quite 
close to stoichiometric. 

The results of the measurements of the magnetic 
susceptibility of hausmannite (Mn,O,), in the tem- 
perature range 43 to 300° K, are presented in Fig. 1 
as a plot of 1/y vs. T (curve 1). Below 42.5°K, 
hausmannite exhibits characteristic ferromagnetic 
properties. In Fig. 2 is drawn a curve showing the 
dependence of the magnetic moment on the field 
H for 20.4°K. Hausmannite has the structure of a 
spinel elongated in the [001] direction’. Therefore 
it is natural to suppose that hausmannite, like the 
ferrites, is antiferromagnetic with an uncompensated 
moment. The ordering temperature is 7, = 42.5°K. 

The temperature dependence of the inverse mag- 
netic susceptibility in the paramagnetic range 
agrees qualitatively with the formula proposed by 
Néel® for such substances, 

iE il s 
we Fair aie Gh Se (1) 


mol Xo 


Curve 2 of Fig. 1 corresponds to formula (1) with 
the following values of the constants: 


Cot = C (Mn**) +2C (Mnt#+) = 10,4; 


1 / y= 91,3; s = 3480, © = 31,1. 


a 0 00 60 200 250 J00 


FIG. 1. Temperature dependence of the inverse mag- 
netic susceptibility (molar) of hausmannite (Mn30,). 
1—experimental curve; 2—Néel’s formula; 3—Curie’s law. 
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FIG. 2. Dependence of the magnetic moment (molar) of 
hausmannite on the field (T = 20.4°K). 


For comparison, Curve 3 has been drawn in Fig. 1; 
it corresponds to Curie’s law with the constant 
Cmol given above. 

Figure 3 shows the curve obtained by us for the 
temperature dependence of the inverse magnetic 
susceptibility of braunite (Mn,O;). Braunite remains 
paramagnetic over the whole range of temperatures 
studied. Below 120°K we observe an anomalous 
behavior of the susceptibility. The reason for this 
anomaly is not clear. It may be due to insufficient 
purity of the sample. 


a 00 100 160 Zin 


FIG. 3. Temperature dependence of the inverse mag- 
netic susceptibility of braunite (Mn.0;). 
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Visual Observation of the Stratification 
of Solutions of He?-He4 


V. P. PESHKOV AND K. N. ZINOV’EVA 
Institute for Physical Problems, 
Academy of Sciences, U.S.S.R. 

(Submitted to JETP editor February 14, 1957) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1256-1257 
(May, 1957) 


AS WALTERS AND FAIRBANK! have recently 
pointed out, solutions of He*-He* at tempera- 
tures below 0.8°K separate into two phases with 
different concentrations of He*. Making use of the 
nuclear resonance technique, these authors carried 
out measurements of the phase diagram of solutions 
of He*-He* in the temperature range 0.25—0.85° K. 

We have set up experiments on the visual obser- 
vation of the stratification of solutions of He*-He 
To obtain the low temperatures, we pumped vapors 
of He® which were condensed in a small transparent 
Dewar of volume of about 3 cm® (Fig. 1). 

A glass ampoule b} with a volume of about 200 
mm* (diameter of the ampoule 3.5 mm, height 20 
mm) was placed inside the Dewar a. The ampoule 
was joined by the copper link c to a thin steel cap- 
illary d, of internal diameter 0.5 mm, which led out 
of the Dewar. 

The gaseous mixture He*-He* along the capillary 
was condensed in the ampoule so that the meniscus 
between the liquid and the vapor remained below 
the copper connection. A mixture of 51.1% He*-He* 
concentration was used in the experiment. Conden- 
sation took place at 1.1°K. At this temperature, 
the solution was a homogeneous transparent liquid. 

Under a slow decrease of temperature, the solu- 
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tion remained homogeneous down to 0.81°K. The 
temperature of the solution was determined by the 
vapor pressure of He*, measured with a McLeod 
gauge. Upon reaching a temperature 0.81 + 0.01° 
(vapor pressure of He? = p =3.0 + 0.1 mm Hg), a 
thin transparent layer appeared on the surface of 
the liquid. This layer sharply defined the horizon- 
tal boundary below. 


FIG. 1. a— Dewar with He’, b— 
glass ampoule, c —copper link, 
d—steel capillary, e —liquid-vapor 
meniscus, f— stratification bound- 
ary. 


As the temperature falls, the boundary dividing 
the two phases of the solution moves downward; at 
0.5°K it occupies a position corresponding to that 
shown in Fig. 2. Upon increase in the temperature, 
the dividing boundary slowly rises, and at 0.81°K 
it combines with the meniscus of the liquid-vapor. 
In contrast with the concave meniscus of the upper 
phase, the boundary dividing the two phases has 
the form of a horizontal line for all temperatures. 
Shaking and jarring the apparatus has no effect on 
the position of the boundary. 

The temperature of the stratification of the solu- 
tion with concentration 51.1% was determined by a 
series of repeated observations of the appearance 
and disappearance of the boundary on cooling and 
heating. The value of 0.81°K which we found here 
agrees well with the measurements of Walters and 
Fairbank. 

It was of interest to establish whether the liquid 


in the upper phase was normal or superfluid. Meas- 
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FIG. 2. Photograph of stratifica- 
tion of a solution with 51.1% con- 
centration at 0.5° K, 


urements of the A-transitions in solutions of high 
concentration, carried out by Daunt and Heer’, sug- 
gest the normal state for this phase; however, their 
measurements are not sufficiently dependable. In 
accord with the latest data of Esel’son, Berezniak 
and Kaganov®, the curve of the A-point for solu- 
tions with concentrations to 38% is significantly 
higher than the previous curve*. Extrapolation of 
the data of Esel’son et ul. in the direction of high- 
er concentrations does not contradict superfluidity 
of both phases. 

We set up an experiment in which a glass test 
tube, open from above, with inside diameter 1 mm 
and length 8 mm, was suspended on a wire inside 
the ampoule. According to the character of the 
overflow of the stratified liquid, we could say that 
in all probability, the upper, as well as the lower, 
phase was superfluid. However, a final conclusion 
can be made only as a result of a fuller investiga- 
tion. This investigation of the properties of the 
solution is continuing at the present time. 

The authors express their deep gratitude to Acad- 
emician P. L. Kapitza for his constant interest and 
attention to the research. 
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sae LETTERS TO THE 
of «-particles. The results obtained are shown in 
Figs. 1 and 2. Figure 1 shows the energy spectrum 
of the a-particles from U7**. Along with the basic 
group of 4.77 Mev a-particles there is a clearly 
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Fine Structure of the a-Spectra of 
234 238 
U- and U 


B. A. BOCHAGOV, A. P. KOMAR AND 
G. E. KOCHAROV 
Leningrad Physico-Technical Institute 
Academy of Sciences, U.S.S.R. 
(Submitted to JETP editor February 16, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1257-1259 
(May, 1957) 


OR THE STUDY OF the fine structure of the 

a-spectra of long-lived isotopes such as U** 
and Th?*?, magnetic spectrometers are practically 
useless because of their low sensitivity. To solve 
such problems it is therefore advisable to use 
pulsed ionization chambers, which exceed the sen- 
sitivity of magnetic spectrometers by several 
orders of magnitude. (The product of source area 
and solid angle is greater.) 

Although they are more sensitive, ionization 
chambers are somewhat inferior to magnetic spec- 
trometers in resolution. As a rule, the half-width 
of the lines of the a-spectra of a pulse ionization 
chamber, which determines its energy resolution, 
is 50-70 kev. This high value of this quantity is 
ascribable to circuit noise, in addition to other 
causes. We were able! to reduce the mean square 
value of the circuit noise to 6.8 kev, which is 3.2 
kev less than the best work abroad”. In addition, 
the method of electrical collimation worked out in 
our laboratory permitted complete utilization of the 
sensitivity of the apparatus. The resultant appa- 
ratus had a line half-width of 30 kev and good sen- 
sitivity. 

We used this apparatus to study the energy spec- 
tra of the o-particles of U?** and U**. A natural 
mixture of uranium isotopes was used as a source 
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defined 4.72 Mev group corresponding with the tran- 
sition to the first rotational level of Th?*°, The 
intensities of these two lines are 72 and 28% re- 
spectively. These data are in good agreement with 
the data found by Goldin, Tretyakov and Novikov?. 
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Figure 2 shows the energy spectrum of the a-par- 
ticles of U**. In this case, too, a fine structure 
was revealed. The fine structure line is separated 
from the fundamental by 45 kev. The ratio of in- 
tensity of the fundamental to the fine structure line 
is 4. The half-width of the lines is about 30 kev. 

An analysis of the curves has shown that they 
cannot be represented by the sum of two gaussians, 
corresponding to a fundamental group and a fine 
structure group. The existence of a third group of 
a-particles had to be assumed with an energy lying 
between the fundamental and the fine structure 
group. This is reasonable since immediately after 
emitting a low-energy «-particle the nucleus emits 
a conversion electron. Half of the total number of 
emitted conversion electrons, falling in the work- 
ing volume of the chamber, produce additional ioni- 
zation. Consequently, half of the pulses v, from 
the a-particles of the fine structure line are regis- 
tered simultaneously with the pulses v, from the 
conversion electrons, and what we get is the sum 
of the pulses, equal to v, + ve, corresponding so to 
speak to a group of a-particles of intermediate en- 
ergy E =E,+E-. The other half of the pulses is 
registered as a-particle pulses of energy E,. Our 
analysis of the curves shows the existence of such 
lines. The separation between the lines is about 
30 kev, which corresponds to the kinetic energy of 
the electrons emitted from the L-shell of the atom.* 

The intensities of the groups are identical which 
shows that the conversion is practically 100%. 

It should be noted that number of authors‘~ ° 
have studied the fine structure of the a-spectrum of 
U?** by an indirect method, viz., by studying the 
conversion electrons accompanying a-decay, using 
electron sensitive emulsions impregnated with a 
uranium salt. From the data of the above authors, 
the intensity of the transition to the first excited 
level amounts fo 23 + 3%. After finishing our 
measurements it became known (private communi- 
cation from J. Teillac) that the fine structure of 
the a-decay had been studied by Valladas using an 
ionization chamber with ion collection. He plotted 
the energy spectrum of the a-particles of U** by 
means of the coincidences of the a-particles and 
the y-radiation accompanying conversion, thereby 
avoiding registering the fundamental group of o-par- 
ticles. His results agree with ours. 

The authors wish to thank G. F. Kirshin, a stu- 
dent at the M. I. Kalinin Polytechnic Institute in 


* The mean energy going into the formation of one ion 
pair by electrons is the same as for o-particles. 
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Leningrad, for his active aid in the work, as well 
as S. N. Nikolaev and his group for building and 
setting up the apparatus. 
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On the Theory of Skin Effect in Metals 


M. IA. AZBEL’ 
PhysicoeTechnical Institute, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor February 18, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1259 
(May, 1957) 


N ANY THEORY of skin effect in metals one 

usually assumes B= H since the magnetic sus- 
ceptibility of metals is very slight (y ~ 10°). 
However, it is easy to see that neglect of the spin 
paramagnetism of the free electrons would lead to 
a substantial error in determining the coefficient of 
electromagnetic wave transmission through a suffi- 
ciently thick film. As was shown in Ref. 1, this is 
due to the damping of the magnetic moment due to 
spin paramagnetism at a depth 


S ett ~ 2ltoTsp/ 3 + OT sp) le 


(v is the limiting Fermi electron velocity, w is the 
electromagnetic field frequency, 7, and Tsp are the 
electron free path times without and with spin 
transfer). Since the usual skin layer depth is 

SH V Cc? / 2nac, 
- (¢ | to) Vm | 2nne?~ 10-14 sec / ty < 1 


then 
3/ Sef < 


(n, m, and e are the density, effective mass, and 
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charge of the electron, while a is the conductivity 
of the metal). Therefore, taking the spin magnetic 
moment into account leads to an albeit small but 
slowly-damped addition. In this paper, the coeffi- 
cient of wave transmission through.a sufficiently 
thick film [d S 25 In (5 ete /4x5)] is calculated 
taking this addition into account. 
In this case, the complete system of equations is 


[see Eq. (14) of Ref. 1] 
curl E = — iB /c; 


H = B—4nM: M= 


curlH = 47j /c; 


7, (B — w), 


y Ww I 
OW yy cos OF = + iB; 
0z t to 


ti 4 am \ 410; T=4( sino ao 


2 
0 


The solution of this system is completely analo- 
gous to the solution of the system (26) of Ref. 1 
and leaas to the following formula for the trans- 
mission coefficient: 


Ka] 222 Pap in Dall 
j 2nd (w + 1/ Tsp) | a 4nys ~ 


In particular, for normal skin effect and w > 1/T, 


~ 2x2 


In-2 ~ 101%, 


v 7h 


In conclusion, I would like to express my grati- 
tude to I. VM. Lifshitz and M. I. Kaganov for valu- 


able discussions. 


D aebele Gerasimenko, and Lifshitz, J. Exptl. Theo- 
ret. Phys. (U.S.S.R.) 32, 1212 (1957), Soviet Phys. 
JETP 5, 986, this issue (1957). 
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Radiation From a Point Charge, Moving 
Uniformly Along the Surface of an 
Isotropic Medium 


A. I. MOROZOV 
Moscow State University 
(Submitted to JETP editor February 18, 1957) 
J. Expti. Theoret. Phys. (U.S.S.R.) 32, 1260-1261 
(May, 1957) 


dl bee MOTION OF CHARGED particles close to 
the surface of a dielectric material has been 


treated in a number of papers!’*. The case of a 
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straight oad ine moving close to a medium with 
a e’ and p' was already treated by the 
author’. 


We shall now give some results of the correspond- 
ing case of a point charge. It is known” that in a 


uniform motion of a particle at a distance / from the 
surface the radiation into the surface is limited to 
te! ly x> Jp) 
wavelengths X > / Vu'e’ (more accurately 4 > : 
This allows to obtain a qualitative picture assum- 


ing a nondispersive medium. Then the energy emit- 
ted per unit time by Cerenkov radiation by a parti- 
cle moving at a distance / from the medium with a 
a velocity v = Be is given by 


e2 c ae — x 
Pd ees for (1— TT ase ae 


(1) 


TV + 1? x) 
DN SU ale 
We note for comparison that the radiation per unit 
length from a charge filament of linear charge den- 
sity p is? 
Bs ==1(2002/))\e tye =e) s (2) 

From these formulae we deduce that: 

a) In the relativistic case 6 + 0, independently of 


the characteristics of the medium; the radiated 
power approaches the limits 


P— e'cj2?; P, +0. (3) 
b) In the nonrelativistic case but if BYve Sul 
TODS eee, 
A eed ak Teruel a a (4) 


This means physically that at low velocity the field 
enters the medium practically perpendicularly to the 
surface if ©’ > 1. 

c) For a magnetic material (e’ = 1) at Bp’ > 1 
and nonrelativistic velocity the radiated power is 
given by 


Pw eCj22V p’, Py = 29% VW. (5) 
The form of these expressions is due to the fact 
that at particle velocities above the inversion ve- 
locity (see below) the field is being expelled from 
the magnetic medium. 

d) Finally, for a medium of the type of a ferrite 
(u' > ©’ > 1) we have for yp’ 6? > e! and = 1 
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P= (e%¢/2l2) Ve" /u’, P) = (2¢%c/l) Ve'ju’. (6) 
These expressions can be interpreted in an analo- 
gous fashion as the previous ones. 

The force acting on the particle in a direction 
normal to the surface of the medium is given by 


(7) 
(p’s’— 4 : APF ioe 
uiseee sf BR E(u) he of 


L(A) é tan ( 
= an 
VO? —1) 024+ T%) \ 
a -1 
| ii n E sis | (8) 
e \ + V1—(P + 1)sin? a 


The equivalent force per unit length acting on a 
charged line is 


Fp=—@/DC®—T)/(e2+T). 9) 


One sees from (8) that in the case of a magnetic 
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medium (y' > 1, &’ = 1) the force is attractive up 

to [’~ 1 and becomes attractive again at [’ = p’. 
For p’ >I > 1 the repulsive force equals e”/(4/?), 
On the other hand, in the case of a dieletric, the 
force is always attractive and has a value close to 
— e?/(41%). 

For comparison we note that for a charged line 
the force is repulsive beginning at the inversion ve- 
locity (i.e., at the velocity where I’ = e’) and re- 
mains repulsive from there on for all velocities. 

In conclusion, the author wishes to express his 
gratitude to Prof. A. A. Sokolov for his interest in 
this work, to I. Kvasnitsa for the discussion of the 
calculations, and to V. Pafomov for acquainting the 
author with his work”. 


1M. Danos, J. Appl. Phys. 26, 2 (1955). 

2V. E. Pafomov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 610 (1957), Soviet Phys. JETP 5, 504 (1957). 
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Photon Green Function Accurate to e4 


S. N. SOKOLOV 
Joint Institute of Nuclear Study 
(Submitted to JETP editor March 1, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1261-1262 
(May, 1957) 


in the usual way and evaluating the integrals over 
the momenta, the following expression was ob- 


4 ies SUM OF DIAGRAMS for the self energy of 
the photon, inclusive of fourth-order diagrams, 


was calculated. After carrying out renormalization tained 
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where 


f= y(t — 9); 
T=i(i—?). 


X=x(i—x), 
Z=z(i—2), 


We will consider that the sum 


AP Dif om PE se 8 iw (2) 
m= om 
is the asymptotic form of the function f if 
lim [f (&2 / m2) — A (k? / m2)] =O ask? / m° > co. (3) 


Then the asymptotic form of the Green function of 
the photon is, in the approximation considered 


8 eR, f ray R2 5 \ 
3 Vv pov oe 
iGuy~ A \i Soh pe ik 1 3 
e* ( ke aN 
a fan?" m2 3) | (4) 
s Redo ab 22 Roe gt den! \) 
eg ee (2) + 40 (3) |r, 
T 6474 \ me D4 3 ford) /} 


where €(2) and €(3) are the Riemann Zeta func- 
tions [see Eq. (5.10) of Ref. 1. 

The coefficient e*/647* coincides with the coef- 
ficient obtained earlier by Jost and Luttinger” by a 
different procedure. 

We give the numerical value of the constant con- 
tained in the asymptotic form: 


Taking the constant C into account does not 
change the structure of Eq. (30) of Ref. 3 for the 
asymptotic form of the Green function of the photon, 
but the charge e which comes into this formula is 
given now by the expression 


(6) 


The author is very grateful to N. P. Klepikov for 
help in this work, and also to V. G. Solov’ev for 
valuable advice. 
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Reduction of the Two-Nucleon Problem to a 
Single-Nucleon Problem in the 
Nonrelativistic Range 


IU. V. NOVOZHILOV 
Leningrad State University 
(Submitted to JETP editor February 25, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1262-1264 
(May, 1957) 


E SHALL CONSIDER the interaction between 
two nucleons at the fixed points r, andr, and 
shall attempt to express the renormalized two-nu- 
cleon matrix elements in terms of renormalized 
single-nucleon matrix elements. We shall use as a 
basis the papers of Chew and Low! and Wick?, in 
which single-nucleon problems are treated. 
The energy operator is 


H = Hy +U, + Us, Q) 
U,= Sve (Ayelaa, + VR (Ale Aat; Aad, 2. 
= (2) 

Here V{(A) contains the operators o4 and <4, 


which apply to nucleon 4; the rest of the notation 
is taken from Ref. 1. 

The state Y, with two interacting physical nu- 
cleons is an eigenfunction of the Hamiltonian (1): 


HY, (4, 2,a@) = [2E) + E, (e)] ¥, 1, 2, a), (@ =1tr— fo), 


(3) 

where E, is the nucleon self-energy and E,(p) is 
the static interaction energy of the nucleons. The 
symbol o = (/', S’, If, S}) denotes the eigenvalues 
of the total spin, the total isotopic spin, and their 
three projections. In the representation where the 
creation epee ay i is equivalent to multiplication 
by G i.e., a, = G,¥, the state vector Y will be a 
function of & a. 

As the basic set of functions we shall use the 
products of single-nucleon state vectors 
Fal, 2, a) =F (1; a) Fa(2, a), where a and B are 
spin and isotopic spin indices. Fi, a), which de- 
scribes a nucleon in a meson cloud, is the solution 
of the Schroedinger equation 
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(Ho + U,) F (1, @) = EgF (A, @). (4) 
It can be shown? that for p > « the products 
Fi g(l, 2,a)= a a) F3(2, @) are solutions of (3) 


and are Breet to the orthogonality condition 


Oar At Qa) 
However for finite p these products are nonorthog- 


onal functions of p. 
We shall obtain ws in the form 


Base as aT Xe? 


where ®, ee coincides with YW for p> «. 


When x, is expanded in eigenfunctions of the total 
Hamiltonian H we shall restrict ourselves to the 
states YW (without real mesons) and a (with one 
real meson) so that 


il F 
oe | er Oy, 
pO (5) 


1 
= >) i CEy > [7 — 2Eo —=£,l o | ; 
Bo q 


In the nonrelativistic approximation where small 
distances are unimportant in the right-hand side 
can be replaced by ®,. The principal difficulty 
here lies in the calculation of the matrix elements 


(2B | L|a’B’) 6) 


= (F, (1, @) F, (2, a), L (a, at) F,, (1, @) Fg, (2, @)) 
without being able to use the explicit single-nu- 
cleon states F(1, a) and F(2, a). 


We introduce a different notation for the meson 


field variables in Fed, a) and Fpi(2, a), as follows: 


Peat, a). Fy 2 


(without any special assumptions). Then, for ex- 


ample, the matrix element (6) with L = 1 will be 


written as 
eae Daest(e 0 a ) 
eos ee Ss 
ee coe sar) Fal, da, ' OAs 


x aren (1, ay) Fey (2,a2) | lq= 


1031 


Assume now that a meson cloud interacts much 
more strongly with its “own” nucleon than with an- 
other nucleon. Then in Fas 0/da, + 0/da,) the 
operator 0/da, will be cmall compared with 0/da, 
and in Fa(2, d/da, + 0/da,) the operator 0/da, will 
be att compared with 0/da,. 


Since for small a, 


PQ, a aye Peace Dik ai P yas) ees 


(8) 
we obtain when we limit ourselves to the linear 
term in (8) 

(aB | a’8’) = (F, (1, &) Fg (2, Gs), es 
(149) Fy, (1, a1) Fg, (2, @)), 
ee Dileia# oq + %3q %q]) (10) 


with [444 24] =0; [219° 2jq/] = 8qq etc. 

In general, for the calculation of (6) all a, and 
ad, must first operate on the functions F(1, @) and 
F(2, a), following which (7) and (8) will be used. 


For example, 


8 HE | eee Ge ile a3) F, (2, as), 
(af | 0 | fe (11) 


(1-+) (UF (a) + US (a) Fy a,) Fe, (2, ae)), 


where U;(a,) is the annihilation component of the 
operator U, with annihilation operators a,,. The 
right-hand sides of (9) and (11) can be expressed 
in terms of the single-nucleon matrix elements 

4 a VE) and (F%, Vs where Ff is the state 
with a nucleon and one (real) meson g. The first 
of these matrix elements is known to be (u,, Vue)» 
where u is the spin-isotopic spin function of the 
bare nucleon and V, contains the renormalized 
charge f. The second matrix element is associated 
with the meson-nucleon elastic scattering ampli- 
The rule for calculating expressions such as 
In the coordinate 


tude. 
(6) can be expressed as follows. 
representation the annihilation component ot Xr, ) 


of the meson operator ¢(r,) is 


5 
(ir) = \nee (1y,-= Sones 78 
(12) 


where A‘ (r; — 1) = [e+ (7), 9M], 


where y (r) is the creation component of g(r). If 
t, and T, are the regions occupied by the meson 


clouds of nucleons 1 and 2, F(1, a) will depend on 
g(r), where r lies in the region 7T,, and F(2, a) 
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will depend on g(r) in the volume t,. Then di- be calculated exactly or obtained from pion-nucleon 

vision of the operator 0/da, sf 0/da, in Fi (1) [Eq. scattering experiments. 

(7)] into a larger part d/da, and a smaller part eee 

d/da, corresponds to division of ¢)(r,) into two 16. F. Chew and F. E. Low, Phys. Rev. 101, 1570 

terms — an integral over 7, (the larger part) and an (1956). 

integral over tT, (the smaller part). 2G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 
Equation (8) is not an expansion with respect to 2. Ekstein, Nuovo cimento 4, 1017 (1956). 


renormalized charge because the single-nucleon 
matrix element oss WED) cannot be calculated by Translated by I. Emin 
ordinary perturbation theory. Its value must either 263 
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